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1 Getting Started

1-2

First Steps in MuPAD

In this section...

“Open and Save Notebooks” on page 1-2
“Desktop Overview” on page 1-4
“Evaluate Mathematical Expressions and Commands” on page 1-7

“Quick Access to Standard MuPAD Functions” on page 1-10

Open and Save Notebooks

Opening Notebooks from the MATLAB Command Window

To start MuPAD® from the MATLAB® Command Window, enter the
mupadwelcome command. The welcome screen appears.



First Steps in MuPAD

i

4\ Welcome to MuPAD

First Steps

Open Recent File

|7] Getting Started
|7] Motebook Interface
)

|7 Release Motes

[ 1 Mew Motebook

|| New Editor

|tL.' Open File

i/ DEMOL.rmn
i/ DEMO2.mn
i/ DEMO3.mn

[l Don't show this dislog agsin.

From the welcome screen you can:

e Access MuPAD Help by clicking any of the topics in the First Steps pane.

® Start a new notebook by clicking the New Notebook button.

e Start a new MATLAB Editor window for programming by clicking the

New Editor button.

Open an existing notebook or program file by clicking the Open Files

button.

¢ Open an existing notebook by clicking a name in the Open Recent File

list.



1 Getting Started

Also, to start a new blank notebook, you can enter the mupad command in the
MATLAB Command Window.

For more information, see “MuPAD Files and Interfaces”.

Open Notebooks in MuPAD

If you already have a notebook or the Help Browser open, you can start
new notebooks and open existing ones without switching to the MATLAB
Command Window:

® To start a new notebook, select File>New Notebook from the main menu
or use the toolbar.

¢ To open a new Editor window, select File>New Editor from the main
menu or use the toolbar.

¢ To open an existing notebook, select File>Open from the main menu
or use the toolbar. Also, you can open the list of notebooks you recently
worked with.

Save Notebooks

To save changes in a notebook, select File>Save or File>Save As from the
main menu or use the toolbar.

Desktop Overview

A MuPAD notebook has three types of regions: input regions, output regions,
and text regions.
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In the input regions, marked by grey brackets, you can type mathematical
expressions and commands in the MuPAD language. For example, type the
following expression and press Enter to evaluate the result:
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3*2710 + 1/3 - 39208/3

9208
3
The results (including graphics) appear in a new output region. The default
font color for input regions is red, and the default font color for output regions
is blue. To customize default settings, see Changing Default Format Settings.

When you evaluate an expression in the bottom input region, MuPAD inserts
a new input region below. To insert new input regions in other parts of
a notebook:

1 Select the place in a notebook where you want to insert a new input region

2 Insert a new input region:

® To insert an input region below the cursor position, select
Insert>Calculation from the main menu.

® To insert an input region above the cursor position, select
Insert>Calculation Above from the main menu.

You can type and format text in a notebook similar to working in any word
processing application. To start a new text region, click outside the gray
brackets and start typing.

Also, to insert a new text region, you can select Insert>Text Paragraph or
Insert>Text Paragraph Above. You cannot insert a text region between
adjacent input and output regions.

You can exchange data between different regions in a notebook. For example,
you can:

® Copy expressions and commands from the text regions to the input regions
and evaluate them.

® Copy expressions and commands from the input regions to the text regions.

¢ Copy results including mathematical expressions and graphics from the
output regions to the text regions.
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® Copy results from the output regions to the input regions. Mathematical
expressions copied from the output regions appear as valid MuPAD input
commands.

You cannot paste data into the output regions. To change the results, edit the
associated input region and evaluate it by pressing Enter.

Evaluate Mathematical Expressions and Commands

Working in a Single Input Region
To evaluate an expression or execute a command in a notebook, press Enter:
3*2710 + 1/3 - 39208/3

9208
3
The results appear in the same grey bracket below the input data. By default,
the commands and calculations you type appear in red color, the results
appear in blue.

To suppress the output of a command, terminate a command with a colon.
This allows you to hide irrelevant intermediate results. For example, assign
the factorial of 123 to the variable a, and the factorial of 132 to the variable b.
In MuPAD, the assignment operator is := (the equivalent function is _assign).
The factorial operator is ! (the equivalent function is fact). Terminate these
assignments with colons to suppress the outputs. Here MuPAD displays
only the result of the division a/b:

a:=123!: b :=132!: a/b1/9206492916741120000

92heléte? A5 b Y odlé4 enter several commands in an input region separating
them by semicolons or colons:
atb; a*b; a”ba + b

a+b
a*b

1-7
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ah

a’b

To start a new line in an input region, press Ctrl+Enter or Shift+Enter.

Working with Multiple Input Regions

If you have several input regions, you can go back to previous calculations and
edit and reevaluate them. If you have a sequence of calculations in several
input regions, the changes in one region do not automatically propagate
throughout other regions. For example, suppose you have the following
calculation sequence:

y = exp(2*x)exp(2*x)

z := x + yx + exp(2*x)

X+e

If you change the value of the variable y, the change does not automatically
apply to the variable z. To propagate the change throughout different input
regions, select Notebook from the main menu. From here you can:

® Select Evaluate to evaluate calculations in one input region.

* Select Evaluate From Beginning to evaluate calculations in the input
regions from the beginning of a notebook to the cursor position.

¢ Select Evaluate To End to evaluate calculations in the input regions from
the cursor position to the end of a notebook.

¢ Select Evaluate All to evaluate calculations in all input regions in a
notebook.
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Also, you can propagate the change throughout multiple input regions by

pressing Enter in each input region.
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Quick Access to Standard MuPAD Functions

To eliminate syntax errors and to make it easy to remember the commands
and functions, MuPAD can automatically complete the command you start
typing. To automatically complete the command, press Ctrl+space.

You also can access common functions through the Command Bar.
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If you do not see the Command Bar, select View>Command Bar.

1-11
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The buttons on the Command Bar display the function labels. To see the name
of the function that the button presents, hover your cursor over the button.

Command Bar x
8 lim f
8x f I—=a E H_;l'"

J[fdxl Deri*.-'.ati*::e i ITx j—v

{x'f-ﬂ}' f=r flx-.::

- a==»b a=h
v L 4

ath n! x — fix)
- - -

zin et {x, ife,
- - -

w General Math

w Plot Commands

To insert a function:

1 Point the cursor at the place in an input region where you want to insert a
function.

2 Click the button corresponding to the function.

3 Insert the parameters instead of the # symbols. You can switch between
the parameters by pressing the Tab key.

1-12
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Most of the buttons on the Command Bar include a drop-down menu with a
list of similar functions. The buttons display a small triangle in the bottom
right corner. Click the button to open the list of functions.

1-13
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Command Bar x
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Using the Command Bar, you also can create the following:

e Vectors and matrices

1-14
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(¢2)
cd
I

e 2-D plots and animations
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General Math and Plot Commands menus at the bottom of the Command Bar
display the categorized lists of functions.
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Access Help for Particular Command

In this section...

“Autocomplete Commands” on page 1-19
“Use Tooltips and the Context Menu” on page 1-21
“Use Help Commands” on page 1-24

Autocomplete Commands

MuPAD helps you complete the names of known commands as you type them
so that you can avoid spelling mistakes. Type the first few characters of the
command name, and then press Ctrl+space. If there is exactly one name of a
command that starts with these letters, MuPAD completes the command. If
more than one name starts with the characters you typed, MuPAD displays

a list of all names starting with those characters.

1-19
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Use Tooltips and the Context Menu

To get a brief description and acceptable syntax for a function, type the
function name in a notebook and hover your cursor over the command.

1-21
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aolwe — solve equations and inequalities
solwve {eq, X, <Options>)
solve{eq, ¥ = a .. b, <Optionsy)
aolve {eq, wvars, <Options>)

aolve {eq, <Optionss)

aolwve {eq3, X, <Optionsx)

solwve {eq3, vars, <Options>)
solwve (eq3, <Odptions>)

solwve (ODE)

solwve {(REC)

Mem 9 W

For more detailed information, right-click the name of a command and select
Help about from the context menu.

1-22
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Use Help Commands

You can get a brief description of a command and a list of acceptable input
parameters using info:

info(solve) solve -- solve equations and inequalities [try ?solve for options] For
more detailed information about the command and its input parameters,

use the ? command:

?solve

1-24
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Perform Computations

In this section...

“Compute with Numbers” on page 1-25
“Differentiation” on page 1-29
“Integration” on page 1-32

“Linear Algebra” on page 1-33

“Solve Equations” on page 1-36

“Manipulate Expressions” on page 1-39

“Use Assumptions in Your Computations” on page 1-41

Compute with Numbers

Types of Numbers
Using MuPAD, you can operate on the following types of numbers:

® Integer numbers
® Rational numbers
® Floating-point numbers

¢ Complex numbers

By default, MuPAD assumes that all variables are complex numbers.

Compute with Integers and Rationals

When computing with integers and rational numbers, MuPAD returns integer
results
2+ 24

or rational results:
(1 + (5/2*3))/(1/7 + 7/9)267473/6728

1-25
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If MuPAD cannot find a representation of an expression in an integer or
rational form, it returns a symbolic expression:
567 (1/2)sqrt(56)

/56

Compute with Special Mathematical Constants

You can perform exact computations that include the constants
exp(l)e=exp(1)=2.718... and n=3.1415...:
2*(exp(2)/PI)(2*exp(2))/PI

4

le

For more information on the mathematical constants implemented in
MuPAD, see “Constants”.

Approximate Numerically

By default, MuPAD performs all computations in an exact form. To obtain a
floating-point approximation to an expression, use the float command. For
example:

float(sqrt(56))7.483314774

7483314774
The accuracy of the approximation depends on the value of the global variable
DIGITS. The variable DIGITS can assume any integer value between 1 and

229 + 1. For example:
DIGITS:=20: float(sqrt(56))7.4833147735478827712

7.4833147735478827712

1-26
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The default value of the variable DIGITS 1s 10. To restore the default value,
enter:

delete DIGITSWhen MuPAD performs arithmetic operations on numbers
involving at least one floating-point number, it automatically switches to
approximate numeric computations:

(1.0 + (5/2*3))/(1/7 + 7/9)~210.02868609

10.02868609
If an expression includes exact values such as exp(1)e or sin(2) and
floating-point numbers, MuPAD approximates only numbers:
1.0/3*exp(1)*sin(2)0.3333333333*exp(1)*sin(2)

0.3333333333 e sin(2)
To approximate an expression with exact values, use the float command:
float(1.0/3*exp(1)*sin(2))0.8239088907

0.8239088907
or use floating-point numbers as arguments:
1.0/3*exp(1.0)*sin(2.0)0.8239088907

0.8239088907
You also can approximate the constants m and exp(1)e:

DIGITS:=30: float(PI); float(E); delete
DIGITS3.14159265358979323846264338328

3.14159265358979323846264338328
2.71828182845904523536028747135

2.71828182845904523536028747135

1-27



1 Getting Started

1-28

Work with Complex Numbers
In the input regions MuPAD recognizes an uppercase I as the imaginary unit
D™ (/2) 'l.j In the output regions, MuPAD uses a lowercase 1 to display the

imaginary unit:
sqrt(-1), I~2I, -1

i, =1

Both real and imaginary parts of a complex number can contain integers,
rationals, and floating-point numbers:

(1 + 0.2*T)*(1/2 + I)*(0.1 + 1/2)~30.0988 + (- 0.1144*T)

0.0988 - 0.1144

If you use exact expressions, for example, sqrt(2)+/2, MuPAD does not always
return the result in Cartesian coordinates:
1/(sqrt(2) + I)1/(sqrt(2) + I)

1

\,E 41
To split the result into its real and imaginary parts, use the rectform
command:

rectform(1/(sqrt(2) + I))sqrt(2)/3 - 1/3

1

Fud

53
The functions Re and Im return real and imaginary parts of a complex
number:

Re(1/(27(1/2) + I))sqrt(2)/3

1

Fud

4

3 Tm(1/(27(1/2) + 1))-1/3
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1

-1
The function conjugate returns the complex conjugate:
conjugate(1/(27(1/2) + 1)) 1/(sqrt(2) - I)

- .l. —

WE -
The function abs and arg return an absolute value and a polar angle of a
complex number:

abs(1/(27(1/2) + D)); arg(1/(2~(1/2) + I))sqrt(3)/3

V3
3 _arctan(sqrt(2)/2)

—arctan| X 2 |
L Z .

Differentiation

Derivatives of Single-Variable Expressions

To compute the derivative of a mathematical expression, use the diff
command. For example:
f:=4*x + 6*x"2 + 4*x"3 + x4 diff(f, x)4*x"3 + 12*x"2 + 12*x + 4

4x 412X +12 x+4

Partial Derivatives

You also can compute a partial derivative of a multivariable expression:
f:=y~2 + 4%x + 6%x72 + 4%x"3 + x*4: diff(f, y)2*y

2y

1-29
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Second- and Higher-Order Derivatives
To find higher order derivatives, use a nested call of the diff command

diff(diff(diff(sin(x), x), x), X)-cos(x)
- €os(X)
or, more efficiently:
diff(sin(x), x, X, X)-cos(x)
- Cos(x]
You can use the sequence operator $ to compute second or higher order

derivatives:
diff(sin(x), x $ 3)-cos(x)

- Cos(x)

Mixed Derivatives

diff(f, x1, x2, ...) isequivalent to diff(...diff(diff(f, x1),
x2)...). The system first differentiates f with respect to x1, and then
differentiates the result with respect to x2, and so on. For example
diff(diff((x"2*y"2 + 4*x" 2%y + 6*x*y"2), y), X)8*x + 12*y + 4¥x*y

Ex+12 p+dxy
is equivalent to

diff(x"2¥y*2 + 4*x7 2%y + 6¥x*y"2, y, X)8%x + 12%y + 4*x*y

Bx+12py+dxy

Note Note To improve performance, MuPAD assumes that all mixed
derivatives commute. For example, diff(diff(f(x, y), x), y) = diff(diff(f(x, y),

X), Y); 2 fx ¥i=i L fix, p-
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This assumption suffices for most of engineering and scientific problems.

For further computations, delete f:
delete f:

Derivatives of a Function

MuPAD provides two differentiation functions, diff and D. The diff function
serves for differentiating mathematical expressions, such as sin(x), cos(2y),
exp(x~2), x*2 + 1, f(y), and so on.

To differentiate a standard function, such as sin, exp, heaviside, or a custom
function, such as f:= x -> x"2 + 1, use the differential operator D:
D(sin), D(exp), D(heaviside)cos, exp, dirac

cos, exp, dirac

f:=x->x"2+ 1: D(H)x -> 2*x

X— 2 X

"1s a shortcut for the differential operator D:
sin’, sin’(x), f’cos, cos(x), x -> 2*x

cos, cos(x}, (x — 2 x)

The command D(f) (x) assumes that f is a univariate function, and
represents the derivative of f at the point x. For example, the derivative of
the sine function at the point x? is:

D(sin)(x"2)cos(x"2)

2
coslx’)

Note that in this example you differentiate the sin function, not the function f
:= x -> sin(x"2). Differentiating f returns this result:
= x -> sin(x"2): D(f)x -> 2*x*cos(x"2)

1-31
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x— 2 xcoslx )

For details about using the operator D for computing second- and higher-order
derivatives of functions, see Differentiating Functions.

Integration

Indefinite Integrals
To compute integrals use the int command. For example, you can compute

indefinite integrals:
int((cos(x))"3, x)sin(x) - sin(x)"3/3

3
simiLx}

sinix) - —

3
The int command returns results without an integration constant.

Definite Integrals
To find a definite integral, pass the upper and lower limits of the integration

interval to the int function:
int((cos(x))"3, x = 0..PI/4)(56*sqrt(2))/12

52
12

You can use infinity as a limit when computing a definite integral:
int(sin(x)/x, x = -infinity..infinity)PI

Numeric Approximation
If MuPAD cannot evaluate an expression in a closed form, it returns the

expression. For example:
int(sin(x"2)"2, x = -1..1)int(sin(x"2)*2, x = -1..1)
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I.'Isin[x::: dx
* You can approximate the value of an integral numerically using the float

command. For example:
float(int(sin(x*2)"2,(x = -1..1)))0.3324031519

0.33240315189

You also can use the numeric::int command to evaluate an integral

numerically. For example:
numeric::int(sin(x*2)*2, x = -1..1)0.3324031519

0.3324031519
Linear Algebra

Create a Matrix

To create a matrix in MuPAD, use the matrix command:

A = matrix([[1, 2], [3, 4], [5, 6]]); B := matrix([[1, 2, 3], [4, 5, 6]])matrix([[1,
2], 3, 4], [5, 6]

(13,
\, SR I‘lX([[l, 29 3]7 [47 59 6]])

LY

2 37
56/

o=

You also can create vectors using the matrix command:
V := matrix([1, 2, 3])matrix([[1], [2], [3]])

- e
L P =
_— -
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You can explicitly declare the matrix dimensions:
C = matrix(3, 3, [[-1, -2, -3], [-4, -5, -6], [-7, -8, -9]]); W := matrix(1, 3, [1, 2,
3])matrix([[-19 '29 '3]7 ['49 '5’ '6]7 ['7a '89 '9]])

-1 -2 -3
znja@gxqﬂj 2, 31])
(12 3)

If you declare matrix dimensions and enter rows or columns shorter than the
declared dimensions, MuPAD pads the matrix with zero elements:
F:= matriX(S, 3’ [[19 '1’ 0]5 [2’ -2]])matrlx([[17 '1a O]a [27 -23 O]’ [Oa O’ 0]])

1 -10
2 -2 0
000

If you declare matrix dimensions and enter rows or columns longer than the
declared dimensions, MuPAD returns the following error message:

matrix(3, 2, [[-1, -2, -3], [-4, -5, -6], [-7, -8, -9]]) Error: The number of columns
does not match. [(Dom::Matrix(Dom::ExpressionField()))::mkSparse] You also
can create a diagonal matrix:

G := matrix(4, 4, [1, 2, 3, 4], Diagonal)matrix([[1, O, 0, 0], [0, 2, 0, 0], [0, O,

3, 0], [0, O, 0, 4]])

(3314

Operate on Matrices

To add, substract, multiply and divide matrices, use standard arithmetic
operators. For example, to multiply two matrices, enter:

A = matrix([[1, 2], [3, 4], [5, 6]]); B := matrix([[1, 2, 3], [4, 5, 6]]);
A*Bmatrix([[1, 2], [3, 4], [5, 6]])

o S
[ PR o
B s
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L =

! 23
Lmé)crixq[l, 2, 3], [4, 5, 6]])

1237
( LA Brix(([[9. 12, 15], [19. 26, 33], [29. 40, 51]])

/9 12 15)
19 26 33 |
25 40 51/

If you add number x to a matrix A, MuPAD adds x times an identity matrix to
A. For example:

C := matrix(3, 3, [[-1, -2, -3], [-4, -5, -6], [-7, -8, -9]]); C + 10matrix([[-1, -2, -3],
[-4, -5, -6], [-7, -8, -9]])

“1 -2 -3
( }rﬁat}éx@@] 2, -3, [-4, 5, -6], [-7, -8, 1]])

9 -2 -3

-4 5 -5

Yz)u can compute the determinant and the inverse of a square matrix:

G = matrix([[1, 2, 0], [2, 1, 2], [O, 2, 1]]); det(G); 1/Gmatrix([[1, 2, 0], [2, 1,
2], [0, 2, 1]D)

=]

-
=] ST
Pl ra

-7
matrix([[3/7, 2/7, -4/7], [2/7, -1/7, 2/7], [-4/7, 2/7, 3/7]])
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. LineariAlgebra Library
The MuPAD 1linalg library contains the functions for handling linear
algebraic operations. Using this library, you can perform a wide variety of
computations on matrices and vectors. For example, to find the eigenvalues of
the square matrices G, F, and (A*B), use the linalg::eigenvalue command:
linalg::eigenvalues(G); linalg::eigenvalues(F); linalg::eigenvalues(A*B){1, 1 -
2*sqrt(2), 2*sqrt(2) + 1}

[1,1-2+/2,2+2+1}
{-1’ 0}

(-1,0)

{0, 43 - T*sqrt(37), T*sqrt(37) + 43}

(0,43 -7 /37,7 /37 +43}
To see all the functions available in this library, enter info(linalg) in an
input region. You can obtain detailed information about a specific function

by entering ?functionname. For example, to open the help page on the
eigenvalue function, enter ?1inalg: :eigenvalues.

Solve Equations

Solve Equations with One Variable

To solve a simple algebraic equation with one variable, use the solve command:
solve(x"5 + 3*x"4 - 23*x73 - 51*x72 + 94*x + 120 = 0, x){-5, -3, -1, 2, 4}

(-5,-3,-1,2,4}
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Solving Equations with Parameters

You can solve an equation with symbolic parameters:

solve(a*x”2 + b*x + ¢ = 0, x)piecewise([a <> 0, {-(b + sqrt(b"2 - 4*a*c))/(2%a),
-(b - sqrt(b~2 - 4*a*c))/(2*%a)}], [a =0 and b <> 0, {-c/b}], [a=0andb=0and c =
0,C_],[a=0andb=0andc<>0, {}])

o
{_n’.;--.n'.; dac _o-yb '1.“'.} if a=0
o

[-%& if a=0ab=0

If you wantto get the solufidi fof Béfjcfcﬁl'a'% values of the parameters, use
the assuming command. Fbraexamipld) yow éan solve the following equation
assuming that a is positive:

solve(a*x”2 + b*x + ¢ = 0, x) assuming a > 0{-(b + sqrt(b"2 - 4*a*c))/(2*a),
-(b - sqrt(b”2 - 4*a*c))/(2%a)}

Za Za
For more information, see Using Assumptions.

{_b+1.-"b:-4a£ b-ﬁ,:"b:--rta{}

Solve Systems of Equations

You can solve a system of equations:

solve([x"2 + x*y + y*2 =1, x"2 - y*2 = 0], [x, yD{[x = -sqrt(3)/3, y = -sqrt(3)/3],
[x =sqrt(3)/3, y = sqrt(3)/3], [x=-1,y=1], [x=1,y =-1]}

L]

or you can solve a system of equations containing symbolic parameters:
solve([x"2 + y*2 = a, x"2 - y*"2 = b], [x, yD{[x = -(sqrt(2)*sqrt(a + b))/2, y =
-(sqrt(2)*sqrt(a - b))/2], [x = -(sqrt(2)*sqrt(a + b))/2, y = (sqrt(2)*sqrt(a - b))/2],
[x = (sqrt(2)*sqrt(a + b))/2, y = -(sqrt(2)*sqrt(a - b))/2], [x = (sqrt(2)*sqrt(a +
b))/2, y = (sqrt(2)*sqrt(a - b))/2]}

1-37



1 Getting Started

1-38

W2Zla+h W2 ila-b W2Zla+h v2ila-b vZ2ila+h
xe N2y IR e VRS R0 [ Y
Solve Ordinary Differential Equations
Youx-%ﬁ' gdlée_: piff‘éi?eﬁtatvﬁgiof ordinary differential equations:
o0 = odefx"2*diff(y(x),%, x) +2*x*diff(y(x), X) + X, y(x)): solve(0){C3 - x/2 + C2/x}

@-5-2)
Solve Inequalities
Also, you can solve inequalities:
solve(x*4 >= 5, x)Dom::Interval(-infinity, [-57(1/4)]) union
Dom::Interval([567(1/4)], infinity) union Dom::ImageSet(z*1, z,
Dom::Interval(-infinity, [-5”(1/4)]) union Dom::Interval([57(1/4)], infinity))

Il:—'ﬁ-‘. _s5t 4ILJ|5: ' -r:LJ{zii zs |:—-r_ -5t 4JLJ|5: ! rs}

If you want to get the result over the field of real numbers only, assume that x
is a real number:

assume(x in R_); solve(x"4 >= 5, x)Dom::Interval(-infinity, [-57(1/4)]) union
Dom::Interval([57(1/4)], infinity)

' . . %
| -2, -5° '1] I_J|5' '1. )

You can pick the solutions that are positive:
solve(x"4 >= 5, x) assuming x > 0Dom::Interval([5”(1/4)], infinity)




Perform Computations

Manipulate Expressions

Transform and Simplify Polynomial Expressions

There are several ways to present a polynomial expression. The standard
polynomial form is a sum of monomials. To get this form of a polynomial
expression, use the expand command:

expand((x - 1)*(x + 1)*x"2 + x + )*E"2 + 1)*(x"2 - x + 1)*(x"4 - x"2 +
D)x 2 - 1

13

x -1

You can factor this expression using the factor command:
factor(x"12 - 1)(x - D*(x + D)*E 2 + x + D*EN2 + D)*EN2 - x + 1)* (x4 - x*2
+ 1)

. . 2 vof 2 2 o 2 N
x=1ix+1)lx"+x+ 1 "+ 1) I -+ L) e =" 4+ 1)

For multivariable expressions, you can specify a variable and collect the terms
with the same powers in this variable:

collect((x - a)*4 + a*x"3 + b"2*x + b*x + 10*a"4 + (b + a*x)"2, x)x"4 +
(-3*a)*x"3 + (7*a*2)*x"2 + (- 4*a”3 + 2*a*b + b2 + b)*x + 11*a”4 + b"2

Kic3ax+7a) i slcads2absb s b x+11a + b

For rational expressions, you can use the partfrac command to present the
expression as a sum of fractions (partial fraction decomposition). For example:
partfrac((7*x"2 + 7*x + 6)/(x"3 + 2*x"2 + 2*x + 1))6/(x + 1) + x/(x*2 + x + 1)

6 . x
x+1 ¥ ixsl
MuPAD also provides two general simplification functions: simplify and
Simplify. The simplify function is faster and it can handle most of the
elementary expressions:
simplify((x - 1)*(x + 1)*(x*2 + x + 1)*(x"2 + 1)*x"2 - x + 1)*x"4 - x"2 +
))xr2 -1
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Y]

x -1

The Simplify function searches for simpler results deeper than the simplify
function. The more extensive search makes this function slower than simplify.
The Simplify function allows you to extend the simplification rule set with
your own rules and serves better for transforming more complex expressions.
For the elementary expressions it gives the same result as simplify:
Simplify((x - 1)*(x + 1)*(x"2 + x + 1)*x"2 + D)*E"2 - x + 1)*(x"4 - x*2 +
D)xA12 - 1

L¥]

x -1

For the following expression the two simplification functions give different
forms of the same mathematical expression:

f:=a*x*@+1)+Db*y*y +b*x*y): simplify(f); Simplify(f)x*a*2 + x*a
+ X*b/\z*y/\2 + b*y/\z

xa +xa+xb +b
b*(b*x + 1)* A2 + a*x*(a + 1)

bibx+ l':y:+ax[a+ 1}

Note that there is no universal simplification strategy, because the meaning
of the simplest representation of a symbolic expression cannot be defined
clearly. Different problems require different forms of the same mathematical
expression. You can use the general simplification functions simplify and
Simplify to check if they give a simpler form of the expression you use.

Transform and Simplify Trigonometric Expressions
You also can transform and simplify trigonometric expressions. The functions
for manipulating trigonometric expressions are the same as for polynomial

expressions. For example, to expand a trigonometric expression, use the
expand command:

expand(sin(5¥x))16*sin(x)*cos(x)"4 - 12*sin(x)*cos(x)*2 + sin(x)
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. " x| . " .2 . "
16 sinix) cos(x] - 12 sin(x} cosix] + sin(x]
To factor the trigonometric expression, use the factor command:

factor(cos(x)"4 + 4*cos(x)"3*sin(x) + 6*cos(x)*2*sin(x)*2 + 4*cos(x)*sin(x)"3 +
sin(x)*4)(cos(x) + sin(x))"4

Ce
(cos(Xx]} + sin(x})
You can use the general simplification functions on trigonometric expressions:

simplify(cos(x)*2 + sin(x)"2)1

1
simplify(cos(x)"4 + sin(x)"4 + sin(x)*cos(x))- sin(2*x)"2/2 + sin(2*x)/2 + 1

_sin(2 x':: . sin(2 x} a1
Sirhplify(cos€x) 4 + sin(x)*4 + sin(x)*cos(x))-((sin(2*x) + 1)*(sin(2*x) - 2))/2

_ (sin(2 x} + 1} (sin(2 X} - 2}
2

Use Assumptions in Your Computations

Solve Expressions with Assumptions

By default, all variables in MuPAD represent complex numbers. When solving
equations or simplifying expressions, the software considers all possible
cases for complex numbers. If you are solving an equation or simplifying an
expression, this default assumption leads to the exact and complete set of
results including complex solutions:

reset()solve(x*(5/2) = 1, x){1, - sqrt(5)/4 - 1/4 - (sqrt(2)*sqrt(5 - sqrt(5))*I)/4, -
sqrt(5)/4 - 1/4 + (sqrt(2)*sqrt(b - sqrt(b))*I)/4}
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To obtain real solutions only, pass the assumption to MuPAD using the
assuming command:
solve(x"(5/2) = 1, x) assuming x in R_{1}

(1}

You can make various assumptions on the values that a variable represents.
For example, you can solve an equation assuming that the variable x
represents only positive values:

solve(x”4 - 1 = 0, x) assuming x > 0{1}

(1}

You can make multiple assumptions:
solve(x"4 - a = 0, x) assuming a = 16 and x in R_{-2, 2}

(-2,2)

Integrate with Assumptions

You can use assumptions when integrating mathematical expressions. For
example, without an assumption on the variable x, the following integral
depends on the sign of the expression x2 - 1:

int(1/abs(x"2 - 1), x)-arctanh(x)/sign(x"2 - 1)

arctanhix)

signix” - 1)
I? you know that x > 1, you can pass the assumption to the integral:
int(1/abs(x"2 - 1), x) assuming x > 1-arctanh(x)

-arctanhix)
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Simplify Expressions with Assumptions

Using assumptions along with the simplification functions narrows down the
possible values that variables represent and can provide much shorter results
than the simplification functions alone. For example:

simplify(sqrt(x*2 + 2*x + 1) + sqrt(x*2 - 2*x + 1) + sqrt(x*2 + 4*x + 4) +
sqrt(x”2 - 4*x + 4))sqrt((x - 1)2) + sqrt((x + 1)*2) + sqrt((x - 2)*2) + sqrt((x

+ 2)72)

versus
simplify(sqrt(x*2 + 2*x + 1) + sqrt(x*2 - 2*x + 1) + sqrt(x*2 + 4*x + 4) +
sqrt(x”2 - 4*x + 4)) assuming x > 24*x

4 x

You can pass assumptions to the following functions: expand, simplify, limit,
solve, and int. The Simplify function does not allow assumptions on variables.
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Use Graphics

In this section...

“Graphic Options Available in MuPAD” on page 1-44
“Basic Plotting” on page 1-45

“Format Plots” on page 1-51

“Present Graphics” on page 1-62

“Create Animated Graphics” on page 1-64

Graphic Options Available in MuPAD

Basic Plotting Options
MuPAD presents many options for creating and working with graphics and

animations. The simplest way to create a plot in MuPAD is to use the plot
command. Using this command, you can:

e Create 2-D and 3-D function plots

® Specify plotting range

e (Create plots for piecewise functions

¢ Create multiple function plots in one graph

® (Create animated 2-D and 3-D function plots

You can format the plot interactively.

Advanced Plotting Options

The plot command provides a basic way to create function plots. For example,
you can:

® (Create a 2-D function plot using plot::Function2d.
¢ (Create a 3-D function plot using plot::Function3d.

¢ (Create animated plots.
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e (Create function plots in polar or spherical coordinates.
e (Create turtle graphics and Lindenmayer systems.

® Choose colors, fonts, legends, axes appearance, grid lines, tick marks, line,
and marker styles.

® Apply affine transformations to a plot. You can scale, rotate, reflect, or
move a plot.

® Set cameras for a 3-D plot.
e See the MuPAD gallery of plots.

To see all functions available in the MuPAD graphics library, enter:
info(plot)

Basic Plotting

Create 2-D Plots
The simple way to create a 2-D plot of a function is to use the plot command.:
plot(sin(x)*cos(3*x))
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Create 3-D Plots

The simple way to create a 3-D plot of a function is to use the plot command
with the option #3D:

plot(sin(x)*sin(y), #3D)

Note Note By default, for a function of two variables, the plot command
creates a 2-D animation. Using the option #3D lets you create a 3-D plot
instead of a 2-D animation.

Plot Multiple Functions in One Graph

To plot several functions in one figure, list all the functions, separating them
by commas. MuPAD uses different colors when plotting multiple functions:
plot(sin(x), cos(x), tan(x), cot(x))



Use Graphics

You can use the sequence generator $ to create a sequence of functions:
plot(sin(k*x) $ k = 1..3)

You also can plot multiple functions in one 3-D graph:
plot(-sqrt(xr*2 - x*2 - y*2) $ r = 1..5, #3D)

1-47



1 Getting Started

Specify Plot Ranges
You can specify a range over which to plot a function:
plot(sin(x”3)*exp(x), x = 3..5)

% P1||
o AU
EUHUMU T U TS
& ]

plot(sin(x)*sin(y), x = 0..3, y = 1..3, #3D)
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For multiple functions plotted in one graph, you can specify one range for
all the functions:
plot(sin(k*x) $ k = 1..5, x = 0..2*PI)

To specify different ranges for multiple functions plotted in one graph, use
different variables:
plot({sin(k*x), k*t"2} $ k = 1..5, x = 0..2*PI, t = -1..1)
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o
1
T

Plot Piecewise Functions

To specify a piecewise function, use the piecewise command. You can plot
a piecewise function even if it is undefined at some points. for example,
you can plot the following function although the function is not defined for
-2 < x < -1:

plot(piecewise([x < -2, - 1], [[(1<xand x <0, x"2], [0 <xand x <1, -x"2], [x
> 1, 1])
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Format Plots

Enable Plot Formatting Mode

In MuPAD, you can format your graphic results interactively when working
in plot formatting mode. To switch to graphics formatting mode, click any
place on a plot. In this mode, the Object Browser pane appears.
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Use Graphics

If you do not see the Object Browser and Property panes, select

on the toolbar.

The top of the Object Browser pane displays the components of your
graphics such as scene (background), coordinate system, and a function plot.
For further information on the structure of graphics, see The Full Picture:
Graphical Trees.

View > Object Browser or click

Object Browser =
4 I:] Canwvas
a Scenedd
4 1. CoordinateSystem3d
. Function3d

After you select a component in the Object Browser pane, the bottom of the
pane displays the properties of this component.

Property Value g
> Definition
> Animation
» Annotation
> Calculation
4 Style
: Lines
- Points
: Surface
TitleFont | Arial, 11pt
TitleAlign... | Center
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Change Background Settings

To change background settings of your graphics, switch to plot formatting
mode and select Scene at the top of the Object Browser pane. The
bottom of the pane shows background properties that you can change. For
example, you can change the background color. To choose the color, select
BackgroundColor and click the ellipsis button.



Use Graphics

File Edit View Insert Tools Actions Window Help

*MEZ A B0 0| K

E Motebookl® - MuPAD

b & 4+ Db

'plot(sgrt(l - x"2 - yv"2), x = -1..1,

$2m)

Mem
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You can use predefined colors or select a color from a more extensive palette.

Red: U 0.34

Green: U 0.34

Blue: '—U 1.op

Opadity: ~ .[.] 1.00

2 Lo J[ concel |

Modify Axes

To format the axes of your graphics, switch to plot formatting mode and select
Coordinate System at the top of the Object Browser pane. The bottom

of the pane shows axes properties that you can change. For example, you
can add grid lines.
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File Edit View Insert Tools Actions Window Help
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E Motebookl® - MuPAD

b & 4+ Db
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Modify Function Plot

To format the function plot, switch to plot formatting mode and select
Function at the top of the Object Browser pane. The bottom of the pane
shows plot properties that you can change. For example, you can change
the color of a function plot.
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File Edit View Inset Tools Actions Window Help

I:f Motebookl™ - MuPAD

_plct{sqrtil - x*2 - y*2), == -1..1, #3D)
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Mat C
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You can use predefined colors or select a color from a more extensive palette.
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Present Graphics

When you present graphic results in MuPAD, you can move, zoom, and rotate
your graphics. You also can select different components of a plot. When
presenting graphic results, switch to the plot formatting mode. You can use
the following toolbar to manually rotate, move, zoom your plot, and show
coordinates of any point on your plot:

rotate Zoom

IR 8*

1]

select move show
graphics coordinates
component

To see the coordinates for a point on your plot, click the point and hold the
mouse button. You can move the cursor while holding the mouse button and
see the coordinates of all the points on the path of the cursor.
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# Motebookl™ - MuPAD
File Edit View Insert Tools Actions Window Help

PEEZ AN BO O K e B[] b

4 | i 3

Press space bar to add the current query to the coordinate list. Memn |
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You can use the toolbar to rotate and zoom your plot automatically. You also
can change the speed for rotation and zooming.

Zoom
j %0 6 -&-m%
I I
rotate speed

Create Animated Graphics

Creating Animated 2-D Plots

To create an animated plot, use an additional changing parameter for the
function you want to plot. Specify the range for this parameter. The following
example presents an animated plot of a function with the parameter a that

gradually changes value from 2 to 6:
plot(exp(x)*sin(a”2*x), x = 1..2, a = 2..6)

Create Animated 3-D Plots

To create an animated 3-D plot, use an additional changing parameter for the
function you want to plot. Specify the range for this parameter and the option
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#3D. The following example presents an animated plot of a function with the
parameter a that gradually changes value from 0.1 to 2:
plot(sin(a*x*2 + a*y”2), x =-2..2, y =-2..2, a = 0.1..2, #3D)

Play Animations
MuPAD displays the first frame of an animation as static picture. To play the
animation, click the picture.

When MuPAD plays an animation, the Animation toolbar with the player
controls appears:

play ! stop lastframe speed

umL_*—&l@BL

rewing ~ Seekand repeating
progress bar aptions
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Count Backwards

To play an animation forward and then backward, click the Repetition button

g and select the option Back and Forth.

You also can specify the range for a parameter so that the initial value is
greater than the final value. The follwoing example creates an animated plot
of the function using the parameter a that gradually changes value from

2 to 0.1:

plot(sin(a*x"2 + a*y"2), x =-2..2, y = -2..2, a = 2..0.1, #3D)




Format and Export Documents and Graphics

Format and Export Documents and Graphics

In this section...

“Format Text” on page 1-67

“Format Mathematical Expressions” on page 1-75

“Format Expressions in Input Regions” on page 1-77

“Change Default Format Settings” on page 1-81

“Use Frames” on page 1-84

“Use Tables” on page 1-92

“Embed Graphics” on page 1-102

“Work with Links” on page 1-106

“Export Notebooks to HTML, PDF, and Plain Text Formats” on page 1-117

“Save and Export Graphics” on page 1-119

Format Text

Choose Font Style, Size, and Colors
To change the font for a particular piece of text:

1 Select text that you want to format.

2 Select Format>Characters from the main menu or use context menu.
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3 In the Character Format dialog box choose the font style, font size, font and

background colors, and effects. The window at the bottom of the dialog box
shows a preview of your changes.

P

7 Character Format @
Font Size
Generic Sans Serif - 11 -
5] -
Effects , B
— 3
10
11
Color: [i] [] Backgroun ii T
16
Generic Sans Serif 20 g -
\ﬁ? oK ] ’ Apply ] ’ Cancel ]
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If you want to experiment with different fonts, and see how the formatted
text looks in your notebook, click the Apply button. This button applies
formatting to the selected text and leaves the Character Format dialog box
open. You can change font and color of your text several times without
having to open this dialog box for each change. When you finish formatting,
click OK to close the Character Format dialog box.
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Piecewise solutions

The solution of the quadratic equation a ¥ebx+c=0is piecewise. Here a, b,
symbolic parameters, and x is a symbolic variable.

Piecewise objects often occur if an equation contains symbolic parameters in
the variable.
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Format and Export Documents and Graphics

To format selected text, you also can use the Format toolbar. If you do not see
the Format toolbar, select View>Toolbars>Format from the main menu.

Generic Sans Serif ~ 11 ~ B (I U xa x2 ,-:_;J A A

To change the font size quickly, you can use Format>Increase Size and
Format>Decrease Size or the corresponding buttons on the Format toolbar.

Choose Indention, Spacing, and Alignment

To change paragraphs settings such as indention, spacing, alignment, and
writing direction:

1 Select the paragraphs you want to format.

2 Select Format>Paragraph from the main menu or use the context menu.
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i

I/ Motebookl® - MuPAD
File Edit View Mavigation Insert | Format | Motebook Window Help
UI L] B H -.3=l._j C% —~ GJ Characters... T 1L _FJ J [@
— — Math...
Piecewise solution{  Paragraph..
The solution of the quadratic eque Calculation... 5 piecewise. Here a, b,
symbolic parameters, and xis a s Table...
Piecewise objects often occur if B ymbolic parameters in
the variable. e
Al Increase Size
& Decrease Size
“s, Defaults...
Change paragraph format. Mot |
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3 In the Paragraph Format dialog box choose indention, spacing, alignhment,
background color, and writing direction of the text. The writing direction is
a language-specific option that allows you to type from right to left.

P

-

I/ Paragraph Format -7l

Indention Spacing
Left: 0,00 mm Top: 5.00 mim
First:  5.00 mm Bottom: 5.00 Mmm
Right: 0.00 mm

Alignment: [ Background: D
Word wrap Writing Direction: |Left To Right -

[ Keep Lines together

I |

If you want to experiment with different paragraph settings, and see how
the formatted text looks in your notebook, click the Apply button. This
button applies formatting to the selected text and leaves the Paragraph
Format dialog box open. You can change paragraph settings several times
without having to open this dialog box for each change. When you finish
formatting, click OK to close the Paragraph Format dialog box:
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Piecewise solutions

The solution of the quadratic equation ax*+bx+c=0is piecewise. Here |
are symbolic parameters, and x is a symbolic variable.

Fiecewise objects often occur if an eguation contains symbolic parameters in
the variable.

Mot
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Format Mathematical Expressions
You can change font style, size, and color of mathematical expressions in text

regions in the same way you format regular text. See Choosing Font Style,
Size, and Colors for more details.

For additional formatting of mathematical expressions:

1 Select Format > Math.
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2 Set your formatting preferences. You can define the script size, choose
between inline (embedded in text) or displayed styles, and use the Slant
identifiers check box to italicize variables. Also, you can specify whether
you want to wrap long mathematical expressions to a notebook window size.

o o)

;J'f‘_ Math Format @

Display style | Slant identifiers
| Wrap lines

Mimimal script size;s & - pt Script size multiplier: 71 %

:;.‘-? Ok ] | Apply | | Cancel

If you want to experiment with different settings for mathematical
expressions and see how the formatted expression looks in your notebook,
click Apply. This button applies formatting to the selected text and leaves
the Math Format dialog box open. You can change settings several times
without having to open this dialog box for each change. When you finish
formatting, click OK to close the Math Format dialog box.

Format Expressions in Input Regions

You can change font style, size, and color of mathematical expressions in Text
regions in the same way you format regular text. See Choosing Font Style,
Size, and Colors for more details.

For additional formatting of commands and expression in the input regions:

1 Select Format>Calculation in the main menu.
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2 Set your formatting preferences. You can define indentation, spacing at
the top and bottom of the calculation, and width of the left bracket that
encloses the input region.

P "

|+ Calculation Format @
Bracket Spacing
Padding: 5.05 mm Top: 10,05 mm
Line Width: 2.5 i Bottom:  1.00 mim
Li? [ Ok l I Apply ‘ I Cancel

If you want to experiment with different settings for input regions, and see
how the formatted expressions and commands look in your notebook, click
the Apply button. This button applies formatting to the selected region and
leaves the Calculation Format dialog box open. You can change settings
several times without having to open this dialog box for each change. When
you finish formatting, click OK to close the Calculation Format dialog box.
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Piecewise solutions

The solution of the quadratic equation a Waebx+c=0Iis piecewise. Here |
are symbolic parameters, and x is a symbolic variable.

Fiecewise objects often occur if an eguation contains symbolic parameters in
the variable.

golve(a*x™2 + b%*x + ¢ = 0, x)

( {_b—‘.r-"b‘—:i-aa b- ‘.rb 4-.::.9} fazl

2a

{—%} if a=0nb=0

C ffa=0nb=0nc=10

if a=0r5=0rc=10

flem
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Change Default Format Settings

If you want to apply a specific format to the whole notebook, you can change
the default settings for particular types of regions. For example, to change
default setting for all commands and expressions in the input and output
regions of a notebook:

1 Select Format > Defaults from the main menu.

1-81



1 Getting Started

i

I/ Motebookl® - MuPAD
File Edit View Mavigation Insert | Format | Motebook Window Help

" 4 @
IIl E\ I ﬁ =] Cﬁ ~ 9 SR /| o 1L: J) i-’ "@
Math...
Piecewise solution{  Paragaph..
Calculation...
The solution of the quadratic equsz Table... = piecewise. Here a, b
symbolic parameters, and xisas Frame...

: . . : Page... : :
Fiecewise objects often occur if ymbolic parameters in
the variable. A Increase Size

A Decrease Size

zolve (a*x™2 + b¥x + o =
. = = “s, Defaults... N
{_ b+yb —-‘I-a:e:- _ byt —4a j T AT
la la
{—%} if a=0nb=0
C if a=0Ab=0rc=10
| & if a=0ab=0rc=0
Change default formats. Mern
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2 In the resulting dialog box, use tabs to select the required element. For

input and output regions, select the Calculations tab.

o

LJ'E Current Motebook -- Default Formats @
Calculations | Tables | Frames | Links |
Format: [Input and Output - ]
@ Defines the calculation format for a new calculation.
Bracket Spacing
Padding: 2.01 mm Top: 1.01 mm
Line Width: 0,14 mm Bottom: 1.01 mm
.\%,? Ok l ’ Cancel

3 From the drop-down menu Format select Input and Output.
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Format: |Inputand Output -

Input Characters
Input Paragraph
Cutput Plain Characters
Qutput Math Characters
Qutput Math

Output Paragraph

4 In the appropriate fields, enter values for the size of indentation, the
spacing at the top and bottom of the calculation, and the width of the left
bracket that encloses each input and output region.

5 Click OK to apply the new default settings and close the Default Formats
dialog box.

Use Frames

If you want to format different parts of a notebook separately, use frames.
Frames can include text, mathematical expressions, and commands. To insert
a frame:

1 Select the place where you want to insert a frame.

2 Select Insert>Frame.
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I/ Motebookl® - MuPAD
File Edit View Mavigation

UJ L] i H .El.‘j wﬂh Calculation

Insert | Format Motebook Window  Help

Piecewise soluf

The solution of the quadrat
symbolic parameters, and

Fiecewise objects often oc

the variable.

solve (a*x™2 + b¥x -

i |
_b+y b —das _ by
la )

|8

e

Calculation Above
Text Paragraph
Text Paragraph Above

Link...
Link Target...

Image...

Table...

Frame I},

Line Break
File Path...

Ctrl+I
Ctrl+Shift+1
Ctrl+T
Ctrl+Shift+T

Ctrl+Enter

<

o
J @
-

Here a, b,

ameters in

{5}

if a=0n56=10

if a=0nb=0rc=10

if a=0mnb=0rc=0

Insert frame at the current cursor position.

flem
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3 Drag the selected part into the frame.
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i

I/ Motebookl® - MuPAD
File Edit View Mavigation Insert Format MNotebook Window Help

BLUE & |~ 00100 @

Piecewise solutions

The solution of the quadratic equation a ¥ibx+c=0is piecewise. Here a, b,
symbolic parameters, and x is a symbolic variable.

Piecewise objects often occur if an equation contains symbolic parameters in :

the variable.
solve(a*x™2 + b*x + o = 0, x)
{_ b+y/t’-tac _b-y/tt-tacl £ 4
2a ) 2a
{—%} if a=0nb=10
C f a=0nb=0mnc=10
| if a=0nb=0rc=10

flem

1-87



1 Getting Started

You can change the appearance of the frame. To format a frame:

1 Place cursor inside the frame you want to format.

2 Select Format>Frame from the main menu or right-click to use context
menu.
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i

I/ Motebookl® - MuPAD

File Edit View Mavigation Insert | Format | Motebook Window Help

Piecewise solution:

The solution of the quadratic equsz
symbolic parameters, and xisas

Piecewise objects often occur if

the variable.

solve(a*x"2 + b*x + o =

Al.

Y

Characters...
Math...
Paragraph...
Calculaticn...
Table...
Frame... Ib
Page...

Increase Size

Decrease Size

Defaults...

o
L
-

=-r

Change frame format.

la

la

i s =
{_ b+y/ b —dae _ b—‘.r-"b‘—:i-aa}

ey

if a=0

if a=0nb=10

f a=0nb=0mnc=10

if a=0nb=0rc=10

= piecewise. Here a, b

rmbolic parameters in :

flem
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3 In the appropriate fields of the Frame Format dialog box, type the size of
left margin, frame border size, width of the left bracket that encloses the
input region, and background color.

P )

-lL‘"_ Frarne Format @

Position
= |20 [ width: 5292 mm
Margin:  0.00 ijlj} Border: 0.14 ijlj}

Padding: 2.01 mm Background: D

2 o [ w ][ o |

4 Click OK to apply the new frame settings and close the Frame Format
dialog box.
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File Edit Wiew Mavigation Inset Format MNotebook Window Help

BUWEs APy 1100 nt0Q0 6

Piecewise solutions

The solution of the quadratic equation a ¥sbx+c=0is piecewise. Here a, b,
symbolic parameters, and x is a symbolic variable.

flem
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Use Tables

Create Tables
To insert a table in a notebook:

1 Select the place where you want the table to appear.

2 Select Insert>Table.
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I/ Motebookl® - MuPAD
File Edit View Mavigation

Insert | Format Motebook Window  Help

UJ L] i H .El.‘j wﬂh Calculation

Piecewise soluf

The solution of the quadrat
symbolic parameters, and

Fiecewise objects often oc
the variable.

solve (a*x™2 + b¥x -

{_ b+y/bi-tac _ by

Calculation Above
9. Text Paragraph
Text Paragraph Above

e

Link...
== Link Target...

Image...
Table...

Frame

Line Break
File Path...

Ctrl+I
Ctrl+Shift+1
Ctrl+T
Ctrl+Shift+T

Ctrl+Enter

<

o
J @
-

Here a, b,

ameters in

)

C

=

if a=0n56=10

if a=0nb=0rc=10

if a=0mnb=0rc=0

Insert table at the current cursor position.

flem
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3 In the resulting dialog box, select the number of columns and rows and
click OK.

P "

-l.l'f‘_ Insert Table @

Mumber of columns: 4

Mumber of rows: 5
@ I OK ‘ I Cancel ‘

Add and Delete Rows and Columns

To add a row or column to an existing table or delete an existing row or
column:

1 Click a cell where you want to add or delete a row or column.

2 Select Edit>Table from the main menu and select the required action.
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I/ Motebookl® - MuPAD
File [Edirt View Mavigation Insert Format MNotebook Window  Help

1 o w: HOOmtHQ @
— # Redo Ctrl+Y —
The - S 2 hx+c=0is piecewise. Here a, |
are|® e olic variable.
Copy Ctrl+C
Piel || Paste Ctrl+V N contains symbolic parameters in ac
the Paste As r
=d Select Contents F7
i Select Region Shift+F7
Select All Ctrl+A 0
Delete Cutput L Oanb=0
Delete All Qutputs
= 0Ab=0rc=0
Find and Replace... Ctrl+F
' Find Again F3 FOnb=0rc=0
X Link.. I
== Link Target... W L‘
|
Table i Insert Row
Coordinate List 2 Inzert CD|LII%I
Complete Word Ctrl+5pace e
Toggle Greek Ctrl+13 e —
==t W | 5
Insert a row into the table at the current cursor position. Mern
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If you inserted a row, it appears above the row with the selected cell. If you
inserted a column, it appears to the left from the selected cell.
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I/ Motebookl® - MuPAD
File Edit View Mavigation Insert Format MNotebook Window Help

HLUEWEES AP 0000 %00 ©

The solution of the quadratic equation a x“ <b x +c =0 is piecewise. Here a, |
are symbolic parameters, and x is a symbolic variable.

Piecewise objects often occur if an equation contains symbolic parameters in ac
the variable.

solve(a*x™2 + b*x + o = 0, x)
( {_b—'.r."b‘—d-ae b—y/b° —4.”} fae
la
{—%} if a=0ab=0
C if a=0nAb=0nc=0
| ) if a=0Ab=0rc=0
ol [l
rio w | 2
rio w3
rio w | 4
rio w|h

flem
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Format Tables

You can change the appearance of a table in a MuPAD notebook. To format
a table:

1 Click the table you want to format.

2 Select Format>Table from the main menu.
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I/ Motebookl® - MuPAD

File Edit View Mavigation Insert | Format | Motebook Window Help

CLHWE D NP

The solution of the quadratic equ
are symbolic parameters, and x is

Piecewise objects often occur if a
the variable.

golve(a*x™2 + b*x + o =

i ] ]
{_ b+ b —das _ b—yb -dag

la la

Characters...
Math...
Paragraph...
Calculaticn...
Table...
Frame... L}
Page...

Al Increase Size

& Decrease Size

“s, Defaults...

Gt ﬁruy ﬁ’ i@

Is piecewise. Here a, |

nbolic parameters in ac

Change table format.

f a=0nb=0mnc=10

if ga=0nb=0rc=10

el lwl
roao wo| 2
roao w3
roao w4
| [w]s)

flem
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3 In the Table Format dialog box, select your settings:

P o)

.lff_ Table Format @

Position

o @ T
Margin:  5.00 I Border:  1.50 i
Padding: 1 mm Spacing: 1 mm

Background: D

’ Ok H Apply ” Cancel

Position Text wrapping

Margins Cell margins (all margins have the
same size.)

Padding Distance between the text and the
border of a cell

Border Width of the line used to draw cell
borders

Spacing Space between the cells

Background Background color of the cells

If you want to experiment with different settings, and see how the
formatted table looks in your notebook, click the Apply button. This button
applies formatting to the selected table and leaves the Table Format dialog
box open. You can change settings several times without having to open
this dialog box for each change. When you finish formatting, click OK to
close the Table Format dialog box.

1-100



Format and Export Documents and Graphics

File Edit Wiew Mavigation Inset Format MNotebook Window Help

BURES APy 1H00%LAQ @

EﬁIEEIEX_d*DK"‘C—U

{_E!+‘|I.'E! —4as _ b-yb —4.:”.'} Fa=0
la : la

{_E} if a=0Ab=0

o

if a=0nb=0rc=10
] if a=0nb=0rc=0

flem
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Embed Graphics

To insert a picture into a text region:

1 Select the place in a text region where you want to insert a picture.

2 Select Insert>Image from the main menu and browse the image you want
to insert in a notebook.
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7 Motebookl® - MuPAD
File Edit View Mavigation Insert Format MNotebook Window Help

EEFEFR 1001200 @

Model invalving the van der Pol equation:

The van der Pol equation is a second-order ordinary differential equation. This m
and can be use in Simulink®.
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3 The selected image appears in the original size. You cannot format images
in text regions of a notebook.
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7 Motebookl® - MuPAD
File Edit View Mavigation Insert Format MNotebook Window Help

G EH &SN TOO0 il @

Model invalving the van der Pol equation:

T
Constant L W

oo oy T >

—————————— v
vdp 4:%5. |:|

Scope

w | =

The van der Pol equation is a second-order ordinary differential equation. This m
and can be use in Simulink®.
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Work with Links

Insert Links to Targets in Notebooks

Create Link Targets. You can insert a link to a particular location in the
same notebook or in some other MuPAD notebook. This location is called a
link target. First, use the following procedure to create a link target:

1 Open the notebook in which you want to create a link target.

2 Select the part of the notebook that you want to use as a link target. You
can select any object in a notebook, except for output regions.

3 Select Insert>Link Target to declare the selected part of a notebook as a
link target. Alternatively, use the context menu.
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I/ First_Notebook® - MuPAD
File Edit View Mavigation Format  Motebook  Window  Help

ul |_I = H _='|J ‘f:% JT.  Calculation Ctrl+1 x @.
Calculation Above Ctrl+ Shift+1 I
General Solutions of Ol Y. Tex Paragraph Ctrl+T
Text Paragraph Above Ctrl+Shift+ T
An ordinary differential equa] 2nt variable
to the only independent varig =  Link.. independe
solution of an ODE is an exj ==  Link Target... L\, of a depen
defines the order of an ODE
Image...
First-Order ODEs Table...
The solution of a single expl Frarme =d by integ
the solution exists. To define de commez
_ it _ . Line Break Cirl+Enter
o = ode{y'"(x) = v
File Path...

i ~ ~ il ~ A
odel 3'(x) — y(x)*", ¥(x))

MNow use the general solve to solve this equation:

solve (o)

Alternatively, you can call the QDE solver directly:

ode::solve(y" (x) = vix)"~2, vix))

The general solutions of ODEs contain arbitrary constants of integration. The sol
the constants of integration using the format of an uppercase letter C followed by
automatically generated number. For example, it generates c1, ¢, 2and so on.

Higher-Order ODEs

Insert link target at current cursor position.
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4 In the Create Link Target dialog box, type the name of the link target.

“ Create Link Target @
Create a new link target
First-Order ODEs

br Delete Cancel

5 Save the notebook that contains the link target.
Add Links. To associate a link with a link target:

1 Open the notebook in which you want to insert a link. This notebook can
be the same one where you defined the link target, or it can be any other
notebook.

2 Select the part of a notebook where you want to create a link.

3 Select Insert>Link from the main menu or use the context menu.

4 In the Create Hyperlink dialog box, select MuPAD Document and the
name of the notebook that you want to link to. The Targets list displays all

link targets available in the selected notebook.

5 In the Targets list, select the link target that you want to use. If you want
to create a link to the top of the notebook, select TOP.
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2. Create Hyperlink @
IE Display text: ordinary differential equation
MuPAD Link to: [/ Second_MNotebook.mn
Document
[ Use absolute path instead of relative path
‘J Browse and select
Existing File Current documents | Browse documents |
@ Targets
1 % First_Notebook.mn & ([ToP]
nternet Second_Motebook.mn targetl
target?
:‘? Ok ] [ Cancel

Insert Links Interactively

To insert a link to a MuPAD notebook interactively (without choosing and
naming the target in advance):

1 Open the notebook in which you want to insert a link.

2 Select the part of a notebook where you want to insert the link.

3 From the context menu select Insert link interactively.
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Help about ‘first’

Undo

Redo

Cut

Copy

Paste

Select Contents F7
Select Region Shift+F7
Delete Qutput

Create link...

e

Insert link interactively... %
Link target...

f

Characters...
Paragraph...

Frame...

4 The following dialog box appears. To continue creating a link, click OK.

o )

U/ Select link interactively @

Interactive mode
Mavigate to any MuPAD notebock and select a point to link to. Use the right
mouse button to select a link target,

QK ] [ Cancel

5 Open the notebook where you want to insert the link target. If you create a
new notebook, save it before proceeding.

6 Select the part of the notebook to which you want to link.

1-110



Format and Export Documents and Graphics

7 Right-click the selected part. From the context menu, select Interactive
link to this point.
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i

I/ Second_Notebook - MuPAD
File Edit View Mavigation Insert

G L H e ¢ 10O =t0Q @

The solver detects the type of the differential equation and chooses an algorithm :
detected equation type. If you know the type of the equation, you can use the optic

cdeType to pass the equation type to the solver. Passing the equation type to the

Format  Motebook  Window  Help

1-112

increases performance.

The solver recognizes the following values of OdeTyne:
Abel - Abel differential equation
Bernoulli - Bernoulli differential equation
Chini - Chini differential equation
Clairaut - Clairaut differential equation
ExactFirstOrder - exact first order ordin
ExactSecondOrder - exact second orde
Homogeneous - homogeneous first ord
Lagrange - Lagrange differential equatio
Riccati - Riccati differential equation

Example 1
Suppose, you want to solve an ordinary differential e
equations:

o:= ode(y'(x) = (- 1/x + 2*I)*y(x) +
solve (o)

0. : i 1 .
Elﬂ'_.‘t‘_"—:.' xi | C30 =2 Eif 1 —2x e x L\':I

)

e e

{:

The solver recognizes the type of the equation and L
equations. To improve performance, you can explicit

Help about 'The
Interactive link to this point

Undo

Redo

Cut

Copy

Paste

Select Contents
Select Regicon
Delete Cutput

Create link...
Insert link interactively...

Link target...

Characters...
Paragraph...

Frame...

|aolve{o, Type = Bernoulli)

0, _ 1
C3lx_L1 +1+2x_1 Ei(l, -2x1)i

2xi 2xi
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Insert Links to Arbitrary Files
To insert a link to any file on your computer:

1 Select the part of a notebook where you want to insert a link.

2 Select Insert>Link from the main menu or use the context menu.

3 In the Create Hyperlink dialog box select Existing File.

4 Select the file you want to refer to. To select the file, enter the file name in
the Link to field or choose the file from the history list. Alternatively, click

the Open File button Eg, and then browse for the file.

P

2. Create Hyperlink

[

MuPAD
Document

|IJ.
Existing File

Internet

Display text: Solutions of ODEs

-7 el

Link: to: @' H: [Documents,(ODE-Examples.mn

[] Use absolute path instead of relative path

Browse and select

Browse files |

Remaove link |

H: [Documents,[ODE-Examples. mn

H:/Documents/ODE-Examples.mn

QK

] [ Cancel

1-113




1 Getting Started

Insert Links to Internet Addresses
To insert a link to an Internet address:

1 Select the part of the notebook where you want to insert a link.
2 Select Insert>Link from the main menu or use the context menu.
3 In the Create Hyperlink dialog box, select Internet.

4 Type an Internet address and click OK. For example, insert a link to the
Web page.

i~

2. Create Hyperlink @

II_L Display text: MathWorks
MuPAD Link to: www . mathworks. com w
oMUPAD & | Remove ink
'-.j Browse and select
Recent Internet Addresses
Existing File
Type Internet address
@ Web page http:/fwww.mathworks.com
Internet
L oK ] [ Cancel

To insert a link to an e-mail address, type mailto: before the address.
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2. Create Hyperlink

[

MuPAD
Document

=

Display text: Provide feedback about this page
Link to: ©* mailto:name@mailbox,com

Browse and select

Existing File

Recent Internet Addresses

-

el

Remove link

S

Internet

Type Internet address

Web page http:/ fwww.nathworks.com

0K

] [ Cancel

Edit Existing Links

To edit a link:

1 Select the link that you want to edit.

2 Select Edit>Link from the main menu or use the context menu.

3 In the Edit Hyperlink dialog box, edit the link. You can change the display
text or the link target or both.
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-

. Edit Hyperlink 7]

IE Display text: First-Order ODEs

MuPAD Link to: .l.l'{"_ Second_Motebook.mn#targeti
Document

[ Use absolute path instead of relative path

Browse and select

Existing File Current documents | Browse documents |
@ Targets
% First_Notebook.mn E |[ToP]
Internet
Second_Motebook.mn targetl
target?
:‘? Ok ] [ Cancel

Delete Links
To delete a link:

1 Select the link that you want to delete.
2 Right-click to open the context menu.

3 Select Remove Link

Alternatively, you can use the Edit Hyperlink dialog box to delete a link. To
delete a link by using the Edit Hyperlink dialog box:

1 Select the link that you want to edit.
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2 Select Edit>Link from the main menu or use the context menu.

3 In the Edit Hyperlink dialog box, click the Remove Link button.

4 Click OK.

Delete Link Targets
If the list of link targets is very long, finding the correct link target can be
difficult. To make this list shorter, delete link targets that you do not use.

To delete a link target:

1 Find the link target in a notebook. To highlight all link targets in a
notebook, select View>Highlight Link Targets.

2 Select the link target that you want to delete.

3 Select Insert>Link Target from the main menu or use the context menu.

4 In the Edit Link Target dialog box, click Delete.

~ Edit Link Target @

Edit the name of this link target

-

First-Order ODEs

EI [ OK ] | Delete hj | Cancel |

Export Notebooks to HTML, PDF, and Plain Text

Formats
To export a notebook to HTML, PDF, or plain text format:

1 Select File>Export from the main menu.

2 From the drop-down menu, select the file format to which you want to
export a notebook.
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e —

@'| . = My Docume.. ¢ Exported Notebooks - | 3 | | Search Exported Notel
g=:

Organize = Mew folder

~

Mame

@ myMotebook.html

File name: Motebookl

Save as type:

HTML Files (*.html *.htm)
PDF Files (*.pdf)
4 Hide Folders Plain Text Files (*.bed)

All Files (*)

3 In the Export Notebook dialog box, enter a name for the file and click Save.

If you export a MuPAD document with links to PDF format, these links are
replaced by regular text in the resulting PDF file.
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Save and Export Graphics

Export Static Plots
To save the resulting plots separately from a notebook:

1 Double-click the plot you want to export. Select File>Export Graphics
from the main menu or right-click to use the context menu.
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7 Motebookl® - MuPAD

File Edit View Mavigation Insert Format MNotebook Window Help

FEHEES /NPy 1000 =100 @

o

jplctfunch{ccs{x"'PI}"'ccs{y"'PI}, = 0..2, v = 0..2):

Export Graphics... h
Graphics Size...

Open in Window

20
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2 Click Next in the Graphics Export Guide dialog box.

I/ Export Graphics @

Graphics Export Guide

This guide will help you exporting the graphics to an image file.

3 Select the file format to which you want to export the image.
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I/ Export Graphics @

Image Format and File Name

Image format: |P'NG vl
ﬂ PMNGisa e format.

GIF
BMP
TIFF
JPEG
WMF
EPS

: VX I

XVC
xVE

Cancel H < Back H Mext = Expart

4 The next steps depend on the file format you selected. Follow the
instructions in the Export Graphics dialog box.

Choose the Export Format

The appearance of your exported graphics, its quality, and compatibility with
other documents depend on the file format you select for saving graphics. The
set of file formats available for exporting graphics from a MuPAD notebook
could be limited by your operating system and by the type of image.

Vector Formats. You can save an image as a set of vector objects such
as lines and geometric figures. Images in vector formats are resolution
independent and scale almost without quality loss. These images can look
different on different computers. MuPAD supports the following vector
graphics formats:
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o XVC/XVZ — the MuPAD native format. You can import the images saved
in this format into a notebook and activate and manipulate them with
the MuPAD notebook graphic tools.

o JVX/JVD — JavaView. Java™ based format for 2-D and 3-D images
that you can embed into HTML Web pages. Exporting an animation to
JavaView, you can choose to export the current view or a sequence of
images.

e EPS — Encapsulated PostScript®. Standard format for publishing images
in scientific articles and books. This format serves best for 2-D images. 3-D
1images can loose quality since this format does not support transparency.
You cannot export animations to this format.

® SVG — Scalable Vector Graphics. The format serves for including vector
graphics and animations on Web pages. MuPAD does not support svg
animations. You can only export the current view of an animation in this
format. You cannot export 3-D images to this format.

¢ WMF — Windows® Metafile. You can use this file format on Windows
operating platforms only.

® PDF — Portable Document Format. You can use this format to export

non-animated 2-D images.

Bitmap Formats. Bitmap formats save an image pixel by pixel allowing the
image to look identical on different computers. To save images in bitmap
format, you need to select the image resolution. The quality of images saved in
bitmap formats depend on the resolution and can be decreased if you scale an
image after saving. MuPAD supports the following bitmap graphics formats:
e PNG

e GIF

e BMP

JPEG

Save Animations

If you use Windows and Mac OS systems, you can export an animation
created in MuPAD into the special format AVI . To save an animation in
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this format, select a compressor from the list of compressors available for

your animation and operating system.

-

I/ Export Graphics

Raster Image Options
Resolution: Auto 5| DPI
Quality: r.} 75%

Frames per second: 15 |5

Compressor: |Microsoft Video 1 »

Incompressed
Radius Cinepak
Other...

Cancel ] ’ < Back Mext =

results in 151 images

[ [l

A compressor defines the size of the exported animation and the quality
of images in the animation. Viewing the exported animation requires the

installation of an appropriate compressor.

Export Sequence of Static Images

You can export an animation as a sequence of static images. For example, the
following calculations result in an animated plot:

plot( plot::Function2d( sin(x) ), plot::Point2d( [x, sin(x)], x=-5..5), plot::Line2d(
[x,-1], [x,1], x=-5..5, LineStyle=Dashed), plot::Line2d( [-5,sin(x)], [5,sin(x)],

x=-5..5, LineStyle=Dashed) )
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e

To export the resulting plot:

1 Select File>Export Graphics from the main menu or right-click to use
the context menu.

2 Click Next in the Graphics Export Guide dialog box.

3 Select Export whole animation sequence and click Next.
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I/ Export Graphics @

Create Movie or Snapshot

@ Export whole animation sequence

Export current image of animation only

Cancel H < Back H Mext = Expart

4 Select the format for saving images of the sequence and the file name. A
sequence of numbers automatically appends to the file name you enter. For
example, when you enter image. jvx, you get the following sequence of
files: image.1.jvx, image.2.jvx, and so on. This sequence of file names
displays below the entry field for the file name.



Format and Export Documents and Graphics

Image Format and File Name

Image format: |JVX Sequence - ]

ﬂ VX is the geometry description format of Javaview,
Javaview allows display of interactive graphics on web
pages, see www.javaview.de, The animation is exported

I/ Export Graphics @

as a sequence of image files,

Filz name: image.jvx

image. 3.Jvx...

6 The image files will be named image. 1.jvx, image. Z.jvx,

[ Cancel H < Back H Mext =

Choose. ..

Export

5 Select the number of frames per second. This number defines the total

number of image files you create.
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I/ Export Graphics @

Animation Options

Frames per second: 9 5| resultsin 91images

Cancel ] ’ < Back Mext =
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Use Data Structures

In this section...

“Mathematical Expressions” on page 1-129
“Sequences” on page 1-130

“Lists” on page 1-133

“Sets” on page 1-140

“Tables” on page 1-146

“Arrays” on page 1-149

“Vectors and Matrices” on page 1-153

Mathematical Expressions

You can create mathematical expressions using MuPAD objects and operators.
For example, the following equation presents a MuPAD expression:
x+y+1+1/5+sin(5)=zx+y+sin(5) + 6/5=1z

x+y+sin(s)+ 8-z
¥+ sing 5

=]

Precedence levels determine the order in which MuPAD evaluates an
expression. Operators in MuPAD expressions have precedences similar to
the precedences of regular mathematical operators. For example, when you
compute the expression a + b*c, you calculate b*c, and then add a.

To change the evaluation order, use parentheses:
1+2*%3, (1 +2)*37,9
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Sequences

Create Sequences

Sequences represent one of the basic data structures. Sequences can contain
arbitrary MuPAD objects. For example, numbers, symbols, strings, or
functions can be entries of a sequence. There are two methods for creating
sequences in MuPAD:

¢ Separating MuPAD objects with commas

® Using the sequence generator
Separating MuPAD objects with commas creates a sequence of these objects:
sequence := a, b, ¢, da, b, ¢, d
a b, d
As a shortcut for creating a sequence, use the sequence generator $
x"2 $x=-5..525,16,9,4,1,0,1, 4,9, 16, 25
25,16,9,4,1,0,1, 4,9, 16, 25
or the functional form of the sequence generator:
_seqgen(x"2, x, -5..5)25, 16, 9,4, 1,0, 1, 4, 9, 16, 25
25,16,9,4,1,0,1, 4,9, 16, 25
To create a sequence of identical objects, use the sequence generator:
x"2 § 7x72, x72, x72, X2, X2, X2, X2
PR R

To create a new sequence using the entries of an existing sequence, use the
sequence generator with the keyword in or the equivalent command _seqin.
For example:

x 'y $yin(a,b,c, d); f(x) $ xin [a, b, ¢, d]; _seqin(f(x), x, [a, b, ¢, d])x*a, x"Db,
x~e, xd
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& [ 3 o
X, X, X, X

f(a), £(b), f(c), £(d)

fia), fb), fcy, Rd
f(a), f(b), f(c), f(d)

fia), fiby, o), Ad)

You cannot create nested sequences because MuPAD automatically flattens
them:

sequence := (a, b, ¢, d); ((a, b, 10), (1, 10, f))a, b, ¢, d

a b cd
a, b, 10, 1, 10, f

a b 10,1,10,f

Access Sequence Entries

To access particular entries of a sequence by their indices, use _index (you can
use square brackets as a shortcut) or op:

sequence = a, b, ¢, d; sequence[2]; _index(sequence, 2..4); op(sequence, 2);
op(sequence, 2..4)a, b, c, d
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b, c, d

b c,d

Note Note _index uses the order in which the entries appear on the screen,
and op uses the internal order of the entries. Although for sequences these
orders are the same, for many other data structures they are different. For
details, see the _index help page.

To access an entry counting numbers from the end of a sequence, use negative
numbers:
sequence = a, b, ¢, d: sequence[-2]c

If you use an indexed assignment without creating a sequence, MuPAD
generates a table instead of a sequence:
S[1] := x: Stable(1 = x)

Tlx

Add, Replace, or Remove Sequence Entries

To add entries to a sequence, list the sequence and the new entries separating
them with commas:

sequence := a, b, ¢: sequence := sequence, d, ea, b, ¢, d, e

abcde

To concatenate sequences, list the sequences separating them with commas:
sequencel := a, b, c: sequence2 :=t*3 $ t = 0..3: sequence3 := sequencel,
sequence2a, b, ¢, 0, 1, 8, 27

a b, 0, 1,8 27
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To replace an entry of a sequence by a MuPAD object, access the entry by its
index, and assign the new value to the entry:

sequence = a, b, ¢, d: sequence[l] := NewEntry: sequence[2] := 1, 2, 3:
sequence[-1] := matrix([[1, 2, 3], [5, 6, 7]]): sequenceNewEntry, 1, 2, 3, c,
matrix([[1, 2, 3], [5, 6, 7]])

NewEntry, 1, 2, 3, ¢, | é )

2
6 7/

= had

To remove an entry from a sequence, use the delete command:
sequence := a, b, ¢, d: delete sequence[2]; sequencea, ¢, d

acd
Lists

Create Lists

Lists represent ordered data structures. Lists can contain arbitrary MuPAD
objects. For example, numbers, symbols, strings, or functions can be entries of
a list. To create a list, separate MuPAD objects with commas and enclose the
structure in brackets:

list :=[a, b, ¢, d][a, b, c, d]

[a, b, ¢, d]

Also, you can create a sequence, and convert it to a list. To convert a sequence
to a list, enclose the sequence in brackets. As a shortcut for creating a
sequence, use the sequence generator $ or its functional form _seqgen.
Enclose the sequence in brakets:

[i*G-1) $1=1..10]; [i $ 10][0, 2, 6, 12, 20, 30, 42, 56, 72, 90]

[0, 2,6, 12, 20, 30, 42, 56, 72, 90]
[, 1,1,1, 1,1, 1, 1, 1, 1]

[, 0y & 0 6 0 b 0y ]
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A list can contain lists as entries:
listl := [1, list, 2][1, [a, b, c, d], 2]

[1,[a, b, c, dl, 2]

A list can be empty:
empty_list := [][]

MuPAD does not flatten lists like it flattens sequences. You can create nested

lists:
listl :=[1, 2]: list2 := [5, 6]: list3 := [list1, 3, 4, list2][[1, 2], 3, 4, [5, 6]]

[[1, 2], 3, 4, [5, 6]]

Access List Entries
There are two ways to access particular entries of a list by their indices:

¢ If you want to use the order in which the entries appear on the screen,
use brackets or _index.

¢ If you want to use the internal order of a list, use op.

In general, these two indices of an entry of a data structure can be different.

For lists, the internal order is the same as what you see on the screen:
list := [a, b, ¢, d, e, f]: list[2]; _index(list, 3..5); op(list, 2); op(list, 3..5)b

b
[c, d, €]

T,

c,d, e
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c,d e

To access an entry counting numbers from the end of a list, use negative
numbers:
list := [a, b, ¢, d, e, f]: list[-2]e

If you use an indexed assignment without creating a list, MuPAD generates a
table instead of a list:
L[1] := x: Ltable(1 = x)

Tlx

Operate on Lists
MuPAD lists support the following operations:

¢ Verifying that a list contains a particular object
e Using a list as a function in a function call

¢ Applying a function to all entries of a list

Extracting entries of a list

Dividing a list accoring to particular properties of its entries

Arithmetical operations on lists

To check if an object belongs to a list, use the contains command. The
command returns the position of the first occurrence of the object in the list.
If the object does not belong to the list, contains returns 0:

list := [(-5)/7 $ 1 = 10..20]; contains(list, 1); contains(list, -1)[5/7, 6/7, 1, 8/7,
9/7, 10/7, 11/7, 12/7, 13/7, 2, 15/7]

) 10 11 12 13 5 13]

7 Fi K 7 i

~Jun
~J|
=
~Jjca
S
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If you use a list as the function in a function call, MuPAD returns the list
of appropriate function calls:
[sin, cos, tan, f](x); [sin, cos, tan, f](0.1)[sin(x), cos(x), tan(x), f(x)]

[sin(x), cos(x), tan(x), fxl]

[0.09983341665, 0.9950041653, 0.1003346721, £(0.1)]

[0.09983341665, 0.9950041653, 0.1003346721, f0.1}]

To apply a function to all entries of a list, use the function map:
map([x, 0.1, 1/5, PI], sin); map([x, 0.1, 1/5, PI], ‘+', a, 1)[sin(x), 0.09983341665,
sin(1/5), 0]

sin(x), 0.09983341665, sin( L1, D*
[a+x+1,a+ 1.1, a+6/3 Pl+a+1]

a+x+1,a+11 a4+ %.:.r+a+ l]

To extract entries with particular properties from a list, use the select
command:
select([1 $ 1 =1..20], isprime)[2, 3, 5, 7, 11, 13, 17, 19]

[2,3,5, 7,11, 13, 17, 19]

To divide a list into three lists according to particular properties, use the
split command:
split([1 $ 1 = 1..10], isprime)[[2, 3, 5, 7], [1, 4, 6, 8, 9, 10], []]
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[[2, 3,5 7], [1, 4, 6,8 9, 10], []]
The resulting three lists contain:

® Entries with the required properties

® Entries without the required properties

¢ Entries for which the required properties are unknown.

MuPAD supports the following arithmetical operations on lists: addition,
substraction, multiplication, division, and power. The lists you operate on
must contain an equal number of entries. MuPAD forms a new list containing
the entries of the existing lists combined pairwise:

Listl :=[a, b, c]: list2 := [d, e, f]: listl + list2; list1*list2; list1*list2[a + d,

b +e, c+f]

[a+d b+e c+f
[a*d, b*e, c*f]

[ad, be cf
[a™d, b e, cMM]

[.a ,e |
la, b, c

When you combine a list and a scalar, MuPAD combines a scalar with each

entry of a list. For example:
listl := [a, b, c]: listl + a; list175; list1*(a + 5)[2%a, a + b, a + ¢]

[2a a+h a+c]
[a”~5, bA5, ¢c”5]

E -

[a*(a + 5), b*(a + 5), c*(a + 5)]

[afa+5), bia+5), c(a+5)
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Note Note Combining a scalar and a list differs from combining a scalar
and a matrix.

When you add a scalar to a matrix, MuPAD adds the scalar multiplied by an
identity matrix to the original matrix. For example, define a matrix M as
follows. Add the variable a the matrix M:

M = matrix([[1, 2, 3], [4, 5, 6], [7, 8, 9]]): M + amatrix([[a + 1, 2, 3], [4, a

+ 5, 6], [7, 8, a+9]])

a+1l 2 3

4 a+5 b

Fy g . . . .
Now defu{ie+t'c[|1e rows of the matrix M by the following three lists. Add the
variable a to each list. MuPAD adds the variable a to each entry of the three
lists:
listl :=[1, 2, 3]: list2 := [4, 5, 6]: list3 := [7, 8, 9]: matrix([listl + a, list2 + a,
list3 + a]);matrix([[a+ 1,a+2,a+3],[a+4,a+5,a+6],[a+7,a+8 a+9]])

da+1 a+2 a+3
a+4 a+5 a+E

d+8 a4+
BW}ien +you comblne a scalar and an empty list, the result is an empty list:

[+ 2[]

MuPAD lets you combine nested lists:
[[a, b], c,d] + 1; [[a, b],c,d] +[1,2,3][[a+1,b+1],c+1,d+1]

[[a+1, b+1],c4+1, d+1]
[[a+1,b+1],c+2,d+ 3]
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[[a+1, b+1],c+2, d+ 3]

To combine lists with unequal numbers of entries, use the zip command. By
default, the resulting list has the same number of entries as the shortest list:
listl := [a, b]: List2 :=[d, e, f]: zip(listl, list2, _plus); zip(list1, list2, _mult);
zip(list1, list2, _power)[a + d, b + €]

[a+d, b+ g]

[a*d, b*e]

[ad, be
[a”d, b”e]

'ar.l' b:‘
To produce the list with the number of entries equal to the longer list, use a

default value as additional parameter:
zip(list1, list2, _plus, 100)[a + d, b + e, f + 100]

[a+d, b+a f+100]

Add, Replace, or Remove List Entries

To add new entries to the end of a list, use the append command or the
. (dot) operator:
list := [a, b, c]: list := append(list, d, e, f); list := list.[1, 2, 3, 4][a, b, ¢, d, e, {]

[a b, c, d e f]
[a’ b’ C? d’ e’ f’ 1’ 29 37 4]
[a, b, c d e £1, 2 3, 4]
To concatenate lists, use the operator ’.” (dot) or its functional form _concat:

listl := [a, b, c]: list2 := [t*3 $ t = 0..3]: list3 := list1.list2; list4 := _concat(list2,
list1)[a, b, c, 0, 1, 8, 27]
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(a, b, c0,1,8, 27]
[0’ ]‘7 87 277 a? b’ C]

[0, 1, 8, 27, a, b, c]
You can replace an entry of a list:

list :=[a, b, ¢, d, e]: list[1] := newEntry: list[2] :=[1, 2, 3]: list[-1] := matrix([[1,
2, 3], [5, 6, 7]]): listlnewEntry, [1, 2, 3], ¢, d, matrix([[1, 2, 3], [5, 6, 7]])]

\
L

~J

newEntry, [1, 2, 3], c, d, | é é

To remove an entry from a list, use the delete command:
list := [a, b, ¢, d, e, f]: delete list[-1]; list[a, b, ¢, d, €]

[a, b, c, d, g
Sets

Create Sets

Sets represent unordered mathematical structures. Sets can contain arbitrary
MuPAD objects. For example, numbers, symbols, strings, or functions can

be elements of a set. To create a set, separate MuPAD objects with commas

and enclose the structure in braces:
setl :={a, 3, b, ¢, d, 180, -15}{-15, 3, 180, a, b, ¢, d}

(-15,3, 180, a, b, c, d}

Also, you can create a sequence, and convert it to a set. To convert a sequence
to a set, enclose the sequence in braces. As a shortcut for creating a sequence,
use the sequence generator $ or its functional form _seqgen. Enclose the

sequence in braces:
{i*(3-1) $1=1..10}{0, 2, 6, 12, 20, 30, 42, 56, 72, 90}

(0,2, 6,12, 20, 30, 42, 56, 72, 90}
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The order of the elements in a set does not depend on the order in which you
insert them. If an order of elements is important, use a list instead of a set:
[a, 3, b, ¢, d, 180, -15][a, 3, b, ¢, d, 180, -15]

[a, 3, b, c d 180, -15]
MuPAD does not necessarily sort the elements of a set alphabetically:
set2 := {tan, sin, cos}{sin, tan, cos}

[sin, tan, cos}
A set cannot contain duplicate elements. When creating a set, MuPAD
automatically removes duplicates:
set3 :=4{2,6,7,4a,6,2,2,a,b}{2, 6,7, a, b}

(2,6,7, a, b}

A set can be empty:
empty_set := {}{}

v}

Access Set Elements

The position of an element of a set in an output region can differ from the
internal position of the element in a set. To access an element in a set by its
internal position, use the op command:

set2 := {[c,a,b], [b,c,a], [a,b,c]}; op(set2, 1), op(set2, 2), op(set2, 3){[a, b, c],

[b, c, a], [c, a, b]}

([a, b, cl, [b, ¢, &, [c, 3, b]

[c, a, b], [b, c, a], [a, b, c]

[c, & b, [b, c, al, [& b, c]
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When using a notebook interactively, you can access an element of a set by its
position in an output region. To access an element by the position as you see
it on screen, use brackets or _index:

set2 = {[c,a,b], [b,c,a], [a,b,c]}: set2[1]; _index(set2, 3)[a, b, c]

[a, b, c]
[c, a, b]

[€, a, b]

You can access particular solutions from a set returned by the solve command.
To use the order of elements of a set as they appear on screen, use brackets or
_index:

solutions := solve(x"4 = 1, x); solutions[3]; _index(solutions, 2..4){-1, 1, -1, T}

(-1, 1, =i, i}

LD
(1, -i, i}

If you use an indexed assignment without creating a set, MuPAD generates a
table instead of a set:
set[1] := x: settable(1 = x)

Tlx

Operate on Sets
MuPAD sets support the following operations:

® Defining an object as a member of a set

e Verifying that a set contains a particular object
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e Using a set as a function in a function call
® Applying a function to all elements of a set
¢ Extracting entries of a set

¢ Computing the intersection of sets

* Dividing a set according to particular properties of its elements
To define an object as a member of a set, use the in command:
xin{l, 2,3,a,d, 5}xin {1, 2, 3, 5, a, d}

x={1,2, 3,5, a d
To check if an object belongs to a set, use the contains command.:

set :={a, 3, b, ¢, d, 180, -15}: contains(set, d); contains(set, e);TRUE

TRUE
FALSE

FALSE

If you use a set as the function in a function call, MuPAD returns the set
of appropriate function calls:
{sin, cos, tan, f}(x); {sin, cos, tan, f}(0.1){cos(x), f(x), sin(x), tan(x)}

[cos(x), fix), sin(x), tan(x}}
{0.09983341665, 0.1003346721, 0.9950041653, £(0.1)}

[0.09983341665, 0.1003346721, 0.9950041653, A0.1)}

To apply a function to all elements of a set, use the function map:
map({x, 0.1, 1/5, PI}, sin){0, 0.09983341665, sin(1/5), sin(x)}

{EI. 0.099833416K5, sin|'r%}_ sinr_x';}
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To extract elements with particular properties from a set, use the select
command:

select({{a, x, b}, {a}, {x, 1}}, contains, x){{1, x}, {a, b, x}}
({1 x}, {a b, x}}
To find the intersection of sets, use the intersect command:
S :={1,2,3}: S intersect {2,3,4};{2, 3}
(2, 3}
To divide a set into three sets according to particular properties, use the
split command:
split({{a, x, b}, {a}, {x, 1}}, contains, x)[{{1, x}, {a, b, x}}, {{a}}, {}]
[{{L, x}, {a b, x}}, {{a}}, @]

The resulting three sets contain:

¢ Elements with the required properties
e Elements without the required properties

¢ Elements for which the required properties are unknown.

Add, Replace, or Remove Set Elements
To add elements to a set:

1 Create a set containing the elements you want to add.

2 Combine the old and the new sets using the union command.

set := {a, b, c}: set := set union {d, e, f}{a, b, ¢, d, e, f}

[a b, c d e fi

1-144



Use Data Structures

To replace an element of a set, use the subs command. The new element does
not necessarily appear in place of the old one:
set4 :={a, b, 2, 6, 7}; subs(set4, a = 1){2, 6, 7, a, b}

(2,6,7,a, b}
{17 27 67 77 b}

(1,2,6,7, b}

Note When you replace and delete elements of a set, the order of its elements
can change even if you delete or replace the last element.

When replacing or deleting an element, always check that you access the
element at the correct position:
set4; op(set4, 4){2, 6, 7, a, b}

(2,6,7, a, b}
6

The subs command does not modify the original set:
set4d :={a, b, 2, 6, 7}: subs(set4, a = 1); set4{l, 2, 6, 7, b}

(1,2,6,7, b
{2’ 6’ 77 a’ b}
{2,6,7, a, b}
To delete elements from a set, use the minus command. You can

simultaneously delete several elements of a set:
seth :={1, 2, 6, 7, b}: setb minus {1, b}{2, 6, 7}
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(2,6, 7)
Tables

Create Tables

Tables associate arbitrary indices with arbitrary values. For example, you can
use tables to represent collections of equations in the form index = value.
To generate a table, use the table command:

T := table(a = b, ¢ = d)table(c = d, a = b)

alb
cld
You can create tables from equations, existing tables, lists, or sets of

equations:
table(s =t, T, [x = 6], {y = 13})table(y =13,x=6,s=t,c=d,a=Dhb)

b
p
t

bR T - T]

gfgluPAD inserts index-value pairs in a table in the same order as you enter
em. Each new entry can override previous entries. The order of output
does not reflect the order of input:

T1 :=table([6 = a, 12 =¢]): T2 := table(Ja =5, ¢ = 12]): T3 := table(5 = b, T1,
T2, [a = 6], {c = 13})table(c =13,a=6,12=c, 5=a)

,_.
R M LA
[l Ra "]
L

ccess Table Elements

To access an entry of a table, use brackets or _index:
T := table(a = 11, ¢ = 12): T[a]; _index(T, ¢)11
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11
12

12
To access a value entry of a table by its index, also use brackets or _index:
T := table(a = 11, ¢ = 12): T[c]12

12
If an index does not exist, you get:

T[b]; table(a = 11, ¢ = 12)[b]T[b]

Ta
table(c = 12, a = 11)[b]

alll
cllZ s
Before accessing a value entry of a table by its index, check that the index is

available for the table:
contains(T, b); contains(T, a); T[a]FALSE

FALSE
TRUE

TRUE
11

11

Operate on Tables
MuPAD tables support the following operations:

¢ Extracting contents of a table as a collection of equations
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e Listing indices and values separately
e Verifying that a table contains a particular object
e Searching for an object among the indices and the values a table

To extract the contents of a table as a collection of equations, use the op

command:
op(Ma=11,c=12

d=11,c=12

You can list indices and values of a table separately:
leftSide := lhs(T); rightSide := rhs(T)]a, c]

[a, €

[11, 12]

(11, 12]

To check if an object belongs to the indices of a table, use the contains

command:
T :=table(a = 11, ¢ = 12): contains(T, a); contains(T, 11)TRUE

TRUE
FALSE

FALSE

If you want to search for an object among the indices and the values of a

table, use the has command:
T :=table(a = 11, ¢ = 12): has(T, 11); has(T, c¢); has(T, x) TRUE

TRUE
TRUE
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TRUE
FALSE

FALSE

Replace or Remove Table Entries

To replace an entry of a table, access the entry by its index, and assign the
new value to the entry:
T :=table(a = 11, ¢ = 12): T[a] := 5: Ttable(c = 12, a = 5)

a|5
c|l2

To remove an entry from a table, use the delete command:
delete(T[a]): T;table(c = 12)

cll2

Arrays

Create Arrays

Arrays represent multidimensional data structures. You can use only integers
for array indices. To generate an array, use the array command:
A = array(0..2, 0..3); B := array(0..2, 0..3, 0..4)array(0..2, 0..3)

¢ MIL MIL MIL MILY
NIL MIL MIL MIL
L Narray (QI2p0L/3, 0..4) For two-dimensional arrays, the first range defines the

number of rows, the second range defines the number of columns. Ranges for
array indices do not necessarily start with 0 or 1:
A := array(3..5, 1..2)array(3..5, 1..2)
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/ NIL NILY
NIL NIL |
L NIL NIL/

Access Array Entries

To access an entry of an array, use brackets or _index:
A :=array(0..1, 0..2, [[1, 2, 3], [a, b, c]]); A[O, 2]; _index(A, 1, 1)array(0..1, 0..2,
0,00=1,(0,1)=2,(0,2)=3,(1,00=4a,(1,1) =b, (1,2) =¢)

Operate on Arrays
MuPAD arrays support the following operations:

® Assigning values to the entries of arrays

e Comparing arrays
MuPAD does not support arithmetical operations on arrays.

You can assign values to the entries of an array:

A = array(0..1, 0..2): A[0, 0] := 1: A[O, 1] := 2: A[0, 2] := 3: A[1, 0] :=a: A1,
1] :=b: A[1, 2] :=c¢: Aarray(0..1,0..2,(0,0)=1,(0,1)=2,(0,2)=3,(1,0) =
a, (1, 1) =hb, (1, 2) =c)

(123)
va b c)

You also can provide the values of the entries while creating an array:
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A = array(0..1, 0.2, [[1, 2, 3], [a, b, c]]); B := array(1..2, 1..3, 1.5, [[[[1, ], k] $
k=1..5] $j=1..3] $ i=1..2]): B[2,3,4]array(0..1, 0..2, (0, 0) =1, (0, 1) = 2, (0, 2)
=3,(1,0)=a,(1,1)=hb, (1, 2) =c)

MuPAD accepts nested and flat lists as array entries:
array([[1, 2, 3], [a, b, c]]); array(1..2, 1..3, [1, 2, 3, a, b, ¢]);array(1..2, 1..3, (1, 1)
=1,(1,2)=2,(1,3)=3,(2,1)=2a,(2,2) =D, (2,3) =¢)

f12 30
\ af8¥1..2,1.3,(1,1)=1,(1,2)=2,(1,3)=3, (2, 1) =a, (2,2) =b, (2, 3) =¢)

\ /

f123
va b
When comparing arrays, MuPAD compares both indices and values of the
entries. By default, indices start with 1:

A1l := array([[1, 2, 3], [a, b, c]]): A2 := array(0..1, 0..2, [1, 2, 3, a, b, c]): A3 :=

array(1..2, 1.3, [1, 2, 3, a, b, c]): bool(A1l = A2); bool(A1l = A3)FALSE

FALSE
TRUE

TRUE

You cannot use arithmetical operations on arrays:

A1l + A2 Error: The operand is invalid. [_plus] To use arithmetical operations,
convert arrays to matrices. For numeric data, you also can use Arrays with
Hardware Floating-Point Numbers.
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Replace or Remove Array Entries

To replace an entry of an array, access the entry by its index, and assign

the new value to the entry:

A :=array(0..1, 0..2, [[1, 2, 3], [a, b, c]]): A[O, 2] := NewValue: Aarray(0..1, 0..2,
0,0)=1,(0,1)=2, (0, 2) =NewValue, (1,0)=a, (1, 1) =b, (1, 2) = ¢)

1 2 Mew\Value
| \
v a b c J

To remove entries from an array, use the delete command. When you remove
an entry of an array, the dimensions of an array do not change. MuPAD
changes the entry value you remove to NIL:

A :=array(0..1, 0..2, [[1, 2, 3], [a, b, c]]): delete(A[O, 2]): Aarray(0..1, 0..2, (0, 0)
=1,0,1)=2,(1,0)=a,(1,1)=b, (1, 2) =c)

NIL

|2
b c!

i,

i1
d

Arrays with Hardware Floating-Point Numbers

To create an array of hardware floating-point numbers, use the hfarray
command. An array can contain complex floating-point numbers:
A := hfarray(0..1, 0..2, [[1, 2/3, /3], [I, exp(1), PI]])hfarray(0..1, 0..2, [1.0,
0.6666666667, 0.3333333333*1, 1.0*1, 2.718281828, 3.141592654])

i 1.0 06666666667 033333333331

\1.0i 2.718281828 3.141592654 /)

Arrays of hardware floating-point numbers use less memory than regular
arrays and matrices. You can use basic arithmetical operations on these
arrays:

A + 2*Ahfarray(0..1, 0..2, [3.0, 2.0, 1.0*I, 3.0*1, 8.154845485, 9.424777961])

{ 3.0 2.0 Lo
| 3.01 8.154845485 9.424777961)
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Vectors and Matrices

Create Matrices

The simplest way to create a matrix in MuPAD is to use the matrix command:
A = matrix([[a, b, c], [1, 2, 3]])matrix([[a, b, c], [1, 2, 3]])

I-'a b
2 3/

L1
If you declare matrix dimensions and enter rows or columns shorter than the
declared dimensions, MuPAD pads the matrix with zero elements:

A= matrix(2, 4, [[a, b, c], [1, 2, 3]])matrix([[a, b, c, 0], [1, 2, 3, 0]])

I-’a b
2z

0
w1 0

C
3o/

If you declare matrix dimensions and enter rows or columns longer than the
declared dimensions, MuPAD returns the following error message:

A = matrix(2, 1, [[a, b, c], [1, 2, 3]]) Error: The number of columns does not
match. [(Dom::Matrix(Dom::ExpressionField()))::mkSparse] As a shortcut for
providing elements of a matrix, you can use the -> command.:

A = matrix(5, 5, (i, j) -> i*j)matrix([[1, 2, 3, 4, 5], [2, 4, 6, 8, 10], [3, 6, 9, 12,
15], [4, 8, 12, 16, 20], [5, 10, 15, 20, 25]])

10 1 25
SCreafez\'?ec ors
To create a vector, also use the matrix command. The command matrix ([[X],
[yl, [z]]) creates a column vector. As a shortcut for creating a column

vector, use:
a := matrix([x, y, z])matrix([[x], [y], [z]])
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To create a row vector, declare the vector dimensions or use double brackets:
bl := matrix(1, 3, [x, y, z]); b2 := matrix([[x, y, z]])matrix([[x, v, z]])

(x ¥y zZ)
matrix([[x, v, z]])

[x y 7}

Combine Vectors into a Matrix

To create a matrix, you also can combine vectors by using the concatenation
operator (.):

v := matrix([1,2,3]); w := matrix([4,5,6]); A := v.w;matrix([[1], [2], [3]])

"

P

Ik aatrix([[4], [5], [6]])

Pl =

!

, epatrix([[1, 4], [2, 5], [3, 6]])

_—
LA

1

)

Matrices Versus Arrays
Matrices and arrays are different data types:

¢

l

b

Lad Pod =
Lo ¥ I =

Matrices Arrays
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Data containers with defined
standard mathematical operations

Data containers for storing only

Slow access to data

Fast access to data

One- or two-dimensional

Multidimensional
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Convert Matrices and Arrays

To create a matrix from an array, use the matrix command:
A = array([[1, 2, 3], [X, ¥, z]]): B := matrix(A): type(A); type(B)DOM_ARRAY

DOM_ARRAY
Dom::Matrix()
Crom:Matrix()
To convert a matrix into an array, use the expr command:
C = expr(B): type(C)DOM_ARRAY
DOM_ARRAY
To convert a matrix or an array to a sequence, use the op command:

op(B); op(O)1, 2, 3, %, y, z

L2, 3, x,v 2
1’ 2’ 3’ X7 y7 Z

1,2, 3, x,%. 2

To convert a matrix or an array to a list or a set:

1 Convert a matrix or an array to a sequence using the op command.

2 Create a list or a set from the sequence.
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Use the MuPAD Libraries

In this section...

“Overview of Libraries” on page 1-156
“Standard Library” on page 1-158
“Find Information About a Library” on page 1-158

“Avoid Name Conflicts Between MuPAD Objects and Library Functions” on
page 1-159

Overview of Libraries

Libraries contain most of the MuPAD functionality. Each library includes a
collection of functions for solving particular types of mathematical problems:

combinat supports combinatorics operations

solvelib contains various methods used by
the function solve

export supports exporting MuPAD data to
external formats

output supports formatted output of the
MuPAD data

fp supports functional programming
methods

generate supports conversion of the MuPAD

expressions to C, FORTRAN,
MATLAB, and TeX codes

groebner supports operating on ideals of
multivariate polynomial rings over
a field

import supports importing external data to
MuPAD

transform supports integral transformations

and the discrete Z-transform
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intlib

linalg
linopt

listlib
polylib
stringlib
numlib

numeric

ode

orthpoly

Pref

prog

stats

Type

Symbol

supports manipulating and solving
integrals

supports linear algebra operations

provides algorithms for linear and
integer programming

supports manipulating lists
supports manipulating polynomials
supports manipulating strings
supports number theory operations

provides algorithms for numeric
mathematics

supports manipulating and solving
ordinary differential equations

provides a set of standard orthogonal
polynomials

supports setting and restoring user
preferences

provides programming utilities for
analyzing functions and tracing
errors

provides methods for statistical
analysis

supports checking types of MuPAD
objects

supports typesetting symbols

Functions included in libraries are written in the MuPAD language.
The calling syntax for functions from all the libraries (except for the
standard library) includes both the library name and the function name:

library::function.
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Standard Library

The standard library presents the set of most frequently used functions
including diff, int, simplify, solve, and other functions. For example:
diff(x"2,x)2*x

2 X

Find Information About a Library

You can get information about the libraries using the info and help commands.
The info command gives a list of functions of a particular library. For
example, the numlib library presents a collection of functions for number
theory operations:

info(numlib) Library 'numlib’: the package for elementary

number theory -- Interface: numlib::Lambda, numlib::Omega,
numlib::checkPrimalityCertificate,numlib::contfrac,
numlib::contfracPeriodic, numlib::cornacchia,numlib::decimal,
numlib::divisors, numlib::ecm,numlib::factorGausslnt,

numlib::fibonacci, numlib::fromAscii,numlib::g_adic,

numlib::ichrem, numlib::igecdmult,numlib::invphi,

numlib::ispower, numlib::isquadres,numlib::issqr,

numlib::;jacobi, numlib::lambda,numlib::legendre,
numlib::lincongruence, numlib::mersenne,numlib::moebius,
numlib::mpgs, numlib::mroots,numlib::msqrts,

numlib::numdivisors, numlib::numprimedivisors,numlib::omega,
numlib::order, numlib::phi,numlib::pi, numlib::pollard,
numlib::primedivisors,numlib::primroot, numlib::proveprime,
numlib::reconstructRational,numlib::sigma, numlib::sqrt2cfrac,
numlib::sqrtmodp,numlib::sumOfDigits, numlib::sumdivisors,
numlib::tau,numlib::toAscii, To see brief information about a particular
library function, use the mouse pointer to hover the cursor over the function
name.

For more information about the library and for information about the library
functions, enter:

?numlibTo see the implementation of a library function, use the expose
command:

expose(numlib::tau) proc(a) name numlib::tau; begin if args(0) <> 1 then
error(message("symbolic:numlib:IncorrectNumberOfArguments")) else if not
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o,

testtype(a, Type::Numeric) then return(procname(args())) else if domtype(a)
<> DOM_INT then error(message("symbolic:numlib:ArgumentInteger"))
end_if end_if end_if; numlib::numdivisors(a) end_proc

Avoid Name Conflicts Between MuPAD Obijects and
Library Functions

You can call any library function (except for the standard library functions)
using the following syntax: library::function. If you frequently use some
functions that do not belong to the standard library, it is possible to call them
without specifying the library name. The use command exports functions

of the MuPAD libraries to the global namespace allowing you to call them
without using the library names. For example, you can export the function
that computes the decimal expansion of a rational number:
use(numlib,decimal): decimal(1/3)0, [3]

v [3]

After exporting the decimal function, you can use it without using the library
name numlib:
decimal(1/200)0, 0, 0, 5

0,05

To call the info, help, or ? commands, use the full name of an exported
function including the name of a library:

?numlib::decimalYou cannot export a library function with the same name
you use for another object:

hilbert := x: use(linalg, hilbert) Warning: Identifier ’hilbert’ already has a
value. It is not exported. [use] After clearing the variable decimal, you can
export a function:

delete hilbert: use(linalg, hilbert): hilbert(3)matrix([[1, 1/2, 1/3], [1/2, 1/3,
1/4], [1/8, 1/4, 1/5]])
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O

L3y

:‘ Fi

ouialso can export several functions from the same library simultaneously.
]J_F‘or example, you can export the functions for finding the sum of digits and
the set of positive divisors of an integer:
use(numlib, sumOfDigits, divisors): divisors(21); sumOfDigits(21)[1, 3, 7, 21]

=l

,21]

To export all functions of a library, pass the library name to the use command.
If some of the library functions have name conflicts with other objects, the use
command issues a warning for each name conflict:

use(numeric) Warning: Identifier ‘product’ already has a value. It is not
exported. [use] Warning: Identifier 'int’ already has a value. It is not exported.
[use] Warning: Identifier 'indets’ already has a value. It is not exported.
[use] Warning: Identifier 'det’ already has a value. It is not exported. [use]
Warning: Identifier linsolve’ already has a value. It is not exported. [use]
Warning: Identifier rationalize’ already has a value. It is not exported. [use]
Warning: Identifier 'inverse’ already has a value. It is not exported. [use]
Warning: Identifier ’solve’ already has a value. It is not exported. [use]
Warning: Identifier 'sum’ already has a value. It is not exported. [use]
Warning: Identifier ’sort’ already has a value. It is not exported. [use] These
library functions have the same names as the standard library functions. You
cannot delete standard library functions and resolve the name conflicts. Use
the full function names such as numeric: :product to call these functions.
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Programming Basics

In this section...

“Conditional Control” on page 1-161
“Loops” on page 1-164
“Procedures” on page 1-171

“Functions” on page 1-176

“Shortcut for Closing Statements” on page 1-178

Conditional Control

Use if Statements

You can execute different groups of statements depending on particular
conditions. Use if to define a condition, and use then to define the group of
statements you want to execute when the condition is true:

x:=-3: if x <0 theny :=x + 2; x := -x; print(x, y) end_if:3, -1

3 -1

You also can define the group of statements that you want to execute when
the condition is false:

x:=3:ifx<0theny:=x+ 2; x:= -x; print(x, y) else y := x + 2; x := x; print(x,
y) end_if3, 5

3,5
MuPAD does not require parentheses around conditions:
x := 10: if testtype(x, Type::Positive) = TRUE and type(x) = DOM_INT then

print(Unquoted, "x = ".x." is a positive integer"); end_if x = 10 is a positive
integer
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Apply Multiple Conditions

You can use multiple conditions in conditional statements. Combine multiple
conditions by the logical operators:

x:=5:y:=6:if x>0and 1 -y >0 then print(Unquoted, "the condition is true")
else print(Unquoted, "the condition is false") end_if: the condition is false x :=
5:y:=6:ifx>0o0r 1-y>0 then print(Unquoted, "the condition is true") else
print(Unquoted, "the condition is false") end_if: the condition is true delete x, y

Use Nested Conditional Statements

MuPAD supports the use of nested conditional statements. For example:

x := b: if testtype(x, DOM_COMPLEX) = TRUE then print("The Heaviside
function is undefined for complex numbers") else if x = 0 then heavisideX := 1/2
else if x < 0 then heavisideX := 0 else heavisideX := 1 end_if: end_if; end_ifl

For nested if ... else if, use the elif command as a shortcut:

x = 0: if (testtype(x, DOM_COMPLEX) = TRUE) then print("The Heaviside
function is undefined for complex numbers") elif x = 0 then heavisideX := 1/2
elif x < 0 then heavisideX := 0 else heavisideX := 1; end_if1/2

delete x, a, heavisideX

Use case and otherwise Statements

To choose between several cases, use the case command. The case statement
looks for the first valid condition. After that, it executes all the statements
between this condition and the keyword end_if, without checking the
conditions:

X := 4: case x of 1 do of 2 do of 3 do print("three or less") of 4 do print("four") of
5 do print("five") otherwise print("6 or more") end_case:"four"

“four”

Hfiveﬂ
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“five”
"6 or more"

"6 or more”

To exit the case statement after executing the statements written under
the first valid condition, use the break command. See Exiting a Conditional
Statement for more details.

Note Note MuPAD executes the case statements differently from MATLAB.
MATLAB executes only the first matching case statement and skips the
following case statements. In MuPAD, you must use the break command to
stop execution of the following statements.

delete x

Exit a Conditional Statement

To exit a conditional statement after executing the statements written under
the first valid condition, use the break command. For example, select the
meaning of the traffic light signals:

trafficLight := yellow: case trafficLight of red do print(Stop); break; of yellow
do print(Caution); break; of green do print(Go); break; end_caseCaution

Caution
delete x, a, trafficLight

Return Value of a Conditional Statement

All MuPAD commands produce some return values. Conditional statements
return the result of the last executed command:
mapColor := blue: if mapColor = blue then "water" else "land" end_if"water"

“water”
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Use the return value of a conditional statement like any other value. For
example, assign the return value to a variable. By default, MuPAD does not
allow conditional statements in assignments. To create a valid assignment,
enclose conditional statements in parentheses. Suppress the output of the
return value of a conditional statement with a colon:

mapColor := blue: terrain := (if mapColor = blue then "water" else "land"
end_if):Write a sentence by concatenating the following string and the
variable terrain:

print(Unquoted, "Blue color on maps usually shows ".terrain) Blue color on
maps usually shows water The following case statement also returns the
result of the last assignment:

palette := color: case palette of monochrome do [colorl, color2] := [black,
white]; break; of color do [colorl, color2, color3] := [red, green, blue]; break;
end_case[red, green, blue]

[red, green, blue]

delete terrain, colorl, color2, color3

Display Intermediate Results

By default, MuPAD does not display intermediate results obtained inside a
conditional statement even if you use semicolons after statements. To see
intermediate results, use the print command inside a conditional statement:
Omega = 2: if Omega > PI/2 and Omega < PI then signSinOmega := 1;
signCosOmega := -1; print(signSinOmega, signCosOmega) end_if:1, -1

=1

delete Omega, signSinOmega, signCosOmega
Loops

Use Loops with a Fixed Number of Iterations (for Loops)

The for loop repeats a group of statements for a fixed number of iterations.
The loop starts with the command for and ends with end_for or just end.
MuPAD executes all statements between these two words as many times as
you specify. For example, compute the factorial of an integer using the loop:
x:=1: forifrom 1 to 5 do x:=x *1; end_for120
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120
More Efficient Alternative to for Loops. You often can speed up the
execution of MuPAD code by replacing for loops with the sequence generator
$. For example, instead of the loop
x := 1: for i from 1 to 10 do x := x * i; end_for3628800

3628800
use the statement:
“*1$1=1..10)3628800

3628800
Control Step Size and Count Up and Down. By default, the loop
increments the value of a counter by 1 in each step. You can change the step

size:
for i from 1 to 3 step 1/2 do print(i) end_forl

3/2

5/2

1-165



1 Getting Started

To count backwards decreasing the value of a counter with each step, instead
of to, use the keyword downto:
for 1 from 3 downto 1 do print(i) end_for3

Use Mathematical Structures in for Loops. MuPAD supports the use of
structures such as lists and matrices in for loops:
foriin [1, -4, a, b] do print(i*2) end_forl

16

16
a2

Y]

b”2

JE.
s := 0: for 1 in linalg::hilbert(3) do s := s +1*2 end_for1199/600

1155
e00
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Use Loops with Conditions (while and repeat Loops)

Condition at the Beginning (while Loops). MuPAD supports the use of
loops with logical conditions. The while loop continues while the execution
conditions are valid. The loop starts with while and ends with end_while
or just end. MuPAD executes all the statements between these commands
repeatedly as long as the execution conditions are true. In the while loop,
MuPAD evaluates the conditions before each iteration. When the condition
becomes false, the loop terminates without executing the statements of the
current iteration:

1:= 2; while 1 < 16 do 1 :=1"2; print(i) end_while:2

16

Termination Condition at the End (repeat Loops). The repeat loop
continues until the termination condition becomes valid. The loop starts
with repeat and ends with end_repeat. MuPAD executes all the statements
between these commands repeatedly while the conditions are false. The
repeat loop tests a termination condition at the end of each iteration.
When the condition becomes true, the loop terminates after executing the
statements of the current iteration:

1:= 2; repeat 1 :=172; print(i) until 1 >= 16 end_repeat:2

16
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Avoid Infinite Loops: Set a Counter. The while and repeat loops do not
operate for a fixed number of steps. If the execution or termination conditions
of such loops never become true, MuPAD can execute the statements within
these loops infinitely. For example, if the termination condition is not valid
during the first iteration, and it does not change inside the loop, the loop is
infinite:

1:= 1; repeat print(i) until i > 3 end_repeat:To avoid this infinite loop, use the
additional statement to change it in each iteration:

1:= 1; repeat i:=1+ 1; print(i) until 1 > 3 end_repeat:1

Use Multiple Conditions. You can use multiple conditions combining the
expressions by and, or, xor, or other logical operators:

1:=2: j:= 3: repeat i :=1*}; j :=j"2; print(i, j) until i > 100 and j > 10
end_repeat:6, 9

.9
54, 81

54, 81
4374, 6561

4374, 6561
1:=2: j:= 3: repeat i := 1*}; j := j*2; print(i, j) until 1 > 100 or j > 10
end_repeat:6, 9
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6,9
54, 81

54, 81

Use Nested Loops

You can place one or several loops inside another loop. Internal loops can be
of the same or different types:

s :=0: for i from 1 to 3 do for j from 1 to 2 do s :=s + 1 + j; end_for end_for:
print(s)21

21
s:=0: forifrom 1to3doj:=1: whilej<=2dos:=s+i+j;j:=]+1;
end_while end_for: print(s)21

21

Exit a Loop

To add a possibility to exit a loop, use the break command. Suppose you want
to exit a loop if some condition is true:

for i from 1 to 3 do for j from 1 to 2 do if 1 = j then print(Unquoted, "i =j =
".expr2text(i)); break end_if end_for end_for: i=j=11=j=2 The break
command lets you exit the loop in which you place this command. If you
create nested loops and use break inside an inner loop, MuPAD continues to
execute the statements in the outer loops:

for i from 1 to 3 do for j from 1 to 2 do if i =j then print(Unquoted, "break with
1=7j ="1); break end_if; print(Unquoted, "1 = ".i.", j = ".j); end_for end_for:
break withi=j=11=2,j=1break withi=j=21=3,j=11=3,j =2 Suppose
you want to stop executing the statements and exit the nested loops as soon
as the condition i = j is true. Use the additional variable for the break state
of the inner loop. Use this variable to exit the outer loop:

breakAll := FALSE: for i from 1 to 3 do for j from 1 to 2 do if i = j then
print(Unquoted, "break with i = j = ".i); breakAll := TRUE; break end_if;
print(Unquoted, "i = ".i.", j = ".j); end_for; if breakAll then break end_if;
end_for: break withi=j=1
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Skip Part of Iteration

To skip the commands from a particular point to the end of a loop and start
the next iteration, use the next command:

for i from 1 to 3 do for j from 1 to 2 do if 1 = j then print(Unquoted, "i =

j = ".expr2text(i)); next end_if; print(Unquoted, "1 = ".expr2text(i), "} =
".expr2text(j)) end_for end_for: i=j=11=1,j=21i=2,j=11=j=21=3,
j=11i=3,3=2

—_n

Return Value of a Loop

All MuPAD commands produce some return values. Loops in MuPAD return
the result of the last executed statement:
for 1 from 1 to 3 do x := 2*1; y := 3*1 end_for9

Suppress the output of the return value with a colon:
for i from 1 to 3 do x := 2*1; y := 3*1 end_for:

Display Intermediate Results

By default, MuPAD does not display intermediate results obtained inside a
loop even if you use semicolons after commands. To see intermediate results,
use the print command inside a loop:

1:=1; whilei1<3doi:=1+ 1; print(i) end_while:1

To display results of each iteration in a for loop, also use the print command:
for i from 1 to 5 do x := i!; print(Unquoted, expr2text(i)."! = ".expr2text(x))
end for1! =12!' =23!'=64! =24 5! =120
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Procedures

Create a Procedure

If you want to execute a piece of code repeatedly, create and use a procedure.
Define a procedure with the proc command. Enclose your code in the begin
and end_proc commands:

myProc:= proc(n) begin if n = 1 or n = 0 then 1 else n * myProc(n - 1) end_if;
end_proc:Use end as a shortcut for end_proc.

Call a Procedure

Now call the procedure:
myProc(5)120

120
delete myProc

Control Return Values

By default, a procedure returns the result of the last executed command. If
you want to return other results, use the return command. For example,
create a procedure that computes the factorials of integer numbers:
myProcReturn := proc(n) begin if n = 0 or n = 1 then return(1); end_if; n *
myProcReturn(n - 1); end_proc:Call the procedure:

myProcReturn(5)120

120
delete myProcReturnTo display the results on your screen without returning
them, use the print command:
myProcPrint:= proc(n) begin print(n); if n = 0 or n = 1 then return(1); end_if; n
* myProcPrint(n - 1); end_proc:Call the procedure:
myProcPrint(5);5
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1
120

120
delete myProcPrint

Return Multiple Results

To return several results from a procedure, use such structures as lists or
matrices as return values:

myProcSort:= proc(a, b) begin if a < b then [a, b] else [b, a] end_if;
end_proc:myProcSort(4/5, 5/7)[5/7, 4/5]

5. . 4 |
-7 délete myProcSort

Return Symbolic Calls

Many built-in MuPAD procedures can return symbolic calls to themselves
when they cannot compute results as exact values. For example, when you
compute sin(PI/2), the sin function returns the exact value 1. At the same
time, when you compute sin(x/2), the sin function returns the symbolic
call to itself:

reset()sin(x/2)sin(x/2)

Y
sin 1
It 2J
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To enable your custom procedure to return symbolic calls, use the special
syntax procname (args()). For example, create the procedure that computes
a factorial of its argument:

:= proc(x) begin if testtype(x, Type::PosInt) then return(x!) else
return(procname(args())) end_if: end_proc:If its argument is a positive
integer, this procedure returns an exact number:

f(5), £(10)120, 3628800

120, 3628800

il

f

\3

Otherwise, it does not error, but returns a symbolic call to itself:
f(1/3), f(1.1), f(x), f(x + 1)f(1/3), f(1.1), f(x), f(x + 1)

L ,.' f1.1), fix), fx+ 1)

Use Global and Local Variables

Inside a procedure, all variables fall into two categories: global and local.
Global variables are accessible from everywhere inside a notebook. Local
variables are accessible only from within a procedure.

Global Variables. Suppose you want to create a procedure gProc and use
the global variable gVar inside the procedure:

gProc := proc(x) begin gVar := gVar”2 + x*2 + 1 end_proc:When you call this
procedure, the value of the variable gVar changes:

gVar := 10; gProc(5): gVarl0

10

126

126

Multiple calls change the value of the global variable further:
gProc(5): gVar15902

15902

1-173



1 Getting Started

1-174

Note Note Avoid using unnecessary global variables.

Global variables reduce code readability, occupy the global namespace, and
often lead to errors. When you use global variables inside a procedure, always
verify that each call to the procedure changes global variables as intended.

Local Variables. You can access and modify local variables only inside a
procedure. Suppose, you use a variable 1Var in your notebook:
IVar := 1010

To declare a local variable, use the local command inside a procedure:

IProc := proc(x) local 1Var; begin 1Var := 10; IVar := IVar*2 + x"2 + 1
end_proc:When you call this procedure, the value of the variable 1Var changes
only inside a procedure. Outside the procedure, the variable does not change
its value:

1Proc(5): 1Var10

If you declare a local variable, it does not inherit the value of a global variable
with the same name. Local variables are not identifiers of type DOM_IDENT.
They belong to a special domain type DOM_VAR. Therefore, you cannot use a
local variable as a symbolic variable. Before performing computations with

a local variable, you must assign a value to that variable. For example,
without the assignment 1Var:= 10, the procedure call 1Proc returns an error
message:

IProc := proc(x) local 1Var; begin 1Var := 1IVar*2 + x*2 + 1 end_proc:1Proc(5)
Warning: Uninitialized variable 'IVar’ is used. Evaluating: 1Proc Error: The
operand is invalid. [_power] Evaluating: 1Proc Local variables cannot have
assumptions.
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Restore Values and Properties of Global Variables Modified
in Procedures

When you use global variables inside a procedure, you can save their original
values and properties, and recover them after the procedure. Suppose, you
want to use more decimal digits for calculations with floating-point numbers
inside a procedure. By default, the number of digits is 10:

DIGITS10

10

To save this default value, use the save command at the beginning of the
procedure:

myProcSave := proc(newDigits, x) save DIGITS; begin DIGITS := newDigits;
print(float(x)); end_proc:After you call the procedure myProcSave, MuPAD
restores the value of the global variable DIGITS:

myProcSave(20, PI); DIGITS3.1415926535897932385

3.1415926535897932385
10

10

The combination of save and delete lets you temporarily free the variable

for the use inside a procedure. For example, the procedure cannot use the
variable x because the variable has a value assigned to it:

x := 10: proc() begin solve(x*2 + x = 1, x) end_proc(); Error: Invalid variable to
solve for. [solve] Use the save command to save the original value 10. Then,
free the variable x using the delete command:

x := 10: proc() save x; begin delete x; solve(x*2 + x = 1, x) end_proc(){- sqrt(5)/2
- 1/2, sqrt(5)/2 - 1/2}

[VE_1 5 1)

L a3
After the procedure call, MuPAD restores the original value of x:
x10
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10

The save and delete combination is helpful when you want to use a symbolic
variable (without any value assigned to it) inside a procedure. You cannot
use local variables for that purpose because a local variable in MuPAD is
not an identifier. A local variable must have a value assigned to it. Also,
you cannot specify assumptions on local variables, and you cannot integrate
with respect to local variables.

Functions

Call Existing Functions

If you want to execute the same code repeatedly, create a procedure and use
it. As a shortcut for simple procedures, create and use functions. Compared
to procedures, functions require less complicated syntax. Like procedures,
functions let you use the same code for different arguments as many times
as you need. For example, you can always calculate sine and cosine of a
particular value:

sin(30.0), sin(-1.0), sin(0.5); cos(10.0), cos(-0.8), cos(3.0)-0.9880316241,
-0.8414709848, 0.4794255386

-0.9880316241, -0.8414709848, 0.4794255386
-0.8390715291, 0.6967067093, -0.9899924966

-0.8390715291, 0.6967067093, -0.9899924966

Create Functions

To define your own functions in MuPAD, use the arrow operator:
reset(f := x -> x"2x -> x"2

&

X— x

After defining a function, call it in the same way you call system functions:
f(1), f(x), f(sin(x))1, x*2, sin(x)"2
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2 .3
1, x, sinix)

The arrow operator also can create a multivariate function:
g:=(xy) ->x"2+y"3(x,y) ->x"2+y"3

n 2 3
(X, ¥l —= X +¥F

Call the multivariate function with numeric or symbolic parameters:
g(5, 2); 8(x, 2*x); g(a, b)33

33
8*x"3 + x"2

E| 2
BEx +x
a*2 + b3

2,3
a+b

Evaluate Expressions While Creating Functions

If you use an arrow operator to define a function, MuPAD does not evaluate
the right-side expression:

reset(f1 := x -> Iint(x"2, X)x -> Int(x"2, x)

X I."-x: d x
To evaluate the right-side expression when defining a function, use the double
arrow operator:

f2 ;= x --> int(x"2, x)x -> x"3/3

| =

1-177



1 Getting Started

1-178

Use Functions with Parameters

Besides symbolic variables, functions can contain symbolic parameters. To
evaluate such a function for particular values of symbolic parameters, use
evalAt or the vertical bar | as a shortcut:

fa:=x ->x"2+a: fa(2); fa(@) | a=10a + 4

a+4

14

Functions with symbolic parameters serve best for interactive use in a
notebook. In your regular code, avoid unnecessary creation of such functions.
When using a symbolic parameter, you use a global variable even though you
do not explicitly declare it. See Global Variables for information on global
variables and recommendations on their use.

Shortcut for Closing Statements
As a shortcut for a closing statement, use the end command. This command

closes:

¢ Conditional structures if ... then ... else (a shortcut for end_if)

® (Case Selection Structures case ... of (a shortcut for end_case)

® Loops (a shortcut for end_for, end_repeat, and end_while)

® Procedures (a shortcut for end_proc)

For example, the following two loops are equivalent:

foriin [0, 1, 0, 0] do if 1 = 1 then print(Unquoted, "True") else print(Unquoted,
"False") end_if end_for False True False False for 1in [0, 1, 0, 0] doifi1i=1

then print(Unquoted, "True") else print(Unquoted, "False") end end False
True False False
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Trace Errors with the MuPAD Debugger

In this section...

“Overview” on page 1-179

“Open the Debugger” on page 1-179

“Debug Step-by-Step” on page 1-181

“Set and Remove Breakpoints” on page 1-185

“Evaluate Variables and Expressions After a Particular Function Call” on
page 1-192

“Watch Intermediate Values of Variables and Expressions” on page 1-194

“View Names of Currently Running Procedures” on page 1-195

“Correct Errors” on page 1-196

Overview

Besides syntax errors such as misspelling a function name or omitting
parenthesis, run-time errors can appear when executing your code. For
example, you might modify the wrong variable or code a calculation
incorrectly. Runtime errors are usually apparent when your code produces
unexpected results. Debugging is the process of isolating and fixing these
run-time problems.

MuPAD provides a tool to help you with the debugging process. With the
Debugger, you can:

¢ Run your procedure step-by-step.

Set rigid and conditional breakpoints.

Evaluate variables and expressions after a particular function call.

Watch the changing intermediate values of the variables.

View the name of the currently running procedure.

Open the Debugger

To open the Debugger window from a notebook:
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1 Select Notebook>Debug from the main menu.

i

7 Motebookl - MuPAD
File Edit View Mavigation Insert Format | Motebook | Window Help

PR

Evaluate Enter

Evaluate From Beginning
Evaluate To End

Evaluate All

Debug..

Read Coemmands...

Stop Pause

Typeset Math
Abbreviate Output

Pretty Print
Text Width...

ﬁ
<<« @ BHEGHEE

Start Engine

Dizconnect

Debug the execution of a procedure call. Mot C
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2 In the Debug Procedure Call dialog box enter the procedure call you want
to debug.

I/ Debug Procedure Call | 7 |[wi5s]

~#%~ Enter procedure call to debug
¢ = and dick OK.

Call: factor{x"2-1)

EI [ OK l | Cancel

3 Click OK to open the Debugger for this procedure call.

You also can open the Debugger directly from the command line using the
debug command, for example:

debug(factor(x*2-1))If you debug several lines of code, place the debug
command in a separate input region. This allows you to avoid reevaluating
the code every time you open the Debugger:

g := proc(x) begin x/(x+1) end_proc: f := proc(n) begin g(10)"n
end_proc:debug(f(5))

Debug Step-by-Step
Using the MuPAD Debugger, you can run a procedure step by step. Running

a procedure step by step helps you isolate the errors in your code. To start the
step-by-step debugging process, select Step from the main menu.
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1
2
3
4
5
-]
7

Output

Evaluate:

proc{m)
name £

begin
gila)=~

end proc

ﬁ mpk3 - MuPAD Debugger
File Edit View [ Step | Breakpoints  Watches

ji > @ (1 s

Esc
@ Continue C
@ Step Over M
@ Step Into I% 5
@ Step Out F
o Stack Up u
W  Stack Down
g X

Step into next function call.

Help

EE:

Call Stadk
Procedure
Bt
Watch
Expressicn Value
args() 5
%
n 5

end of automatic display v

Mem 1 ME, TO:

Also you can use the toolbar buttons.

|1l @@ A v
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Executing your code step by step you can:

e Use Step Over to execute the current line. If the code line contains a call
to another function, the Debugger passes to the next code line without
stepping into that function.

e Use Step Into to execute the current code line and, if the code line contains
a call to another function, the Debugger steps into that function.

® After stepping in, use Step Out to run the rest of the current function,
leave the called function, and pause.

For example, use Step Into to open and step through the inner procedure g.
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File

Edit View Step Breakpoints

Watches Help

ii» @@ A~

SR HR

z name £; - |{'.EI Stack
4 begin M Procedure
4 gi({ld)~n
5 end proc f
&
7T proci{x)
= 9
] name g; B b
9 begin
1a ®{x + 1)
1l end proc
1z |
13 -
Output 8 X Watch
Evaluate: - Expressicn Value
args() 10
%
® 10

end of automatic display v

Mem 1 ME, TO:




Trace Errors with the MuPAD Debugger

Set and Remove Breakpoints

Set Standard Breakpoints

Set breakpoints to pause execution of your code so you can examine values
where you think the problem is. To set a breakpoint inside a procedure:

1 Select a line where you want to set a breakpoint.

2 Select Breakpoints>Toggle Breakpoint from the main menu or
right-click to use the context menu. Also you can click the Toggle
Breakpoint button on the toolbar.
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i

ﬁ soblve.mu - MuPAD Debugger EE
File Edit View Step Breakpoints Watches Help
w @0® ~ v &Dhji B R?
T7& begin
- j}, mz=in prog [T-:uggle Ereakpmnt]
78
74 if args(0)=0 then
20 error ("solve caelled without arguments™)
81 end if;
az if arga(0)>1 the
g3 egsi=ed;
=4 WAESI=Var; S to avoid warnings
g5 userinfo(l, "solwing ".expritextiegs)." for "_expritext(wvars));
=L else
a7 egsi=eg;
g8 userinfo(l, "Soclving :".exprZtexti{egs));
83 end if;
30
31
5z if typeiegsa) = "_equzl" then
33 if domtypeioplegs, 1)) = DOM LIST and
54 domtype loplegs, 2)) = DOM LIST then
45 eqga:= ziplopilegs, 1), oplega, Z), _equal, 0)
=1 elae
a7 egs:= opifegs, 1) - oplegs, 2);
a8 if egs = undefined then
k] returni{procname (args{)));
100 end if;
101 end if
102 end if;
103
1 | L]
Toggle breakpoint at current source line on or off. Mem 3 MBE, T

Set Conditional Breakpoints
To set a conditional breakpoint:

1-186



Trace Errors with the MuPAD Debugger

1 Select a line where you want to set a breakpoint

2 Select Breakpoints>Set Breakpoint from the main menu.

ﬁ sabve.mu - MuPAD Debugger EE
File Edit View Step | Breakpoints | Watches Help
_|_| w‘ @ @ -;.Ek, Teggle Breakpoint =
_ ) Set Breakpoint... Ctrl+B
7& begin DE
,;é omesE Remove All Breakpoints
74 if args(0)=0 then
g0 error ("solve caelled without arguments™)
g1 end iZ;
82 if arga(0)>1 then
g3 eqgsr=eq;
g4 wvars:=var; /,/ to avoid warnings
85 ugerinfo(l, "solving ".expritext{eqgs)." for "_expritext(wvars));
=L elae
a7 egsi=edg;
ga userinfo(l, "Soclving :".exprZtexti{egs));
23 end iZ;
50
31
53z if typelegs) = "_eguzl" then
93 if domtype{oplegs, 1)) = DOM LIST and
54 domtype (oplega, Z)) = DOM LIST then
45 ega:= ziplopieqgs, 1), oplega, Z), _equal, 0)
=1 else
a7 ega:= opi{egs, 1) - oplegsa, 2);
a8 if egs = undefined then
49 return{procname (args ()} );
100 end if;
101 end if
10z end if;
103
1 | 1
Set conditional breakpoint. Mem 3 ME, T
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3 In the Set Breakpoint dialog box, type the condition under which you want
the Debugger to stop on this line. In the dialog box, you also can change
the placement of a breakpoint defining the file and line where you want
to set the breakpoint.

P "

;= Set Breakpoint @
File: \STDOLIE\solve.mu B

Line: a2

Condition: |arg(0)=2

Ok ] I Cancel ‘

Use Breakpoints

After you set the breakpoint, you can continue the debugging process. The
Debugger pauses at the breakpoints and executes the line with the breakpoint
after you click the Continue button.
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ﬁ solve.mu - MuPAD Debugger E”E
File Edit View Step Breakpoints Watches Help
I PO® Av SR H R
Ta .&.
7 l!HHHH!EI 141 P rogerram
g )
74 if args(0)=0 then
g0 error {"solve called without arguments™)
21 end if;
B2 if args(0)>1 then
23 egs=eg;
g4 wvars:=vyvar; // to avoid warnings
g5 ugerinfo(l, "solving ".exprZtext{eqgs)." for "_.expritext(wvars));
=L else
a7 egI=eqg;
ga userinfo(l, "Soclving :".exprZtext{egs));
25 end if;
30
31
83z if typelega) = "_equzal" then
533 if domtypeloplegs, 1)) = DOM LIST and
54 domtype (oplega, Z)) = DOM LIST then
a5 ega:= zipioplegs, 1), oplegsa, Z), _equal, 0)
1 else
a7 ega:= opl{eqgs, 1) - oplegs, 2);
58 if egs = undefined then
99 return{procname (args ()} ) ;
100 end if;
101 end if
10z end if;
103
1 | 1]
Continue execution. Mem 1 ME, TO:

After setting breakpoints, you also can leave the current debugging session
and start a new one. In the new session, the Debugger stops at all the
breakpoints you previously set.
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You can see the list of all breakpoints in the debugging process using the
Breakpoints window. To open this window, select View>Breakpoints.

Remove Breakpoints
To remove a breakpoint:

1 Select the breakpoint you want to remove.

2 Select Breakpoints>Toggle Breakpoint from the main menu or
right-click to use the context menu. Also, you can click the Toggle

Breakpoint button on the toolbar. The second click releases the button
and removes the breakpoint.

If you want to remove all breakpoints, select Breakpoints>Remove All
Breakpoints from the main menu.
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File Edit View Step | Breakpoints | Watches Help
BE » @ @ d @. Taggle Breakpoint B
76 begin Set Breakpoint... Ctrl+B |
77 ff maimn
7a Remowve All Breakpoints I
79 if args(0)=0 =51 =
g0 error {"solve called without arguments™)
21 end if;
23 egs=eg;
g4 wvars:=vyvar; // to avoid warnings
g5 ugerinfo(l, "solving ".exprZtext{eqgs)." for "_.expritext(wvars));
ga else
a7 egI=eqg;
ga userinfo(l, "Soclving :".exprZtext{egs));
25 end if;
30
31
83z if typelega) = "_equzal" then
533 if domtypeloplegs, 1)) = DOM LIST and
54 domtype (oplegs, Z)) = DOM LIST then
a5 ega:= zipioplegs, 1), oplegsa, Z), _equal, 0)
1) else
a7 ega:= opl{eqgs, 1) - oplegs, 2);
58 if egs = undefined then
99 return{procname (args ()} ) ;
100 end if;
101 end if
10z end if;
103
4| m .
Remove all breakpoints. Mem 1 ME, TO:
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Evaluate Variables and Expressions After a Particular
Function Call

During the debugging process you can check the values of variables by
hovering the cursor over a particular variable. The Debugger displays the
current value of the variable.

1 procin)

2 name £;

32 begin

4 gl{lo)~n

5 end proc D}

f ) |n =5 |
7 procix) ——
2 name {q;

9 begin
10 xlx + 1)
11 end proc
12
13

To evaluate the value of an expression:

1 If you do not see the QOutput pane, select View>Output from the main
menu.

2 In the Output pane, type the expression you want to evaluate or select one
of the prior expressions from the drop-down menu.

3 Click the Evaluate button or press the Enter key.
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Dutput F X
Evaluate: x/(x + 1) - %
x= {x + 1) = 10711

Evaluate expression.

Alternatively, you can select an expression and hover the cursor over it. If the
expression is syntactically correct and can be computed fast, MuPAD displays
the value of the expression in a tooltip.

1 procin)

Z names £;

32 begin

4 gild)"n
5 end proc

[

T procix)

3 name q;

3 begin

10 x={x + 1)
11 end proc %
12

x/fc+ 1) = 10/11 |

1-193



1 Getting Started

1-194

Watch Intermediate Values of Variables and
Expressions

You can observe the values of variables during the debugging process in the
Watch pane. If you do not see the Watch pane, select View>Watch.

By default, the Debugger displays the values of the parameters used in the
function call (args), the results of the most recent command (%), and the
values of variables declared in the procedure. To watch the values of other
variables and expressions during the debugging process, select Watches>Add
Watch and enter the object or the expression you want to observe in the
Add Watch dialog box.

i =

2% Add Watch =

Mame: x +1 hd

You also can enter the expressions directly into the Watch table.
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Watch g
Expression Value

args() 10

%

¥ 10

== end of automatic display varia...
x+1 11

PMem1MB, TOs

View Names of Currently Running Procedures

In the Call Stack pane, you can see the list of the procedures participating
in the debugging process. If you do not see the Call Stack pane, select
View>Call Stack.

The Debugger lists all the procedure calls in the Call Stack pane. The
Debugger marks the name of the current procedure with a blue triangle and
highlights the currently executed code line.
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Call Stack g x

Procedure

To switch between procedures, click the name of a procedure you want to
switch to. Also, you can select Step>Stack Up or Step>Stack Down from
the main menu or use the toolbar. As an alternative, you can press u and
d. The Call Stack pane helps you navigate within nested calls of various
procedures.

Correct Errors

The Debugger displays procedures and helps you find errors in the code, but
you cannot correct the errors in the Debugger window. To edit your code use
the MATLAB Editor, the Notebook Interface, or any text editor.

To open a new MATLAB Editor window, select File>New Editor with
Source from the main menu or select Open in Editor from the context
menu. The MATLAB Editor window contains the source that you see in the
Debugger and lets you modify and save it.

Changes made in the Editor window do not automatically appear in the
Debugger window. The Debugger presents the code that is already in the
kernel. To run the Debugger on the corrected file:

1 Close the Debugger window if it is open.

2 In the Editor window select File>Save from the main menu to save
changes.

3 Open a notebook.
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4 Select Notebook>Read Commands from the main menu.

P

7 Motebookl - MuPAD
File Edit View Mavigation Insert Format | Notebook | Window Help

UJ L] i ] -.'gl.J < \'., | L _ Ml Evaluate Enter

— Evaluate From Beginning

Evaluate To End

Evaluate All

Debug...

Read Coemmands... Ib

Stop Pause

Typeset Math
Abbreviate Qutput

Pretty Print
Text Width...

<<« @ HEEHE

Start Engine

Disconnect

Read and execute commands from a source file, Mat C

5 Select the file you want to run.
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6 Start the Debugger from the notebook.
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Notebook Interface

® “Notebook Overview” on page 2-3

® “Debugger Window Overview” on page 2-6

e “Arrange Toolbars and Panes” on page 2-9

¢ “Enter Data and View Results” on page 2-12

® “View Status Information” on page 2-14

e “Save Custom Arrangements” on page 2-15

e “Set Preferences for Notebooks” on page 2-16

® “Set Preferences for Dialogs, Toolbars, and Graphics” on page 2-21
e “Set Font Preferences” on page 2-25

® “Set Engine Preferences” on page 2-28

® “Get Version Information” on page 2-33

e “Use Different Output Modes” on page 2-34

¢ “Set Line Length in Plain Text Outputs” on page 2-39
¢ “Delete Outputs” on page 2-40

® “Greek Letters in Text Regions” on page 2-41

e “Special Characters in Outputs” on page 2-42

® “Non-Greek Characters in Text Regions” on page 2-43
¢ “Use Keyboard Shortcuts” on page 2-44

¢ “Use Mnemonics” on page 2-45

® “Overview” on page 2-46

e “Wrap Long Lines” on page 2-47



2 Notebook Interface

“Hide Code Lines” on page 2-57

“Change Font Size Quickly” on page 2-60

“Scale Graphics” on page 2-65

“Use Print Preview” on page 2-68

“Change Page Settings for Printing” on page 2-72
“Print Wide Notebooks” on page 2-73



Notebook Overview

Notebook Overview

The first time you start MuPAD notebook, it appears with the default layout,
as shown in the following illustration.
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K

I/ Notebookl® - MuPAD ¢

File Edit View Mavigation Insert Format MNotebook Window Help
A—r LU E & KA el 1Y
B 3 ﬂM_uPﬁkD notebook has three types of regions: input regions, outpu

regions.

3 .}F s= x™3;
c _pl=:1:{jrr; x = —-2__.2)
D —»
2.0

E—p |
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E A new input region appears after evaluation of the bottom input region.
F View current status information in the Status bar.

G Find and Replace text in the input and text regions.

H Quickly access standard functions from the Command Bar.

I Format nongraphical objects in the input and output regions from the
Format toolbar.

J Use more items from the toolbars.

K Menus change in the Graphics Format mode.
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Debugger Window Overview

The first time you start MuPAD Debugger window, it appears with the default
layout, as shown in the following illustration.
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A—>

B—>

C—>

ﬁ factor.mu - MuPAD Debugger
File Edit View Step Breakpoints Watches Help

11$@®®A~J®*i = K2

// Local procedure containg £ gl
4z ———
43 contains_ =
44 proci{l, x)

45 local i, n; |,-=| [i
dg begin |
47 i:z=1; n = nopsil);
43 while i <= n do
45 if specfunc::abs{l[i]l-x) < 10~ (-DIGITS) then
50 returni{i)
51 end;
52 i::=1i+1
53 end;
54 return{0)
55 end;
58
57 f/ local procedure roundiZzero
58 roundZzero:=
53 procix, ep3 = 10~ (-DIGITS))
&0 begin
gl if type(x) = DOM COMPLEX then
62 roundZzero(opi{x,1l), epsl +
a3 I * roundZzerolop(x,2), eps)
od else
(1= if abksi(x) < abs{epsz*le-Z2) then
88 a
a7 else
=] x
L] end i
4| — (1] 3
Cutput & X | Watch
Evaluate: - m Expressicn
args() x"d
%
p ¥ha
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e A Perform common tasks from the toolbar.
* B View the code that you debug.

e C Type an expression and evaluate it in the Output pane anytime during
the debugging process.

® D Use the Status bar to view memory and time usage for the current or
most recent debugging step.

¢ E Use the Watch pane to view values of variables during the debugging
process.

® F Use the Call Stack pane to view the names of the procedures participating
in the debugging process.

For information about the Debugger mode, see Tracing Errors with the
Debugger.



Arrange Toolbars and Panes

Arrange Toolbars and Panes

In this section...

“Enabling and Disabling Toolbars and Panes” on page 2-9

“Move Toolbars and Panes” on page 2-10

Enabling and Disabling Toolbars and Panes

To enable or disable the Command Bar, Find and Replace Bar, toolbars, or
Status Bar, select View from the main menu. The following illustration
shows the View menu for a notebook and a Debugger window.

MNotebook Debugger
View View
v Wrap To Window v Output
Refresh F5 v Call Stack
Highlight Link Targets v Watch

v Command Bar Breakpoints

Find and Replace Bar v Toolbar
Toclbars * | Standard v Status Bar
|| Stais Bar v Format 5 Configure..,

% Configure...

To use context menu, right-click any bar. The following illustration shows the
context menu for the Notebook and Debugger windows.
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Notebook Debugger
Object Browser v | Output
Camera Control v Watch

Find and Replace v Call Stack

v Command Bar Breakpoints

Toolbar

<

Standard Toolbar W

Format Toolbar

<

Move Toolbars and Panes

To move a toolbar, grab the toolbar anchor and drag the toolbar to a different
location. For example, line the toolbars one below the other.

7 Motebookl - MuPAD

File Edit View Mavigation Insert Format MNotebook Windoy
]
DU E & Q0 =
7 Motebookl - MuPAD
File Edit View Mavigation Insert Format MNotebook Windov
] %
Standard toolbar |_rl L H &S N €IS’
Format toolbar Generic Monospace 1~ B I, YU x3 x2 fj

To move the Command Bar or Find and Replace Bar, grab the pane title
and drag the pane to a different location. For example, move the Command
Bar to the left.



Arrange Toolbars and Panes

I

I/ Motebookl - MuPAD
File Edit Wiew Mavigation Inset Format MNotebook Window Help

BLUEES APy 100100 @
I

Command Bar (=] |:
L =
ax f r—=a w E”'fv

[fax, =7 .S,
{xlf-c'}' f::*_f' fl

K3
- a==ph a==h
- -
atb n! x—+ flx)
- - -
=i a ea {x ifeg
- - -

w General Math

 Plot Commands

hen
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Enter Data and View Results
MuPAD notebook has two types of regions for entering data:

® Text regions serve for entering your comments. They can contain text,
tables, mathematical formulas, and graphics. Text regions do not have
not bracket markers. The default font color for text regions is black. To
start a new text region, click outside the gray brackets and start typing.
Alternatively, you can insert a new text region by selecting Insert>Text
Paragraph or Insert>Text Paragraph Above. You cannot insert a text
region inside a region of other type or between adjacent input and output
regions.

e Input regions serve for entering your code. They can contain MuPAD
mathematical expressions and commands in the MuPAD language.
Input regions have gray bracket markers. The default font color for
input regions is red. When you evaluate an expression in the bottom
input region, MuPAD inserts a new input region below. To insert new
input regions in other parts of a notebook, select Insert>Calculation
or Insert>Calculation Above from the main menu. Alternatively, use

TC

the Insert Calculation button
MuPAD notebook has a special type of region for viewing results:

® Qutput regions serve for viewing results. These regions automatically
appear when you evaluate input regions. The results can include graphics
and error messages. The default font color for output regions is blue. You
cannot edit data in the output regions. To change the results, edit the
associated input region and evaluate it by pressing Enter. Also, you can
copy results from the output regions to the text and input regions. When
you copy outputs to the input regions, MuPAD inserts ASCII equivalents
of the results in the input regions.

If you want to change the default text color, font, or the appearance of
brackets for the current notebook, see Changing Default Format Settings.

If you want to change preferences for all notebooks, see Setting Preferences
for Notebooks.



Enter Data and View Results

Note Note Most preferences affect only new notebooks. They do not affect
existing notebooks.
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The status bar shows the current status information.

Mem 12 MB, T9's Cmd & NS
A B C

* A Displays memory and time usage for the current or most recent
computation.

® B Indicated the type of the currently active region.
e (C Indicates insert or overwrite mode.

View the current engine state at the far left end of the status bar. If the engine
1s not connected to your notebook, the status bar displays Not Connected.

Mot Connected Cmd £ NS

The status bar indicates the type of the region where you position the cursor.
The indicator displays:

e Cmd, if the cursor is in an input region

¢ Text, if the cursor is in a text region

¢ Outp, if the cursor is in an output region

The status bar also indicates if the cursor is in a read-only part of a notebook,
for example, in an output region.

Mermn 12 ME, T9 s Outp 42 INS

For text and input regions, MuPAD notebook supports overwrite mode. Press
the Insert key to enter text in overwrite mode. Press the Insert key again
to return to entering text in insert mode. View the current state at the far
right of the status bar.



Save Custom Arrangements

Save Custom Arrangements

You can change a notebook or a Debugger window arrangement to meet your
needs, including resizing, moving, and closing toolbars and panes. When
you end a session, MuPAD saves the arrangement. The next time you start
MuPAD and open a notebook or a Debugger window, it appears the same
way you left it.
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Set Preferences for Notebooks

In this section...

“Preferences Available for Notebooks” on page 2-16
“Change Default Formatting” on page 2-18
“Use Scalable Formats for Copying Formulas and Graphics” on page 2-19

Preferences Available for Notebooks
To change preferences for displaying the contents of notebooks:

1 Select View > Configure

2 In the left pane of the Configure MuPAD dialog box, click Notebook.



Set Preferences for Notebooks

7 Configure MuPAD

I8

Motebook

=

User Interface

w

Fonts

Engine

Global Settings

Highlight matching parentheses in input regions

7 el

Mew Motebooks Settings

Choose default settings for NEW notebooks. These
settings do not affect existing notebooks.

Default Formats...

Qutput Settings

Typeset math

Abbreviate output

Pretty Print

Text width for plain text outputsis 80 |5 characters

Embed Scalable Graphics in Clipboard RTF
[ for formulas  [] for plots

General Preferences
[ Evaluate on 'Shift+Enter’

Save Motebook backup every 10 5| minutes

Ok ] [ Cancel

The right pane of the dialog box lets you change two types of settings: the
settings that affect the new notebooks only and the global settings that affect
all notebooks, including existing ones. For new notebooks, you can:

¢ Change the default formatting settings of all new notebooks. For details,
see Changing Default Formatting for Notebook Elements.
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® Change the default mode for displaying results. For details on output
modes, see Using Different Output Modes.

® Change the default line length for displaying results in plain text format.

®* On Windows platforms, copy formulas and graphics using scalable
Windows Metafile (WMF) format. For details, see Using Scalable Formats
for Copying Formulas and Graphics.

® Change key sequence for evaluation of input regions to Shift+Enter. The
default key is Enter.

® Specify how often MuPAD automatically saves a backup document.

For all notebooks including existing ones, you can highlight matched and
mismatched delimiters (parentheses, brackets, and braces) in input regions.
When you type a parenthesis, a bracket, or a brace, MuPAD highlights the
matched delimiter in the pair. If a delimiter is missing or if a pair includes
delimiters of different types (for example, a bracket and a brace), MuPAD
uses a different color to highlight the delimiters. In addition to highlighting
mismatched delimiters, MuPAD underlines them. To make the display

of highlighting and underlining disappear, move the cursor away from a
delimiter.

Change Default Formatting
To specify default formatting for the elements of all new MuPAD notebooks:

1 Select View>Configure.
2 In the left pane of the Configure MuPAD dialog box, click Notebook.
3 In the right pane of the dialog box, click Formats.

4 In the Default Formats dialog box, use tabs to select the required
element. You can specify default formatting for text regions, calculations,
tables, frames, and links.



Set Preferences for Notebooks

o

[/ All new Notebooks -- Default Farmats

Text | Calculations | Tables | Frames | Links |

Faont
Generic 5ans Serif

Effects

Generic Sans Serif

@ Defines the normal character format for a new Motebook,

Size

[7] Background: D

Ok l ’ Cancel

5 Specify default formatting for the element you selected. For example, set
the default font size, style, and color for the text regions.

Use Scalable Formats for Copying
Graphics

Formulas and

By default, MuPAD copies graphics and formulas using the following formats:

¢ Windows Bitmap if you use Windows platforms

e PNG if you use any other platform
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On Windows platforms, you can choose to copy graphics and formulas using
scalable Windows Metafile (WMF) format. To enable scalable WMF format
for copying formulas and graphics, use the following steps:

1 Select View>Configure.
2 In the left pane of the Configure MuPAD dialog box, click Notebook.
3 In the right pane of the dialog box, select the following options.

Embed Scalable Graphics in Clipboard RTF
for formulas for plots

To use scalable formulas, install the MuPAD fonts on a system level. If you do
not install the MuPAD fonts and select the option for formulas, the following
warning appears. The warning provides the path to the directory where you
can find the MuPAD font installer (FontInstaller.exe).

)

U7 MuPAD =1

If you wish to copy and paste scalable graphics (scalable WMF) from MuPAD to
other applications you rmust have a system wide installation of the MuPAD fonts,

These MuPAD fonts are not installed on your system!
Please use the MuPAD Fontlnstaller in C:/Program

Files/MATLAB/R2010b/ toolbox/symbelic/mupadiwingd’, in arder to install the
MuPALD fonts.

If you prefer not to install the fonts, you can continue using nonscalable
bitmap formulas. Using scalable graphics does not require the MuPAD fonts.
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Set Preferences for Dialogs, Toolbars, and Graphics

In this section...

“Preferences Available for Dialogs, Toolbars, and Graphics” on page 2-21
“Preferences for Toolbars” on page 2-23

“Preferences for Graphics” on page 2-23

“Preferences for Dialog Boxes” on page 2-23

Preferences Available for Dialogs, Toolbars, and
Graphics
To specify the default settings for MuPAD toolbars, dialog boxes and graphics:

1 Select View > Configure.

2 In the left pane of the Configure MuPAD dialog box, click User Interface.
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-

I Cenfigure MuPAD [~ B[]
IIL Toolbars Graphics
)
Motebook Icon Size: Resolution: 150 = dpi
[] show Labels Enable OpenGL
=
[] Accelerate DpenGL
Uzer Interface
Dialogs
w i
Units of measurement displayed:
o [om_~]
. [7] Hide Help buttons
Engine
[
L oK ] [ Cancel

3 Use the right pane of the dialog box to specify the setting you want for the

toolbars, graphics, units of measurements used in dialog boxes, and other
options.
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Preferences for Toolbars

Specify the following preferences for the toolbars:

¢ Icon Size. Specify the size of icons in the toolbars.

e Show Labels. Select this option to display labels on the buttons of the
toolbars.

R ) B - < N

Mew Motebook  Mew Editor Open  Save Print | Undo Redo Cut Copy Paste | Back

Preferences for Graphics
You can specify the following preferences for graphics:

¢ Resolution. Specify the dpi value for the resolution you want to use when
displaying graphical results.
e Enable OpenGL. Select this option to use OpenGL®.

® Accelerate OpenGL. Select this option to use accelerated OpenGL. Mac
OS platforms always use accelerated OpenGL.

Preferences for Dialog Boxes
You can specify the following preferences for dialogs:

¢ Units of measurement displayed. Specify the units of measurement
you want to use in the MuPAD dialog boxes. For example, you can use
millimeters.

Dialogs

px
pt

Now all dialog boxes in MuPAD except those displaying the font sizes, use
millimeters as the units of measurement. For example, the Paragraph
Format dialog box shows the indentation and spacing sizes in millimeters.

Lnits of measurement displayed:
Hide Help buttons

Hide Welcome dialog
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;L“_ Paragraph Format @
Indention Spacing
Left:  0.00| mm Top: 0.00 mim
First:  0.00 mm Bottom: 0.00 mm
Right: 10,00 mim

* Hide Help buttons. Select this option if you do not want to see help
buttons l*_?l in the dialog boxes.

* Hide Welcome dialog. Select this option if you do not want to see the
welcome dialog box on startup.
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Set Font Preferences

In this section...

“Select Generic Fonts” on page 2-25

“Default Generic Fonts for Microsoft Windows, Macintosh, and Linux” on
page 2-27

Select Generic Fonts
To specify the generic fonts for use in MuPAD notebooks:

1 Select View > Configure.

2 In the left pane of the Configure MuPAD dialog box, click Fonts.
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-

I/ Configure MuPAD @
IIL Define substitute fonts for the named standard fonts. You must
— restart MUPAD for these substitutions to take effect.
Notebook Zeneric Serif: Times Mew Foman -
E Generic Sans Serifs  Arial hd
User Interface Generic Monospace:  Courier Mew -
i
Fonts
Engine
L oK ] [ Cancel

3 Use the right pane of the dialog box to select the fonts you want to use
as generic fonts.

Use these specified generic fonts to format text, mathematical expressions, or
calculations in your notebooks.
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P

I/ Character Format @

Font Size
Generic 5ans Serif - 11 -
zeneric Serif a)

(Fenenic 5ans Senf |—|
GFeneric Monasoace b
Adobe Caslon Pro b W2

Adobe Caslon Pro Bold
Adobe Fangsong Std R
Adobe Garamond Pro b und: D
Adobe Garamond Pro Bold

Adobe Heiti Std R I
Adobe Kaiti Std R

Adobe Ming Std L S

I | R

Default Generic Fonts for Microsoft Windows,

Macintosh, and Linux
The default generic fonts in MuPAD depend on the platform you use.

Font Windows Macintosh
Generic Serif Times New Roman Times

Generic Sans Serif Arial Lucida Grande
Generic Monospace Courier New Monaco

On Linux® platforms, the default generic fonts depend on the system default
fonts.
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Set Engine Preferences

2-28

In this section...

“Change Global Settings” on page 2-28
“Restore Default Global Settings” on page 2-30
“Add Hidden Startup Commands to All Notebooks” on page 2-30

“Options Available for MuPAD Engine Startup” on page 2-30

Change Global Settings

Global settings in MuPAD serve for specifying a particular engine you want
to run, using additional libraries, startup commands and options. To specify
global settings:

1 Select View > Configure.

2 In the left pane of the Configure MuPAD dialog box, click Engine.




Set Engine Preferences

I/ Cenfigure MuPAD [~ B[]
IIL These settings take effect only when a new engine is started.
s Running engines are not affected.
Notebook Engine: 2xfsymbolic/mupad fwing4/bin/mupkern. exe D
E Library Path:  MATLAB ftoclbox/symbalic/mupad/share flib E]
Uzer Interf
sErinterace Package Path: D
r.-“
ﬁ User Init Path: 1ata/Foaming/MathWaorks /MATLAB symbaolic D
Fonts
Arguments:
Engine
L oK ] [ Cancel

3 Use the right pane to specify the following settings:
e Engine. Path to the MuPAD engine you want to use

¢ Library Path. Path to the standard set of the MuPAD libraries you
want to use
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e Package Path. Path to additional libraries (packages) you want to use

¢ User Init Path. Path to the folder containing initialization file
(userinit.mu). This file contains startup commands for MuPAD
notebooks. You can add your own commands to the initialization file.

e Arguments. Options you want to use when starting MuPAD engine.
See the list of Options Available When Starting Engine.

Restore Default Global Settings
To restore the default global settings:

1 Select View>Configure.
2 In the left pane of the Configure MuPAD dialog box, click Engine.
3 In the right pane, click Reset To Defaults button.

Add Hidden Startup Commands to All Notebooks

You can run MuPAD commands every time you start the engine without
displaying these commands in a notebook. If you want to use hidden
commands for a particular notebook, see Hiding Code Lines. To add startup
commands to all MuPAD notebooks:

1 Select View>Configure.
2 In the left pane of the Configure MuPAD dialog box, click Engine.

3 In the User Init Path field, specify the path to the initialization file
containing your commands.

Options Available for MuPAD Engine Startup

You can use the following options on the startup of the MuPAD engine.



Set Engine Preferences

-L number

-U string

Start the engine in debug mode.
The engine creates debug nodes
during the initial read of the MuPAD
library. Without this option MuPAD
creates the nodes during a debug
session (after the first debug call).
Then, it writes the information
about passes through the nodes to a
temporary file.

Start the engine in the debug mode.
MuPAD displays more detailed
debug information in the output
pane of the Debugger window.

Suppress reading the initialization
files. Use this option to test your
code without deleting the files or the
path specified in the User Init Path
field.

Suppress reading all the package
files from the path specified in the
Package Path field. Use this option
to test your code without deleting
the files or the path.

Set the limit of precalculated prime
numbers. The engine calculates and
stores all prime numbers that are
less than the number at startup. The
default startup number is 1000000.
You can increase this number. The
maximum value for this option is
436273009.

Specify options as strings. See
Pref::userOptions for details.
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-t

-T filename

Start the engine in the test coverage
mode. See prog::tcov for details.

Start the engine in the test coverage
mode and export the test coverage
information to filename. See
prog::tcov for details.



Get Version Information

Get Version Information

Type of Information You Want

Version and Release Numbers

32-bit or 64-bit version

Build Number

To Get the Information

From the product, select

Help > About MuPAD.
Alternatively, call version() or
Pref::kernel() for a version
number.

From the product, select
Help > About MuPAD.
Alternatively, call
Pref::kernel(BitsInLong).

For the build number of the kernel,
call Pref::kernel(BuildNr).

For the build number of the MuPAD
library, call buildnumber.
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Use Different Output Modes

In this section...

“Abbreviations” on page 2-34
“Typeset Math Mode” on page 2-35
“Pretty Print Mode” on page 2-36

“Mathematical Notations Used in Typeset Mode” on page 2-37

Abbreviations

MuPAD can display results of your calculations using different modes. By
default, expressions in outputs use typeset mode and abbreviations:
solve(x"3 + x*2 + 1 = 0, x, MaxDegree = 3){- 1/(9*(29/54 -
(sqrt(31)*sqrt(108))/108)~(1/3)) - (29/54 - (sqrt(31)*sqrt(108))/108)"(1/3)

- 1/8, 1/(18*(29/54 - (sqrt(31)*sqrt(108))/108)"(1/3)) + (29/54 -
(sqrt(31)*sqrt(108))/108)~(1/3)/2 - 1/3 - (sqrt(3)*(1/(9*(29/54 -
(sqrt(31)*sqrt(108))/108)"(1/3)) - (29/54 - (sqrt(31)*sqrt(108))/108)(1/3))*1)/2,
1/(18%(29/54 - (sqrt(31)*sqrt(108))/108)"(1/3)) + (29/54 -
(sqrt(31)*sqrt(108))/108)"(1/3)/2 - 1/3 + (sqrt(3)*(1/(9*(29/54 -
(sqrt(31)*sqrt(108))/108)"(1/3)) - (29/54 - (sqrt(31)*sqrt(108))/108)"(1/3))*1)/2}

To disable abbreviations, clear Notebook>Abbreviate Output:

! f 1 an _ /311 108!
_ 1 (28 _¥B1yi0BYYE 1 1 R -
g ran _ y31 JT0E L3 N 4 108 . 3 18 (20 _ V31,108, 1/3 3
o T IDE ¢ 54~ T I0E
NEXd _ (28 - 31 /108, 1Y
2-34 L'_!- ( :3 11 :_E'.E'.E.-.- 3 LTS IOE ) i Fan _ 31 '-E-E.-;'-
|5 4 | 22 =
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solve(x"3 + x*2 + 1 = 0, x, MaxDegree = 3){- 1/(9*(29/54 -
(sqrt(31)*sqrt(108))/108)~(1/3)) - (29/54 - (sqrt(31)*sqrt(108))/108)"(1/3)

- 1/3, 1/(18*%(29/54 - (sqrt(31)*sqrt(108))/108)~(1/3)) + (29/54 -
(sqrt(31)*sqrt(108))/108)~(1/3)/2 - 1/3 - (sqrt(3)*(1/(9*(29/54 -
(sqrt(31)*sqrt(108))/108)~(1/3)) - (29/54 - (sqrt(31)*sqrt(108))/108)*(1/3))*1)/2,
1/(18*(29/54 - (sqrt(31)*sqrt(108))/108)"(1/3)) + (29/54 -
(sqrt(31)*sqrt(108))/108)A(1/3)/2 - 1/3 + (sqrt(3)*(1/(9*(29/54 -
(sqrt(31)*sqrt(108))/108)~(1/3)) - (29/54 - (sqrt(31)*sqrt(108))/108)"(1/3))*1)/2}

To enable abbreviations, select Notebook>Abbreviate Output.

= (28 _ /31 /108,13
_|29 ~,31~,lDE| 1 1 T S - S |
108 s 3’ a8 o1 +TOE L3 Z 3
'presetrMuth lalode 18 (g7 — g —)

Mug?AD can display results of yourcaleulations using different formats. By
defa 1t,1 expressmms h ou'@pumyptﬁet mode and abbrev1at1,0_-ms 1 .,/108,13
I + _'-"5"5-_ - L

(sqrt(S1)*sqrt(108))/108) (1/3)) (29/54 - (sdﬁ(ﬁ)*sq’rt:&éS))/lOS) (1/3)

- 1/3,,1/(18*%(29/54 - (sqrt(31)*sqrt§1082)/l 8)(1/3)) + (29/54 -
(s~q13t 8)XEL13Y e 113 - (dart(3)*(1/(9*(29/54 -
(sart )*$qrt(198))/108) (1/3)) - (29/54 4 (sgrt(31)*sqrt(108))/108)*(1/3))*1)/2,
1/(18%(29/54 - (sqrt(31)*sqrt(108))/108)*(1/3)) + (29/54 -
(sqrt(31)*sqrt(108))/108)~(1/3)/2 - 1/3 + (sqrt(3)*(1/(9*(29/54 -
(sqrt(31)*sqrt(108))/108)~(1/3)) - (29/54 - (sqrt(31)*sqrt(108))/108)"(1/3))*1)/2}
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To disable the typeset mode, clear Notebook>Typeset Math:

solve(an+xAz + 1u #4 x, MaxDeggee = 3) ( {{/ 12 112 \1/3 {1 | (8] 108 )

e 54 | 20/308 - o MO 1 L33 U M2 M2 N3N 108 /% |

31 103 | [ LYY/ E—— | {\ 108 //1/2 1/2'\1/3'1¥31'108 | | 29/54 -
sersgeforee | 1N\ 108 / ceeenoapeereoirec T - 13-/ 12
1/% \Q/& 2 [.,31,108)1718" -'F29/54~ ------- } | \ 108 ///1/2 1/2 \343 \il/2se,
14317081134 -

------------------------------ +1/1/2 1/2\1/3\ 10@/%#&%‘—3@%—“\&1/3 | | 31108 |

|31 108 | | 9 | 29/54 - - ceee | ]84 29754 - eneineeeas | \\ 108 //\
1@@/ w—&zfvh%—ﬁ—]&lfﬁ)s 3475 /54] B S | /71/2 1/2\1/3\ }\ 108

,/1/2k LJ1BT 108 1) |} -ceemmcmrcmmecaccn S ) S

- | 29/54 - coeeeeee 121 1/21}y2 | /1/21/2\1/3\ 108/ | } | | 31108 | | }

| 9| 29/54 - ----enevene- [ 1 }\\108//} To enable the typeset mode, select

Notebook>Typeset Math.

Pretty Print Mode

To see how the pretty print mode affects the output, disable the typeset mode
first. With the typeset mode disabled and the pretty print mode enabled,
the results look as follows:

PRETTYPRINT := TRUE:solve(x"3 + x*2 + 1 = 0, x, MaxDegree = 3) { { {/

1/2 1/2\1/3 {1 | 81 108 | { - --rmrermmmemmmeemmmemmnennes R 1/ 7 — | -
1/3,{/1/21/2\1/3\ 108 /{ | 31 108 | {9 | 29/54 - --eermeeve- | {\ 108//1/2
1/2\1/3 | 31 108 | | 29/54 - ---ermeeree- TN 1 —— +

--------------------------- S1/3-/1/21/2\1/3 2 | 31 108 | 18 | 29/54 - ---eeemeee- |
N108///1/2 /2 \1/3N\1/2 | 1| 81108 | | 18 | -oocmeeemmmmemmmeemmmeenees -

k| =
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29/54 - -moeeeeeeee- T T 2 e + | /1/21/2\1/3\ 108/ | /
1/21/2\1/3 | 131108 | | | 31108 | | 9 | 29/54 - -----nvmv-m- | | 18 | 29/54 -
------------ | \\N108//N\108//1/21/2\1/3} | 31108 | } | 29/54 - «---e-eeeaun | [/
1/2 1/2\1/3N\}\N108/1/2 | 1 | 31 108 | | } --m-memmmmmmmemmemeeeees -1/3+ 3 |
----------------------------- -1 29/54 - ceeeeeeeeee | | 1/21} 2 | / 1/2 1/2\1/3 \ 108
F131 131108 [}191 29/64 - ---cmemeeme- | 1 }\\108//} To disable the
pretty print mode, clear Notebook>Pretty Print:

PRETTYPRINT := FALSE:solve(x"3 + x*2 + 1 = 0, x,

MaxDegree = 3) {- (1/9)/(29/54 - (1/108)*31~(1/2)*108"(1/2))"(1/3)

- (29/54 - (1/108)*317(1/2)*108~(1/2))(1/3) - 1/3,

(1/18)/(29/54 -\ (1/108)*31~(1/2)*108(1/2))*(1/3) +

(1/2)*(29/54 - (1/108)*317(1/2)*108~(1/2))A(1/3) - 1/3 -

3A(1/2)*((1/9)/(29/54 - (\ 1/108)*31A(1/2)* 108~ (1/2))*(1/3) - (29/54 -
(1/108)*31(1/2)*108(1/2))M(1/3))*1/2*1, (1/18)/(29/54 - (1/108)*31~(1/2)*\
108~ (1/2))(1/3) + (1/2)*(29/54 - (1/108)*31~(1/2)*108~(1/2))~(1/3) - 1/3

+ 37(1/2)*((1/9)/(29/54 - (1/108)*317(1/2)*10\ 8A(1/2))A(1/3) - (29/54 -
(1/108)*311(1/2)*108~(1/2))~(1/3))*1/2*1} PRETTYPRINT := TRUE:When
you copy some part of an output region to an input region, plain text outputs
serve best. To obtain plain text outputs, disable both Typeset and Pretty
Print modes. When you copy an entire output region to an input region,
typeset mode serves best.

To enable the pretty print mode, select Notebook>Pretty Print.

Mathematical Notations Used in Typeset Mode

By default, MuPAD displays the output expressions using the Typeset Math
mode. In this mode, MuPAD uses standard mathematical notations for
special functions. For example:

Result:= int(sin(x"2), x)(sqrt(2)*sqrt(PI)*fresnelS((sqrt(2)*x)/sqrt(PI)))/2

If you are not familiar with a notation, you can see the corresponding MuPAD
command using one of following methods:

® Disable typesetting mode by selecting Notebook>Typeset Math.
Reevaluate the expression containing the unknown notation.
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® Copy the output expression and paste it to an input region.

e Use the print command with the option Plain to display the results in

plain text mode. For example:
print(Plain, Result) / 1/2\ 1/2 1/2 | 2 x | 2 PI fresnelS| ------ | 1172 | \
P/ e 2

Knowing the MuPAD command, you can access the corresponding help page
and get more information about the special function.
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Set Line Length in Plain Text Outputs

To see results in the plain text format, disable the typeset mode for outputs.
By default, MuPAD limits lines in plain text outputs to 80 symbols. To change
this setting for your current notebook:

1 Select Notebook>Text Width

2 In the Text Width dialog box, specify the line length limit.

P "

U7 Text Width R ="

Text width: &0 characters

El [ OK ] | Cancel |

MuPAD applies the new setting to all new outputs in a notebook. To apply the
setting to existing output regions, re-evaluate the appropriate input regions.

To change the default line length limit for the current and all new notebooks,
see Setting Preferences for Notebooks.

2-39



2 Notebook Interface

Delete Outputs

To clear a particular output region in your notebook:

1 Click the output region you want to delete or click the adjacent input region.

2 Select Edit>Delete Output
To clear all the outputs in your current notebook, select Edit>Delete All

Outputs.
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Greek Letters in Text Regions
You can convert characters in the text region to Greek letters one at a time:

1 Select the character you want to convert or place the cursor to the right
of the character.

2 Select Edit>Toggle Greek.

To get the original font style use the same steps.
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Special Characters in Outputs

To produce special characters including greek letters in the output regions,
use the Symbol command:

Symbol::Omega; Symbol::subScript(Symbol::omega, 0) + Symbol::omega*t;

Symbol::subScript(M, Symbol::bigodot); Symbol::alpha; Symbol::LeftArrow;
Symbol::ForAll‘&Omega;’

Q
Y&omega;}_ {0} + ‘&omega;*t

g+ w [

" {M}_{&bigodot;}*

M
“&alpha;

o

‘&LeftArrow;

a—

‘&ForAll;f
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Non-Greek Characters in Text Regions

You can insert greek letters into text regions. To use other special characters
in text regions:

1 Produce special characters in an output region.

2 Copy the characters from the output region and paste them into a text
region.

Symbol: :alpha;
Use the Symbol command | 3ymkbol: : Element;
in an input region * symbol::Im
o

Get special characters
in an output region

m

(]

Copy special characters
from the output region

to a text region —» Suppose o = 3
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Use Keyboard Shortcuts

2-44

Using shortcut keys for your platform, you can access many of the desktop
menu items. These shortcut keys are sometimes called accelerators or hot
keys. For example, use the Ctrl+X shortcut to perform a cut on Microsoft®
Windows platforms. Many of the menu items show the shortcuts. Additional
standard shortcuts for your platform usually work, but only one is listed
with each menu item.

Instructions in the documentation specify shortcuts using the key convention
for Windows platforms, Ctrl+. With key bindings for Apple Macintosh
platforms selected, use the Command key instead of the Ctrl key. On

the Macintosh platform, to make full use of all keyboard shortcuts, you
might need to enable full keyboard access. To access this option, select
Apple menu>System Preferences, and click Keyboard & Mouse. Click
Keyboard Shortcuts, and select Turn full keyboard access on or off.

In addition to common shortcuts, MuPAD provides special shortcuts to
navigate within matched delimiters (parenthesis, brackets, braces).

On Microsoft Windows and Linux platforms:

¢ The Ctrl+Alt+Shift+RIGHT (the right arrow key) shortcut moves the
cursor to the closing (right) delimiter.

¢ The Ctrl+Alt+Shift+LEFT (the left arrow key) shortcut moves the cursor
to the opening (left) delimiter.

On Apple Macintosh platforms:

¢ The Ctrl+Alt+RIGHT (the right arrow key) shortcut moves the cursor to
the closing (right) delimiter.

¢ The Ctrl+AIt+LEFT (the left arrow key) shortcut moves the cursor to
the opening (left) delimiter.

For the pair of mismatched delimiters, you can correct the closing delimiter.
To replace the closing delimiter with the one that matches the opening
delimiter, place the cursor to the right of the closing delimiter and press the
Tab key.



Use Mnemonics

Use Mnemonics

Using mnemonics, you can access menu items and buttons. Mnemonics are
underlined on the menu item or button. For example, on the File menu, the F
in File is underlined, which indicates that Alt+F opens the menu.

The Macintosh platform does not support mnemonics.

Some versions of Windows operating system do not automatically show the
mnemonics on the menu. For example, you might need to hold down the Alt
key while the tool is selected to see the mnemonics on the menus and buttons.
Use the Windows Control Panel to set preferences for underlining keyboard
shortcuts. See the Windows documentation for details.
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Overview

MuPAD provides functionality for creating electronic or printed documents,
class notes, textbooks, and interactive presentations. Notebooks support the
following options to help you design appealing and flexible documents:

® Separate formatting styles for commands in the input regions, text and
mathematical formulas in the text regions

e Default formatting styles

¢ Different modes for displaying the results of your calculations

® Embedded graphics

® Links, tables, and frames

¢ Invisible startup commands

® Quick modifications of the font and graphics sizes during the presentation

¢ Export of your notebooks to PDF and HTML formats

¢ Export of your graphic results separately from notebooks



Wrap Long Lines

Wrap Long Lines

In this section...

“Wrap Text” on page 2-47

“Wrap Expressions in Input Regions” on page 2-51

“Wrap Output Expressions” on page 2-54

Wrap Text

To wrap text to a notebook window size, select View > Wrap To Window.
If you use text wrapping and resize your notebook, MuPAD automatically
adjusts text lines to a new window size. This option affects text regions only.
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i

I/ Motebookl® - MuPAD
File Edit View Mavigation Insert Format MNotebook Window Help

HLWEES 4Py 100 m B @K

The vertical dashed gray line shows the right margin of the printed page. When yc
you to scale it down to fit the printer setting for a page size. If you use the ac

notebook to the left of the vertical line appears on printed pages.
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Wrap Long Lines

When you wrap text in a notebook, and then unwrap it, the vertical line
appears. This line shows you the position of the right margin of the current
page format.
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i

I/ Motebookl® - MuPAD
File Edit View Mavigation Insert Format MNotebook Window Help

HLWEES 4Py 100 m B @K

The vertical dashed gray line shows the right margin of the printed page. When
notebook, MuFPAD offers you to scale it down to fit the printer setting for a page s
the actual page size, only the part of the notebook to the left of the vertical line appe
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Wrap Long Lines

When you print the page, MuPAD lets you choose between scaling down the
whole page or cropping the content to the right of the line. The line does
not appear on printed pages. To remove this line, select View > Wrap To
Window.

Wrap Expressions in Input Regions

To wrap the contents of the input regions to a notebook window size:
1 Select Format > Defaults.

2 In the resulting dialog box, click the Calculations tab.

3 From the drop-down menu Format, select Input Paragraph.

4 Select the Word wrap check box.
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e

LJ'{ Current Motebook -- Default Formats X
Calculations | Tables | Frames I Links |
Format: [Input Paragraph v]

@ Defines the paragraph format for the input of a new calculation.

Indention Spacing

Left: 0.00 mm Top: 0,00 mm
Bottom: 0.00 i

First: 0.00 TTim

Right: 0.00 i}

Alignment: |Left - [] Background: D

Select ety [7] Word wrap Writing Direction:

this option
P [7] Keep Lines together

2 | ok || cancel |

Now MuPAD wraps all new expressions and commands in the input regions to
a notebook window size. If you use wrapping for input regions and then resize
your notebook, MuPAD automatically adjusts expressions and commands

to a new window size.
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i

I/ Motebookl® - MuPAD
File Edit View Mavigation Insert Format MNotebook Window Help
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The vertical dashed gray line shows the right margin of the printed page. When
notebook, MuFPAD offers you to scale it down to fit the printer setting for a page s
the actual page size, only the part of the notebook to the left of the vertical line appe

pages.
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Wrap Output Expressions

By default, MuPAD wraps results displayed in the output regions to a
notebook window size. The system also wraps long lines in outputs when
printing them. When wrapping breaks a number, an identifier, or a strings,
MuPAD inserts the line break symbol \. For example, the following result
cannot be wrapped to the default notebook window size without inserting a
line break inside the number:

®x + 100!

x+9332621544394415268165923885626670049071596826438102146859296385521755999¢
B2802530979208272237582511852109168040000000000000 0000000000

The line break symbol does not affect the result of computation. If you copy the
result to an input region, the line break symbol does not appear in the copy.

When you resize a notebook, MuPAD automatically adjusts output lines to
a new window size. If a new window is large enough to accommodate the
output in one line, the line break symbols disappear. They also disappear
when you disable wrapping and reevaluate the corresponding input region.
To disable wrapping:

1 Select Format > Defaults.
2 In the resulting dialog box, click the Calculations tab.
3 From the drop-down menu Format, select OQutput Math.

4 Select the Wrap lines check box.



Wrap Long Lines

e

|E, Current Motebook -- Default Formats D
Calculations | Tables | Frames I Lirks |
Format: [Duu:lut Math v]
@ Defines the math format for the formula output of a new calculation.
Display style Slant identifiers
_SEIEE:_t — /] Wrap lines
this option
Minimal script size: 8 - pt Script size multiplier: 71 %
:;? [ Ok, ] [ Cancel

If you disable wrapping, MuPAD does not insert lines breaks in the new
output expressions. If you want to remove line breaks in the existing output
expressions, reevaluate these expressions.
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Hide Code Lines

Hide Code Lines

You can run MuPAD commands without displaying them in a notebook.
MuPAD evaluates these commands every time you start a notebook engine.
To specify the commands you want to execute invisibly:

1 Select File>Properties.

2 In the Start Up Commands field of the Notebook Properties dialog box,
specify the commands you want to run without displaying in the notebook.
Alternatively, attach an existing file containing the commands.

e

l,|' Motebook Properties

Document Title:
A = Liding code lines
Start Up Script:

B—»

C: Mork/MuPAD finitial-scri

Start Up Commands:

(7 |l

-]

pt.mu

a2 = solve (2*x~3 - x~Z - 3*%*x - 1,
C _} x) essuming x * 0;

b := 1/10%int (cos (x®),

x = —-PI/5..2*PI);

.\\;? Ok ] I Cancel

¢ A MuPAD uses this title only when exporting a notebook to HTML.
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e B Attach an existing file with the MuPAD script that you want to
execute invisibly at the notebook startup.

¢ C Type the commands that you want to execute invisibly at the notebook
startup.

3 Save the notebook. MuPAD saves the hidden code with the notebook. This
code does not affect other notebooks. If you want to use hidden code for all
notebooks, see Adding Hidden Startup Commands to All Notebooks.

To execute the commands you entered, restart the notebook engine. To restart
an engine you can use one of the following methods:

¢ Select Notebook>Disconnect, and then Notebook>Start Engine.

® (Close the notebook and reopen it.

After you restart an engine, you can access all the objects defined in the
Notebook Properties dialog box from your notebook.



Hide Code Lines

7 hide-code® - MuPAD
File Edit View Mavigation Insert Format | Motebook | Window Help

HLHEHS APy 1100 wtB0 @

a;
b;
plot (sin{a*x) *exp(b*x), = = 5..15)
{x—-‘?_L}
2 2
F i e
1.‘_2 ‘IIII 22
40
v A
2__
1__
0 f f f f } f f f f Hi—
T 8 9 10 11 12 13 14 15
X
-1+
24

Mem 22 I
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Change Font Size Quickly

To quickly resize all the characters in your notebook including the characters
in the output regions:

¢ Select the part of a notebook you want to resize. If you want to resize fonts
in a whole notebook, select Edit>Select All.

e Select Format>Increase size or Decrease size.

2-60



Change Font Size Quickly

7 Motebookl® - MuPAD
File Edit View Mavigation Insert | Format | MNotebook Window Help

[l D =N E i_:El.'] Gﬁ .-“',4 Characters... - 11:'& 'd' @ [:5

Math...
Creating 3-D Plots Paragraph...
You also can create a 3-D plot by Calculation... d. By default, if the plot
command can create a 3-D plot a ~ he same expression, it cr
an animation.
Frame...
To create a 3-D plot, use the plot ¢ Page... h #3D:
solwve (x*2 + y*2 + =272 =| 3 .
plnt{x“E b oynZ o+ 22 = ] A Increase Size 1.1, z = -1..1,
.ﬁ.'{ Decrease Size
(V-2 +1 -2+
%, Defaults...

Increase size of text characters. Mem 1
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Note Note Graphics size does not change.

To change graphics size, see Scaling Graphics.
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7 Motebookl® - MuPAD
File Edit View Mavigation Insert Format MNotebook Window Help

E D e E -El-,] (‘:3‘\ ._’.-/":-*." % | '|| O @ TC: 111 d @ [:ﬁ

Creating 3-D Plots

You also can create a 3-D plot by using the plot command. By default, if the plot
command can create a 3-D plot and a 2-D animation for the same expression, it cr
an animation.

To create a 3-D plot, use the plot command with the option #3D:
' solve (x°2 + y*2 + z°2 =1, z);
plot(zx~2 + y*2 + z*2 =1, x = -1..1, y = -1..1,

.-H—Il—}’l+1: - ,.-f—f‘—}-'l+1
&\ \

Mem 1
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To undo font size changes, select Edit>Undo or use the toolbar button C% .

Note Note Using the opposite option (such as increasing the fonts you have
decreased before) does not guarantee to restore the original font size.
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Scale Graphics

To resize your graphics, right-click the graphics and select Graphics Size.
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i

7 Motebookl® - MuPAD
File Edit View Mavigation Insert Format MNotebook Window Help

[LDEE-EEJ Q\“{“@‘j |||©@ Tt 111"3' @[%E

Export Graphics...

Graphics Size...
Open in Window

S

Mem 1
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Scale Graphics

In the Graphics Size dialog box, set the height and width of the graphics. The
option Keep Aspect Ratio lets you conserve the height to width ratio.

-lff_ Graphics Size @
Width: 120.01 mm
Height: 20.01 mm

Keep Aspect Ratio

[ COK ] ’ Cancel
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Use Print Preview

2-68

In this section...

“View Documents Before Printing” on page 2-68
“Print Documents from Print Preview” on page 2-68
“Save Documents to PDF Format” on page 2-69
“Get More Out of Print Preview” on page 2-70

View Documents Before Printing

Before printing a notebook that displays long lines in the input or output
regions or wide graphics that might not fit the page, use the Print Preview
window to see how the document will look when printed. The dialog box lets
you view and fix page layout problems, print your document, or save it to PDF
format. Previewing documents before you print them helps to avoid printing
unnecessary pages and thereby reduces paper waste.

To see how the document looks when printed, select File > Print Preview.
Alternatively, press Alt+F+V to open Print Preview.

Print Preview uses the properties of your current printer. If you print the
document using any other printer or save it to PDF format, the result can
differ from what you see in the Print Preview window.

To close Print Preview, click the Close button on the Print Preview toolbar.

Print Documents from Print Preview

Suppose, you like the way your document appears in the Print Preview
window and want to print the document. To print a document directly from
Print Preview, click the Print button on the Print Preview toolbar.



Use Print Preview

7| MuPAD Help - Print Preview

When you print directly from Print Preview, you can select and print specific
pages. To print a particular page:

1 Open Print Preview.
2 Click the Print button in the Print Preview toolbar.
3 In the resulting dialog box, click the Pages option under Page Range.

4 Type the number of the page you want to print. To specify a range of
pages, use a hyphen. For example, to print the second, third, and fourth
pages, type 2-4.

If your document is wide and does not fit the page, use the Print Preview
toolbar to adjust the document before printing. When you print a wide
document from the Print Preview window, MuPAD does not prompt you to
scale your document down. MuPAD prints documents exactly as you see
them in the Print Preview window.

Save Documents to PDF Format

If you like how your document appears in the Print Preview window, you can
save it to PDF format without leaving Print Preview. To save a document as
a PDF from the Print Preview window, click the Save as PDF button on the
Print Preview toolbar.

-

7| MuPAD Help - Print Preview

BIEY
T
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PDF files created with the Save as PDF button are not editable. To create
editable PDF files, click the Print button and try using a PDF printer
available for your system.

Note Note If a MuPAD document has links, these links are replaced by
regular text in the resulting PDF file.

Get More Out of Print Preview

Using the Print Preview toolbar, you can view one or more pages, zoom in
and out, and switch between page orientations. If Print Preview shows that
your document has layout problems visible when printed, you can fix these
problems without leaving the Print Preview window. To see what a particular
button lets you do, hover the pointer over the button and wait for a tooltip to

appear.
3|\r_| WEE) BB s ~ [ B )
| | | Il |l |
A B C D E

¢ A Indicates the current page number. Use this field to jump to a particular
page. Click the appropriate arrow to display the previous or the next page.

¢ B Lets you zoom in and out on a page.

¢ C Displays the current zoom factor. Use this field to zoom in or out by a
fixed percentage. The drop-down menu lets you quickly select one of the
commonly used zoom factors.

¢ D Fits the page to the Print Preview window. The button [:] adjusts the
document so the width of the page matches the width of the Print Preview

window. The button adjusts the document so that an entire page fits in
the Print Preview window. If you display two pages side-by-side, the Fit
buttons adjust the document so that both pages fit in the window.

¢ E Scales the document so that all objects including graphics and calculation
regions fit in the page width.

¢ F Selects page orientation. Lets you choose portrait or landscape layout.
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® ( Opens the Page Format dialog box for adjusting page settings. When you
modify settings in the Format dialog box, MuPAD applies the new settings
not only to a preview, but also to the notebook itself. If later you close the
Print Preview window and save the notebook, MuPAD saves the new page
settings with the notebook. See Changing Page Settings for Printing for
details.

® H Lets you view multiple pages in the Print Preview window.

L

Show single page
Show facing pages

Show overview of all pages
The option Show facing pages displays even pages on the left and odd

pages on the right. If you select this option to display a document with
multiple pages, the first page appears in the top-right corner.

2-71



2 Notebook Interface

Change Page Settings for Printing

If you do not specify page format, MuPAD uses the page settings of your
default printer. If you do not install a printer, the default page size is A4.
Note that A4 is narrower and longer than the Letter paper size.

A4 8.3X 11.71in 210 X 297 mm
Letter 8.5X 11 in 216 X 279 mm
To change the page format for your notebook:
1 Select Format>Page

2 In the Page Format dialog box, specify paper size, margin size,
orientation, and background color for your pages.

P

n| Page Format @
Paper Size: ILetter (216 x 279 mm) - I
Paper Width: 215,90 mm
Faper Height: 279,40 mim
Page Margins: 19.76 Tim
Qrientation: @ Porfrait ! Landscape
[ Background:
.‘l,ﬁ? [ K, l I Apply ‘ I Cancel

MuPAD saves your page settings with a notebook. These settings do not
affect other existing or new notebooks.

2-72



Print Wide Notebooks

Print Wide Notebooks

Before printing a notebook that displays wide graphics or long lines in the
input or output regions, use Print Preview to see how the content fits the
page. Print Preview makes it easier to view and adjust wide documents.
Alternatively, wrap and then unwrap text in a notebook by using the option
View > Wrap To Window. When you wrap text in a notebook, and then
unwrap it, the vertical line appears. This line shows you the position of the
right margin of the current page format.

When you print a notebook that does not fit the page format, MuPAD prompts
you to select one of the following options:

® Print only the part of the notebook to the left of the margin.
® Scale the whole notebook to the size that fits the page format.

P o

l.I' Page too small @

The width of the docurnent exceeds the available print area.
! % Should the docurment be trimmed or scaled to fit the print area?

Trim Right | |Scale to 49%

| Cancel

Also, you can change the page format.

When you print a wide document from the Print Preview window, the above
dialog box does not appear. Use the Print Preview toolbar to adjust the
document before printing. MuPAD prints documents exactly as you see them
in the Print Preview window.
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Mathematics

¢ “Evaluations in Symbolic Computations” on page 3-5

¢ “Level of Evaluation” on page 3-8

¢ “Enforce Evaluation” on page 3-14

® “Prevent Evaluation” on page 3-17

e “Actual and Displayed Results of Evaluations” on page 3-19

¢ “Perform Evaluation at a Point” on page 3-21

® “Choose a Solver” on page 3-23

e “Solve Algebraic Equations and Inequalities” on page 3-28

® “Solve Algebraic Systems” on page 3-34

® “Solve Ordinary Differential Equations and Systems” on page 3-45
e “Test Results” on page 3-55

e “If Results Look Too Complicated” on page 3-61
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Evaluations in Symbolic Computations

Evaluation is one of the most common mathematical operations. Therefore, it
1s important to understand how and when MuPAD performs evaluations. For
example, assign the value 2 + 2 to the variable y. Instead of assigning the
expression 2 + 2, MuPAD evaluates this expression, and assigns the result of
the evaluation, the value 4, to the variable y:

y:i=2+2: y4

The variable y is an identifier, and the number 4 is the value of that identifier.
Values of identifiers are not always numbers. For example, a value of an
identifier can also contain identifiers. In the following assignment, y is an
identifier, and the expression a + x is the value of that identifier:
y:=a+zxa+x

a + X

The value of y is a sum of two identifiers, a and x. You can assign a value to
any of these identifiers. For example, assign the value 10 to the identifier
a. Now, MuPAD recognizes that a is equal to 10. Therefore, the system
evaluates the value a + x of the identifier y to the expression x + 10:
a:=10: yx+ 10

x+10

Note Note The value of an identifier is the value computed at the time of
assignment.

The value of the identifier y is still x + a. If you assign any other value to a,
MuPAD evaluates y using this new value:
a:=15: yx + 15
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x+1b

Now, assign the value 10 to the identifier a, and then assign the expression
X + atoy. As in the previous example, MuPAD evaluates the identifier y
and returns the expression x + 10:

a:=10: y:=a+x: yx + 10

X+ 10

Although the evaluation returns the same result as in the previous example,
the value of y is different. Here the value of y is the expression x + 10. This
value does not depend of the identifier a:

a:=15: yx + 10

x+ 10

For further computations, clear the identifiers a, x, and y:
delete a, x, yThe value of an identifier can be any MuPAD object. For example,

the value of an identifier can be a list:
list := [x"k $ k = 1..10][x, x"2, x"3, x4, x5, X6, x"7, X8, x"9, x*10]

[x 2 3 4 5 & T 8 8 _m]
v, X , X ,X X ,X X ,X ,X X

If later you assign the value to x, the evaluation of the identifier 1ist changes

accordingly:
x := 1/2: list[1/2, 1/4, 1/8, 1/16, 1/32, 1/64, 1/128, 1/256, 1/512, 1/1024]

LS W U TR U T N U U
2'4'8" 168" 32" B4’ 128" 256" 512" 1024

MuPAD applies the same evaluation mechanism to function names. For
example, assign the function call f( ) to the identifier y:

y = f(PDf(PI)
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Fim)

Now, assign the function sin to f. If you evaluate the identifier y, the system
replaces the identifier f by its value sin. Then, the system evaluates the
call sin( ) and returns 0:

f :=sin: yO

If you change or delete the value of f, the evaluation of f ( ) changes

accordingly:
f:=cos: y-1
-1

delete f: yf(PI)

Fim)
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Level of Evaluation

In this section...

“What Is an Evaluation Level?” on page 3-8
“Incomplete Evaluations” on page 3-9

“Control Evaluation Levels” on page 3-11

What Is an Evaluation Level?

The value of an identifier can contain arbitrary MuPAD objects, including
identifiers. If the value of an identifier contains another identifier, MuPAD
tries to find the value of that second identifier. If the value of that second
identifier also contains identifiers, MuPAD tries to find their values, and so
on. Typically, evaluation continues until the system replaces all identifiers
that have values by these values. The final result can contain identifiers
that do not have assigned values. This recursive evaluation process is called
a complete evaluation. Each evaluation step in this recursive process is an
evaluation level. For example, evaluate the value of the identifier y:
reset)y:=a+x:a:=1l:yx+1

X+ 1

The resulting expression x + 1 is the complete evaluation of y. The level
function demonstrates each step of this recursive evaluation. The zero level of
evaluation returns the identifier y itself:

level(y, O)y

The first level accesses the value of the identifier, and returns that value:
level(y, 1)a + x

d + X
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When you evaluate y up to the second level, the system recognizes that the
expression X + a contains identifiers, which can also have assigned values.
When searching for these values, the system finds that the identifier a has
the value 1, and the identifier x does not have an assigned value:

level(y, 2)x + 1

x+1

In this example, MuPAD completely evaluates the identifier y by using just
two evaluation steps. Evaluating y up to the third and higher levels returns
the same expression:

level(y, 3)x + 1

x+1
delete a, x, y

Incomplete Evaluations

MuPAD does not always evaluate identifiers completely. For some
expressions, a complete evaluation requires a huge number of steps. To avoid
very long or infinite evaluations, the system implements two environment
variables, LEVEL and MAXLEVEL. These variables limit evaluation levels.
If the current evaluation level exceeds the limitation set by one these
variables, MuPAD stops the evaluation process before the system can replace
all identifiers by their assigned values.

The environment variable LEVEL limits evaluation levels to a specified
value. It does not try to detect and prevent an infinite evaluation loop. For
interactive computations, the default value of the environment variable
LEVEL is:

LEVEL100

100

When the evaluation level reaches the value of LEVEL, MuPAD stops the
evaluation and returns the result of the last computed evaluation step:
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3-10

x+1

LEVEL :=10: x=x+ 1: xx+ 10

7l

delete LEVEL, xMuPAD does not specify one uniform value of LEVEL for
all computations. For most computations, the value is 100, but there are
exceptions to this rule:

e [f the evaluation occurs in a procedure, MuPAD limits the evaluation level
to 1.

e [If the evaluation occurs in a matrix, MuPAD limits the evaluation level to 1.

e MuPAD does not evaluate arrays, tables, and polynomials. (The evaluation
level for these objects is 0.)

¢ MuPAD does not evaluate a returned value of the last () function call or
its equivalent %. (The evaluation level is 0.)

¢ MuPAD does not evaluate returned values of some other system functions.
For example, the system does not evaluate the results returned by the subs
and text2expr functions. The help pages for such functions provide the
information about the evaluation levels of the returned values.

e [fthe evaluation occurs in a function call level (expression, n), MuPAD
disregards the environment value LEVEL. Instead, the system uses the
evaluation level n.

For example, although LEVEL = 100 by default, the function call
level(a + x, 1) evaluates the expression a + X to the first evaluations

level:
a:=b: b:=2: level(a +x, 1)b + x

b+ x

delete a, b, xFor more examples of incomplete evaluations and information
about enforcing such evaluations, see Enforcing Evaluation.

To detect and prevent infinite loops, MuPAD implements another
environment variable, MAXLEVEL. The default value of MAXLEVEL for all
computations is

MAXLEVEL100
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100

When evaluation level reaches the value of MAXLEVEL, MuPAD assumes
that the evaluation is infinite and issues an error:

MAXLEVEL :=2: a:=b: b:=c: ¢:=d: a Error: Recursive definition. [See
"MAXLEVEL] delete MAXLEVEL, a, b, ¢, dIf the value of MAXLEVEL is
greater than the value of LEVEL, the global variable MAXLEVEL does
not affect that evaluation. Otherwise, the value of MAXLEVEL limits the
number of evaluation steps. For example, the default values of LEVEL
and MAXLEVEL are equal (both values are 100). If an evaluation reaches
the level 100, MuPAD uses the global variable MAXLEVEL and, therefore,
1ssues an error:

x :=x + 1: x Error: Recursive definition. [See MAXLEVEL] delete x

Control Evaluation Levels

You can change the values of the environment variables LEVEL and
MAXLEVEL. For example, the following equations define the identifiers x,
recursively:

x[k] .= (k + D)*x[k + 1]) $ k = 1..9: x[10] := 10:Using the level function,
evaluate the identifier x; to the levels from 1 to 10. For this identifier, the
level 10 returns the complete evaluation:

for 1 from 0 to 10 do print(Unquoted, level =1, "x[1]" = level(x[1], 1)) end_for
level = 0, x[1] = x[1] level = 1, x[1] = 2 x[2] level = 2, x[1] = 6 x[3] level = 3,
x[1] = 24 x[4] level = 4, x[1] = 120 x[5] level = 5, x[1] = 720 x[6] level = 6,
x[1] = 5040 x[7] level = 7, x[1] = 40320 x[8] level = 8, x[1] = 362880 x[9] level
=9, x[1] = 3628800 x[10] level = 10, x[1] = 36288000 Since the default value
of the environment value LEVEL = 100 is greater than 10, in interactive
computations MuPAD returns the completely evaluated identifier x;:
x[1]36288000

36288000

Delete the identifiers x,:

delete xSet the value of the environment variable LEVEL to 2:

LEVEL := 2:Now, MuPAD evaluates the identifier x, only up to the second
level:
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x[k] := (k + 1)*x[k + 1]) $ k = 1..9: x[10] := 10: x[1]6*x[3]

B Xa

The new value of LEVEL affects all interactive evaluations, except for
evaluations in arrays, matrices, tables, and polynomials. For example, use
the following recursive definition for the identifiers a, b, and ¢. Evaluation of
the identifier a proceeds only to the second level:

a:=b:b:=c c:=1: ac

For further computations, delete the identifiers:

delete x, a, b, ¢:The new value of LEVEL does not affect evaluations that
happen in procedures. The evaluation level in procedures remains equal to
1. For example, create the procedure myProc that defines the values of the
identifiers a, b, and ¢ recursively:

myProc:= proc(d) begin a :=b: b :=c: ¢ :=d: a end_proc:The procedure
evaluates the identifier a up to the first evaluation level:

myProc(10)b

delete a, b, ¢, d:You can change the evaluation level inside a particular
procedure. This change does not affect evaluations occuring in other
procedures or inside interactive computations:

myProc:= proc(d) begin LEVEL := 3: a:=b: b:=c: ¢:=d: a end_proc:
myProc(10)10

10

For further computations, delete the identifiers and restore the value of

LEVEL to its default:
delete a, b, ¢, d: delete LEVEL:Another environment variable, MAXLEVEL

enables the system to detect and interrupt infinite evaluation loops. The
default value of this variable is 100. This value is recommended for most
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computations. If your code has recursive evaluations that require more
than 99 steps, change the value of MAXLEVEL. For example, the following
definition of the identifier x; requires 111 evaluation steps. MuPAD issues
an error because the system cannot evaluate x; in 99 steps and assumes that
the evaluation loop is infinite:

x[k] .= (k + 1)*x[k + 1]) $ k = 1..110: x[111] := 1: x[1] Error: Recursive
definition. [See 7MAXLEVEL] delete xTo avoid the error, the value of
MAXLEVEL must exceed the number of required evaluation steps at least
by 1. Changing the value to 112 resolves the error. Now, MuPAD evaluates
the identifier x; to the 100th evaluation level, which is the default value of
the environment variable LEVEL:

MAXLEVEL:= 112: (x[k] = (k + 1)*x[k +1]) $ k = 1..110: x[111] := 1:
x[1]94259477598383594208516231244829367495623127947025437683278893534169775!

5 HeleteATd evitunte 14 tHed Dith evdlustibn Tevall Yottt cHang&Koth) 2 54 376832
LEVH aitld MARIEVEID vertables 441s0] yalicad useiths tebeldubction 36970830261

msteadefchanging the value of LEVEL:
MAXLEVEL:=112: (x[k] := (k+ 1)*x[k + 1]) $ k = 1..110: x[111] := 1: level(x[1],
111)17629525510902446638721610471070757887614095360265655160415740633473469

1762585255108024466587216104710707578876140853602656551604
Inéfeadethe vl Gendt MYSTIMEL Soh by /Wit h Sow RNawSthatyday esde 51 45847457 1.

Faairesit) Momotincrease tiis) vadweforcompatations where you can avoid
it. If your code has infinite loops, the increased level of MAXLEVEL can

significantly decrease performance. Always restore the default value for

further computations:
delete x, MAXLEVEL
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Enforce Evaluation

3-14

MuPAD automatically evaluates results returned by most of the system
functions. However, a few functions can return unevaluated results. For
example, the text2expr function does not evaluate the returned results:
text2expr("2 + 2")2 + 2

+ 2

The last function and its shortcut %, which return the previously computed
object, also do not evaluate the results:
%2 + 2

+ 2

For such cases, MuPAD provides the eval function. This function enables you
to enforce evaluation of an expression. For example, enforce evaluation of
the previously returned expression:

eval(%);4

Another example of the function that does not automatically evaluate
returned results is the subs function. This function can simplify expressions
that contain only purely arithmetical operations:

subs(x*2 + 1, x = 0)1

However, the subs function does not evaluate expressions. For example,
substitute the variable x with the value 0 in the following expression that
contains the sine function:

subs(sin(x"2) + 1, x = 0)sin(0) + 1
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gsin(0) + 1

You can use the eval function to enforce evaluation of the results returned by
subs. In this case, MuPAD evaluates the whole expression:
eval(%)1

Alternatively, the subs function provides a more efficient method to evaluate
its results. The EvalChanges option enforces evaluation of the modified parts
of the expression, leaving the unchanged parts out of the evaluation process:

subs(sin(x"2) + 1, x = 0, EvalChanges)1

Most efficiently, evaluate an expression at a particular value of a variable by
using the evalAt function. See Evaluation at a Point.

Also, MuPAD does not evaluate arrays, tables, and polynomials. For example,
the system does not evaluate the identifiers a and b of the following array A:
A := array(1..2, [a, b]): b := 2*a: a := 1: Aarray(1..2, [a, b])

ia b

When you access the entries of the array A by using the op function, the
system does not evaluate the entries of A. When you use the indexed access,

the system evaluates the entries of arrays, matrices and tables:
op(A, 1), op(A, 2); A[1], A[2]a, b

a, b
1,2
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1,2
To evaluate all entries of an array, a table, or a polynomial apply the eval
function to that array, table, or polynomial. Use the map function to apply

eval to an array or a table:
map(A, eval)array(1..2, [1, 2])

(1 29
For polynomials, use the mapcoeffs function:

p := poly(c*x, [x]): ¢ := 10: mapcoeffs(p, eval)poly(10*x, [x])

oly(10 x, [x])
P dg{ete a, b, [c: :
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Prevent Evaluation

When you perform interactive computations in MuPAD, the system tries to
evaluate all expressions before returning them. For example, if the system
can compute an integral, it returns the evaluated result. In most cases, the
result is also simplified:

Int(x"2*sin(x), x)2*x*sin(x) - cos(x)*(x"2 - 2)

2 x sin(x) - cos(x) (x°-2)

The hold command enables you to prevent the evaluation of a MuPAD object.
For example, hold lets you display the integral in its symbolic form:
hold(int)(x*2*sin(x), x) = int(x"2*sin(x), x)int(x*2*sin(x), x) = 2*x*sin(x)

- cos(x)*(x"2 - 2)

-/;,;‘ sin(x) dx = 2 x sin(x) - cos(x) (x°-2)

Also, you can prevent evaluation of an object by using the level function
with the second argument 0. When you use level to prevent evaluation of
identifiers, the results are equivalent to the results obtained with the hold
function:

level(int(x*2*sin(x), x), 0)int(x"2*sin(x), x)

%" sin(x) dx
The level function only prevents evaluation of identifiers. If you create a

function without a name, for example x -> sin(x)x — Sin(x J, level does not
prevent evaluation of that function:
level((x -> sin(x))(PI), 0)0
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In this case, use the hold function to prevent evaluation. For example, hold

successfully prevents evaluation of the function x -> sin(x)x — sin(x) at
the point x = m:
hold((x -> sin(x))(PI))(x -> sin(x))(PI)

(x — sin(x))(m)

Both hold and level functions prevent the evaluation of an object only in the
particular computation in which you explicitly use them. These functions do
not prevent further evaluations. For example, if you assign an expression
containing hold to a variable, and then call that variable, MuPAD evaluates
the expression:

y := hold(int)(x*2*sin(x), x); yint(x*2*sin(x), x)

f}:”‘ sin(x) dx
2*x*s1n(x) - cos(x)*(x"2 - 2)

2 x sin(x) - cos(x) (x*-2)
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Actual and Displayed Results of Evaluations

When MuPAD evaluates an expression or executes a command, the output
that the system displays can differ from the actual result. The simplest
example of this behavior is that MuPAD does not display all computed
results. You can suppress outputs by terminating commands with colons.
For example, the evaluation of the following expression returns 4. However,
MuPAD does not display any output because the expression is terminated
with a colon:

2 + 2:The function call last (1) returns the previously computed value.

Alternatively, you can use the operator % to return that value:
%4

MuPAD also suppresses intermediate results obtained within loops and
procedures. For example, the evaluation of the following for loop returns five
numbers. However, the output contains only the final result:

for x from 1 to 5 do hold(_power)(x, 2) = x*2 end_for5"2 = 25

-
A

5 =14b

To display intermediate results obtained in loops and procedures, use the
print function inside a loop or a procedure. For example, to display all five
numbers obtained in the for loop, enter:

for x from 1 to 5 do print(hold(_power)(x, 2) = x*2) end_for1*2 =1

I
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Alternatively, use the fprint function. This function typically writes results to
a file indicated by one of the arguments of fprint. When this argument is 0,
the function displays the results on screen:

for x from 1 to 5 do fprint(Unquoted, 0, hold(_power)(x, 2) = x"2); end_for1"2
= 1272 = 4372 = 9472 = 165”2 = 25The print and fprint functions display
outputs differently. The print function uses the typeset mode, which is

how mathematical expressions are typically written on paper. The fprint
function uses the ASCII format. For information about different output modes
available in MuPAD, see Using Different Output Modes.
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Perform Evaluation at a Point

To evaluate an expression for particular values of identifiers, use the evalAt
function or its shortcut |. For example, evaluate the following expression at
the point x = 0:

reset()diff(x"2*exp(sin(x)), x $ 3) | x = 06

5]

In MuPAD, all computations are symbolic by default. For example, evaluating
the previous expression at x = 1 returns the exact symbolic result:
diff(x"2*exp(sin(x)), x $ 3) | x = 15%cos(1)*exp(sin(1)) - 6¥exp(sin(1))*sin(1) +
6*cos(1)*2*exp(sin(1)) + cos(1)*3*exp(sin(1)) - 3*cos(1)*exp(sin(1))*sin(1)

zin 1) sini 1)

. 2 =inil)
Eeoosll) e -8 e sin(1) + B cos(1)" e

3 sinil) s
+cos(l) e -3 cos(l)

To get a numeric approximation of the result, use the floating-point number
to specify the point at which you want to evaluate an expression:
diff(x*2*exp(sin(x)), x $ 3) | x = 1.0-4.180173868

-4.180173868

Alternatively, you can evaluate an expression at a point by using the subs
function with the EvalChanges option. For expressions that contain only free
variables, evalAt and subs return identical results:

diff(sin(x)*cos(x"2), x $ 2) | x = PI, subs(diff(sin(x)*cos(x"2), x $ 2), x = PI,
EvalChanges)4*PI*sin(P1*2), 4*PI*sin(PI*2)

47 Sin[:nztl_. 47 Sin[:r.'ztl

evalAt and subs return different results for the expressions that contain
dependent variables. The subs function does not distinguish between free and
dependent variables. The function replaces both free and dependent variables
with the new value, for example:
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subs(x + int(f(x), x = 0..infinity), x = 1)int(f(1), 1 = O..infinity) + 1

fllydl +1

o The evalAt function replaces only free variables:
x + int(f(x), x = 0..infinity) | x = lint(f(x), x = 0..infinity) + 1

]

/f[:v:] dx+1

4]
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Choose a Solver

The general solvers (solve for symbolic solutions and numeric::solve for
numeric approximations) handle a wide variety of equations, inequalities, and
systems. When you use the general solver, MuPAD identifies the equation

or the system as one of the types listed in the table that follows. Then the
system calls the appropriate solver for that type. If you know the type of

the equation or system you want to solve, directly calling the special solver

is more efficient. When you call special solvers, MuPAD skips trying other
solvers. Direct calls to the special solvers can help you to:

¢ Improve performance of your code

® Sometimes get a result where the general solver fails

The following table lists the types of equations and systems for which MuPAD
offers special solvers. The solve and numeric::solve commands also handle
these types of equations and systems (except systems presented in a matrix
form). Define ordinary differential equations with the ode command before
calling the general solver.

Symbolic Numeric
Equation Type Solvers Solvers
General system of linear equations linsolve numeric::linsolve

General system of linear equations | linalg::matlinsolveg numeric::matlinsolve
given in a matrix form A *

—

‘x&rarry=b&rarr;4 ¥ = b
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Equation Type

Symbolic
Solvers

Numeric
Solvers

System of linear equations
given in a matrix form A *

‘x&rarr;=b&rarr;'4l ¥ = b, where
A is a Vandermonde matrix. For
example:

matrix([[1, a_1, a_1"2, Symbol::cdot,
Symbol::cdot, Symbol::cdot,
a_1"(n-1)], [1, a_2, a_2"2,
Symbol::cdot, Symbol::cdot,
Symbol::cdot, a_2”(n-1)],
[Symbol::cdot, Symbol::cdot,
Symbol::cdot, Symbol::cdot, " ",

" " Symbol::cdot], [Symbol::cdot,
Symbol::cdot, Symbol::cdot, " ",
Symbol::cdot, " ", Symbol::cdot],
[Symbol::cdot, Symbol::cdot,
Symbol::cdot, " ", " ", Symbol::cdot,
Symbol::cdot], [1, a_n, a_n,
Symbol::cdot, Symbol::cdot,
Symbol::cdot, a_n”*(n-1)]])

I/ 2 n-1
1 dq &9 - + " d1

2 n-1
1 do d2 - - - ds2

See linalg::vandermonde for the
definlition and details. .

linalg::vandermon|

deSolve

I\lanan"'an
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Equation Type

Symbolic
Solvers

Numeric
Solvers

System of linear equations
given in a matrix form A *

‘x&rarr;=b&rarr;'4l ¥ = b, where
A is a Toeplitz matrix. For example:
matrix([[a_0, a_1, a_2,
Symbol::cdot,Symbol::cdot,
Symbol::cdot, Symbol::cdot,
Symbol::cdot, a_n], [{a}_{-1}',

a_0, a_1, a_2, Symbol::cdot,
Symbol::cdot,Symbol::cdot,
Symbol::cdot, {a}_{n - 1},
[{a}_{-2}, “{a}_{-1}, a_0, a_1,

a_2, Symbol::cdot,Symbol::cdot,
Symbol::cdot, {a}_{n - 2},
[Symbol::cdot, " ", Symbol::cdot,
Symbol::cdot, Symbol::cdot, " ", " ", "
" Symbol::cdot], [Symbol::cdot, " ",

" " Symbol::cdot, Symbol::cdot,
Symbol::cdot, " ", " ", Symbol::cdot],
[Symbol::cdot, " ", " ", " ",
Symbol::cdot, Symbol::cdot,
Symbol::cdot, " ", Symbol::cdot],
[Symbol::cdot, " ", " ", " ", " ",
Symbol::cdot, a_0, a_1, a_2],
[Symbol::cdot, " ", " ", " ", " ",
Symbol::cdot, {a}_{-1}‘, a_0, a_1],
[{a}_{-n}‘,Symbol::cdot, Symbol::cdot,
Symbol::cdot,Symbol::cdot,Symbol::cd
a_0]])

linalg::toeplitzSoly

ot, {a)_{-2}',{a}_{-1}",

e
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Symbolic Numeric
Equation Type Solvers Solvers
I/ dp 41 &z 2 n
d.1 dp 431 43 dn-1
d.32 d.1 dg 41 43 dp- 2
See ljnalg::toeplitz for the definition
and details. R
. o S S
QﬁalgariatljlnsolveLU

. ) &
Systém ef linear equations . g_;
givenl\im' aymatrix form L *U ¥ g _,

‘x&rarr;=b&rarr;l. U x = b.
The lower triangular matrix L and
the upper triangular matrix U form
an LU-decomposition.

d.1 dp /

Univariate polynomial equation.
Call these functions to isolate the
intervals containing real roots.

polylib::realroots

numeric::polyroots,
numeric::realroots

Bivariate polynomial equation for
which the general solver returns
RootOf. Try calling solve with the
option MaxDegree. If the option does
not help to get an explicit solution,
compute the series expansion of
the solution. Expand the solution
around the point where one of the
variables is 0.

series

System of polynomial equations

numeric::polysysroots

Arbitrary univariate equation

numeric::realroot,
numeric::realroots

System of arbitrary equations

numeric::fsolve




Choose a Solver

Symbolic Numeric
Equation Type Solvers Solvers
Ordinary differential equation or a | ode::solve numeric::odesolve

system of ODEs

Ordinary differential equation or a
system of ODEs. Call this function
to get a procedure representing the
numeric results instead of getting
the numeric approximation itself.

numeric::odesolve2

Ordinary differential equations on
homogeneous manifolds embedded
in the space of nxm matrices.

numeric::odesolveGeometric

Linear congruence equation

numlib::lincongrug

ence

Quadratic congruence equation

numlib::msqrts

Polynomial equation. Call this
function to find modular roots.

numlib::mroots
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Solve Algebraic Equations and Inequalities

In this section...

“Specify Right Side of Equation” on page 3-28

“Specify Equation Variables” on page 3-28

“Solve Higher-Order Polynomial Equations” on page 3-30
“Find Multiple Roots” on page 3-32

“Isolate Real Roots of Polynomial Equations” on page 3-33

Specify Right Side of Equation

The solver accepts both equations and expressions. If you call solve for an
expression, the command assumes the right side to be 0:

solve(x”"3 - 1, x); solve(x"3 = 8, x); solve(x"3 - 3*x*2 =1 - 3*x, x){1, - 1/2 -
(sqrt(3)*1)/2, - 1/2 + (sqrt(3)*1)/2}

f _L_\.Ei _l+k.§il,
112, 0 s, - 0+ sqrtr1l

{2,-1-v31 -1+v31
{1}

I
Ll.l

Specify Equation Variables

Specifying the variable that you want to solve an equation for is optional.
If you specify a variable, the solve command returns solutions as a set of
numbers. Otherwise, the command returns a set of lists as a solution:
solve(x"2 - 3*x + 2 = 0, x); solve(x"2 - 3*x + 2 = 0){1, 2}



Solve Algebraic Equations and Inequalities

If your equation contains symbolic parameters, specify the variable for which
you want to solve the equation:

solve(a*x”2 + b*x + ¢, x)piecewise([a <> 0, {-(b + sqrt(b”*2 - 4*¥a*c))/(2%a), -(b -
sqrt(b”2 - 4*a*c))/(2*a)}], [a=0and b <> 0, {-c/b}], [a=0and b =0 and ¢ = 0,
Cl,[a=0andb=0andc<>0, {}]

" i 2 i 2

b+y'bh -4arc b-y'b -4arc .

{- ' Ep— } 1If a=0
2a 2a

.r -C 1 1 - \ 3
! T 1If a=0nb=0
If you solve an eqlﬁatlon with symbolic ?Prafgle_t%s arﬁd do @0}5 s‘?eglf&, the
variable, solve uses all parameters as variables and returns a set of all
poss1ble solutions gF‘or example, solvmg fth%..follqy},n%equqﬁlgn éhﬁ. sglver
“assumes that both x and y are free variables. when returning all possible
solutions for this equation, the solver uses an arbitrary parameter z:
solve(x*3 + y"3){[x = z/2 - (sqrt(3)*z*1)/2, y = z], [x = 2/2 + (sqrt(3)*z*1)/2,
y=z2], [x=-z,y=z]

x.-gzi 1

SR B Al U e S e Al (e Al

To specify more than one variable, provide a list of variables as a second
argument:
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solve(a*x"2 + b*x + ¢, [a, b, c])piecewise([x = 0, {[a =z, b=1z1,c =0]}], [x <> 0,
{la =-(z1 + x*z)/x*2, b =z, ¢ = z1]}])

fla=z b=2zl, c=0]} if x=0

§
{ ‘SJ%{EE aiso—cg-:xl'a:ﬁféﬁl_.rﬁ?anzefpréss;torzéﬁ j inf'sxwhet® x is a list of variables for

ich you solve an equation, and S islal set of the solution vectors:
solve(a*x + 1/x)matrix([[a], [x]]) in Dom::ImageSet(matrix([[-1/z"2], [z]]), z,
C_ minus {0})

g
{ _ 1 %

—_
A

[L-]E<[ z

z € C\ {0}

Solve Fliéhér-Order Polynomial Equations

When you solve a higher-order polynomial equation, the solver sometimes
uses RootOf to return the results:
solve(x*3 + 2*x + 1 = 0, x)RootOf(z*3 + 2*z + 1, z)

RootOf(z" + 2 = + 1, z)

To get an explicit solution for such equations, try calling the solver with the
option MaxDegree. The option specifies the maximal degree of polynomials for
which the solver tries to return explicit solutions. By default, MaxDegree=2.
Increasing this value, you can get explicit solutions for higher-order
polynomials. For example, specify MaxDegree=3 and get explicit solutions
instead of RootOf for the third-order polynomial:

solve(x*3 + 2*x + 1 = 0, x, MaxDegree = 3){((sqrt(69)*sqrt(108))/108

- 1/2)M(1/3) - 2/(8*((sqrt(69)*sqrt(108))/108 - 1/2)"(1/3)),
1/(3*((sqrt(59)*sqrt(108))/108 - 1/2)~(1/3)) - ((sqrt(59)*sqrt(108))/108

- 1/2)M(1/3)12 - (sqrt(3)*(2/(3*((sqrt(59)*sqrt(108))/108 -
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1/2)7(1/3)) + ((sqrt(69)*sqrt(108))/108 - 1/2)(1/3))*1)/2,
1/(3*((sqrt(59)*sqrt(108))/108 - 1/2)"(1/3)) - ((sqrt(59)*sqrt(108))/108

1/2)7(1/3)/2 + (sqrt(3)*(2/(3*((sqrt(59)*sqrt(108))/108 - 1/2)"(1/3)) +
((sqrt(569)*sqrt(108))/108 - 1/2)~(1/3))*1)/2}

When you solve a fifth- or higher-order polynomial equation, the solver might
be unable to return the solution explicitly, even with the option MaxDegree

© (VBB T
E())%V%@étl%! ))l(l,jx) solve(x"5 +22*x +1=0,x, MaxDegrfe = ] L i 158

v B9, 108 1 /3’ L B3, 108 1 41/3
3 (v 591108 “| 3 (¥58y 108 1)

108
5 ) o ~.
RootOflz + 1, , (VB8 T8 1\ 13 |
RootOf(;AS + 2*? l]EIBZ) 3\ 108 T ] ‘.
S ) 1 7
2 " 59, 108 1/3
( yooE s,
RootOf(z +2z+1, z) 3 Ia o8 \'
", 5 Il'f _ 2_ + |'r + 59+, 108 _ l\l 1/3% i
\ 3 ( = 1':'8_ 1)1;3 N 108 27 ]
. h 108 2 '
2
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In general, there are no explicit expressions for the roots of polynomials of
degrees higher than 4. Setting the option MaxDegree to 4 or a higher value
makes no difference.

RootOf symbolically represents the set of the roots of a polynomial. You can
use the expressions containing RootOf in your further computations. For
example, find the sum over all roots of the polynomial:

sum(S"2 + S + 2, S in RootOf(X”5 + 2*X + 1, X));10

10

To get the numeric approximation of the roots, use the float command:
float(RootOf(X~4 + X + 1, X)){- 0.7271360845 + 0.4300142883*1, -
0.7271360845 + (- 0.4300142883*I), 0.7271360845 + 0.9340992895*1,
0.7271360845 + (- 0.9340992895*1)}

{-0.7271360845 + 0.4300142883 i, - 0.7271360845 - 0.43001 42883 i,
Forl mbre ebiid Bnt ittt AP FroSationd; bee/ SoiiNERtations 40992895 i}

Numerically.

For univariate polynomial equations, MuPAD also can compute intervals
containing the real roots. See Isolating Real Roots of Polynomial Equations.

Find Multiple Roots

By default, the solve command does not return the multiplicity of the roots.
When the solution of an equation contains multiple roots, MuPAD removes
duplicates:

solve(x"2 - 6*%x + 9 = 0, x){3}

i~
La
—r
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I

(l

The solver does not display multiple roots because it returns results as a set.
A set in MuPAD cannot contain duplicate elements. To obtain polynomial
roots with their multiplicities, use the option Multiple:

solve(x"2 - 6*x + 9 = 0, x, Multiple); solve((x - 1)*3*(x - 2)*7, x, Multiple){[3, 2]}

3, 2]}
{1, 31 12, 71}

{I1, 31, [2, 7]}

Isolate Real Roots of Polynomial Equations

For some polynomial equations, the solver cannot return the explicit symbolic

solutions.
p:=x"5 - 31%x74/32 + 32*x"3/33 - 33*x"2/34 - 34*x/35 + 35/36: solve(p,
x)RootOf(z*5 - (31*%z74)/32 + (32%z"3)/33 - (33%2z"2)/34 - (34*z)/35 + 35/36, z)

31z° 322 33z° 34z 35

Rooth(zE— 29 g\l

. 32 33 34 35 368
If you prefer a solution in a form other than RootOf and want to avoid numeric
methods, use polylib::realroots to find all intervals containing real solutions:
p:= x"5 - 31*x"4/32 + 32*x"3/33 - 33*x"2/34 - 34*x/35 + 35/36:
polylib::realroots(p)[[-2, 0], [3/4, 7/8], [7/8, 1]]

[-2.01 [3 2] [Z.1]]
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In this section...

“Linear Systems of Equations” on page 3-34

“Linear Systems in a Matrix Form” on page 3-35

“Nonlinear Systems” on page 3-41

Linear Systems of Equations

When solving a linear system of symbolic equations, the general solver
returns a set of solutions:
solve([x + y =1, 3*x - 2*y = 5], [x, yDi[x = 7/5, y = -2/5]}

e =7 +=_211
|W* =5’ 5],1

The function linsolve returns a list of solutions:
linsolve([x +y = 1, 3*x - 2*y = 5], [x, y])[x = 7/5, y = -2/5]

=7, y=-2]

¥t YTE
If there are more unknowns than independent equations in a system, linsolve
solves the system for the first unknowns:
linsolve([x +y = a, 3*x - 2*y = D], [%, y, a, b])[x = (2*a)/5 + b/5, y = (3%a)/5 - b/5]

|:_};': 2a +b_',_;r:3_'3-b_':|
5 5 5 5
Providing the unknowns in different order affects the solution:
linsolve([x + y = a, 3*x - 2*y = D], [a, b, X, y])[a =x +y, b = 3*x - 2*y]

[@a=x+y, b=3x-2 y]
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Linear Systems in a Matrix Form

To state the problem of solving the system of linear equations in a matrix
form, use the following steps:

1 Create a matrix A containing the coefficients of the terms of linear
equations. Each equation contributes to a row in A.

2 Create a column vector ‘b&rarr;'}r containing the right sides of the
equations.

—

3 The matrix form of the linear system is A * ‘x&rarr;'=b&rarr; 4 ;g: = b.
When solving a system in a matrix form, you provide a matrix A and a

vector ‘b&rarr;' . The solver returns the solutions of the system as a

vector ‘x&rarr;'x.

The dimensions m n of the coefficient matrix define the following types of
linear systems.

m = Square system If the determinant of A is not a zero, a unique
n solution of the system exists. Otherwise, the
system has either infinitely many solutions or
no solutions.

m > Overdetermined | The system includes more equations than

n system variables. The system can have one solution,
infinitely many solutions, or no solutions.

m < Underdetermined | The system includes more variables than

n system equations. The system has either infinitely

many solutions or no solutions.

To solve a linear system in a matrix form, use the linalg::matlinsolve
command. For example, solve the following system of linear equations:

eqnl := 2*x + 3*y = 4: eqn2 := 3*x - 2*y = 1:To convert the system to a matrix
form, use the matrix command to create a matrix of coefficients and a vector
containing right sides of equations:

A = matrix([[2, 3],[3, -2]]); b := matrix([4, 1])matrix([[2, 3], [3, -2]])
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( Ba
Batrix(([4], [11)

i 4
Ial}

As a shortcut for converting a system of linear equations to a matrix form, use
linalg::expr2Matrix:
Ab := linalg::expr2Matrix([eqnl, eqn2], [x,y])matrix([[2, 3, 4], [3, -2, 1]])

( 2 3 4

3 -21)

Now, use linalg::matlinsolve to solve the system:
linalg::matlinsolve(Ab)matrix([[11/13], [10/13]])

/11

PEE

| o

|10 | . . . . . ..

*P%li rnatively, split the matrix Ab into a matrix of coefficients A and a vector
b containing the right sides of equations. Use linalg::matlinsolve to solve
the system:

A :=Ab[1..2,1..2]: b := Ab[1..2, 3..3]: linalg::matlinsolve(A, b)matrix([[11/13],
[10/13]])

=

."; 11y
[ 13

| 10 . L . . . .
‘-‘_I‘iﬁrq'ur linear system is originally defined by a matrix equation, using the
matrix form to solve the system is more intuitive. Also, the matrix form
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1s convenient for solving equations with many variables because it avoids
creating symbols for these variables. For example, the following matrices
define a linear system:

A :=linalg::hilbert(10); b := matrix([i*(-2) $ 1 = 1..10])matrix([[1, 1/2, 1/3, 1/4,
1/5, 1/6, 1/7, 1/8, 1/9, 1/10], [1/2, 1/3, 1/4, 1/5, 1/6, 1/7, 1/8, 1/9, 1/10, 1/11], [1/3,
1/4, 1/5, 1/6, 1/7, 1/8, 1/9, 1/10, 1/11, 1/12], [1/4, 1/5, 1/6, 1/7, 1/8, 1/9, 1/10,
1/11, 1/12, 1/13], [1/5, 1/6, 1/7, 1/8, 1/9, 1/10, 1/11, 1/12, 1/13, 1/14], [1/6, 1/1,
1/8, 1/9, 1/10, 1/11, 1/12, 1/13, 1/14, 1/15], [1/7, 1/8, 1/9, 1/10, 1/11, 1/12, 1/13,
1/14, 1/15, 1/16], [1/8, 1/9, 1/10, 1/11, 1/12, 1/13, 1/14, 1/15, 1/16, 1/17], [1/9,
1/10, 1/11, 1/12, 1/13, 1/14, 1/15, 1/16, 1/17, 1/18], [1/10, 1/11, 1/12, 1/13, 1/14,
1/15, 1/16, 1/17, 1/18, 1/19]])

1 1
10 1T 1z 13 14 15 18 17 18 3-37

]

i 1+ 1 1 1 1 1 1 1 14
2 3 4 5] [5 7 5] g 10 |
i 11 1 1 1 1 1 1 1
2 3 4 [ [5] T a8 g 10 11
i 11 1 1 1 1 1 1 1
] 4 5 [ 7 5] S 1o 11 1z
i 11 1 1 1 1 1 1 1
mbtrix([[15, [1/4], [3/9]°[1/16], f¥2542 [1436]|, [1/49], [1/64], [1/81], [1/100]])
i 11 1 1 1 1 1 1 1
5 [5] Fi 53 S 10 11 12 13 14
i 11 1 1 1 1 1 1 1
[5] 7 5] S 10 11 1z 13 14 1B
i 11 1 1 1 1 1 1 1
i 5] S 10 11 12 13 14 185 16
i1 1 1 1 1 1 1 1 1
5] @ 10 11 12 13 14 1 15 17
1 1 1
9
1

ol
=]
=
=
-
tl
=
)
el
o
e
o
5l
]
-
=
bl
o0
-
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o (el [ [

Ta solve this system, use linalg::matlinsolve:

lindlgr:matlinsolve(A, b)matrix([[1451/252], [-99], [1188], [-8008], [63063/2],

[-378378/5], [112112], [-700128/7], [196911/4], [-92378/9]])
38

-

=
[=]
o)
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1451

[ 82
-89
1188

- 8008

G3053

If yons sust

typeso12s
7

o 195211 .

L is a low

Specialized Matrices

em of linear equations can be presented as a specialized matrix,

you can solye the system by calling a special solver. Direct calls to the special

n improve the performance of your code. MuPAD offers special

splver, e
sﬁlvgvg ﬁg linear systems that can be represented by matrices of the following

—

given by L * U * x&rarr;=b&rarr;'[, [J ;_g" = b, where

| - @ecg

yer triangular matrix, and U is an upper triangular matrix
mposition of a matrix)

¢ Toeplitz matrix. For example, the following matrix is a Toeplitz matrix:

matrix([[a_0, a_1, a_2, Symbol::cdot,Symbol::cdot, Symbol::cdot,
Symbol::cdot, Symbol::cdot, a_n], [{a}_{-1}‘, a_0, a_1, a_2, Symbol::cdot,
Symbol::cdot,Symbol::cdot, Symbol::cdot, {a}_{n - 1}], [{a}_{-2}, {a}_{-1}',

a_0,a_l1l,
[Symbol::

a_2, Symbol::cdot,Symbol::cdot, Symbol::cdot, {a}_{n - 2},
cdot, " ", Symbol::cdot, Symbol::cdot, Symbol::cdot, " ", " ",

" " Symbol::cdot], [Symbol::cdot, " ", " ", Symbol::cdot, Symbol::cdot,
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Symbol::cdot, " ", " ", Symbol::cdot], [Symbol::cdot, " ", " ", " ", Symbol::cdot,
Symbol::cdot, Symbol::cdot, " ", Symbol::cdot], [Symbol::cdot, " ", " ",

"o Symboliiedot, a_0, a_1, a_2], [Symbol::cdot, " ", " ", " ", " ",
Symbol::cdot, {a}_{-1}, a_0, a_1], [{a}_{-n}‘,Symbol::cdot, Symbol::cdot,
Symbol::cdot,Symbol::cdot,Symbol::cdot,{a}_{-2},{a}_{-1}‘, a_0]])

ED al 62 - ] ] ] ] aﬂ
g1 dp d1 d2 - o dnppa
d.3 d.1 dg &1 d2 * dnp-2

“See lina]&:toe‘plitz‘ for the definition and details.

¢ "Vandermonde matrix. Fét@xathiple, Gl following matrix is a Vandermonde
‘matrix:: d.1 dp 41

a_n . . - . . 5_2 a_l 3
matrix([[1, a_1, a_1"2, Symbol::cdot, %ymbol::cdot, Symbol::cdot,
a_17(n-1)], [1, a_2, a_2"2, Symbol::cdot, Symbol::cdot, Symbol::cdot,
a_2”(n-1)], [Symbol::cdot, Symbol::cdot, Symbol::cdot, Symbol::cdot, " ", " ",
Symbol::cdot], [Symbol::cdot, Symbol::cdot, Symbol::cdot, " ", Symbol::cdot,
" " Symbol::cdot], [Symbol::cdot, Symbol::cdot, Symbol::cdot, " ", " ",
Symbol::cdot, Symbol::cdot], [1, a_n, a_n, Symbol::cdot, Symbol::cdot,
Symbol::cdot, a_n”"(n-1)]])

I/]_a 52...5
1 1 1

2
1 do do - -+ d2

" See linélg::\;andermonée for[the definition and details.

3-40 \1 ap ap - - - an" )
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Suppose you want to solve the following system given by a Toeplitz matrix.
Use linalg::toeplitz to define the system:
T := linalg::toeplitz(3, [0, 2, 5, 3, O])matrix([[5, 3, 0], [2, 5, 3], [0, 2, 5]])

fl

r

-\.

]MU’I

3
5
Thegvector y defines the right sides of equations:
y := matrix([1, 2, 3])matrix([[1], [2], [3]])

U'I'LJI:

|'rf 1!

| 2|

L |

. 'ijo" solve a system given by a Toeplitz matrix, use the linalg::toeplitzSolve
special solver. This special solver is more efficient than linalg::matlinsolve.
This solver accepts a vector or a list of diagonal elements t of a Toeplitz

matrix instead of a Toeplitz matrix itself:
t:=][0, 2, 5, 3, 0]: x :=linalg::toeplitzSolve(t, y)ymatrix([[16/65], [-1/13], [41/65]])

16

|'I. E lII
deletex, vy, t, a, b:For the list of special solvers available in MuPAD, see
Choosing Solver. For information on linear algebra functions, see “Linear

At

Nonlinear Systems

To solve a system of nonlinear equations symbolically, use the general solver.
For example, solve the following system of trigonometric equations:
solve({4*cos(x) + 2*cos(y) = 3, 2*sin(x) + sin(y) = 1}, [x, y])matrix([[x],

[¥]D) in Dom::ImageSet(matrix([[2*arctan((3*sqrt(23))/49 + 16/49) +
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2*PI*k], [2*arctan(8/13 - (3*sqrt(23))/13) + 2*PI*1]]), [k, 1], [Z_, Z_]) union
Dom::ImageSet(matrix([[2*arctan(16/49 - (3*sqrt(23))/49) + 2*PI*k],
[2*arctan((83*sqrt(23))/13 + 8/13) + 2*PI*1])), [k, 1], [Z_, Z_])

¢ When you|use the VectorFbrmat (ﬂﬂnon the sohir r tuén%th %)1%1 ns as a
I-k setjo tors. If you wantaj:he §01‘T§ o return o %utlon fromthe get, use
the Pr‘lrfc pa?l\)%ﬁg Hptiomn: 'W‘hﬁ'ryj utu e?Pr“?ln01 alvalue, the solver still
returns a set although that set contains only one solutlon
solv, + Z*équ) F S_E*Fm ) + sin(y)| = 1}, [x, y], VectorFormat,
Prirc ?mams(( [[Z5actan((3*dqrt(28) /49 + 16/4%)] [2*akctan(8/13 -
(8s t(23))/ 13)]])} e
[] | 2 arctan( 2 3y

Eﬁarctanlh23 16) . Ewﬁ |

5\1 E?Tj"

13

.r.]:l:

[‘L 2 arctanl 323 15\1
4

/ —
ow cal @l OX}%%gQS-t\hé act symbolic solution numerically:

float(%){matrix([[1.110212402], [-0.9134005193]])}

©1.110212402 \11
( -0.9134005193 /|



Solve Algebraic Systems

f

I
!

)
L

If solve cannot compute explicit solutions for a system, use numeric methods
to approximate the solutions. For nonlinear systems, MuPAD offers the
following special solvers:

® For a system of polynomial equations, use numeric::polysysroots.

® For an arbitrary system of equations, use numeric::fsolve.

System of Polynomial Equations

Suppose you want to solve the following system of polynomial equations:
eqnl :=x*3 + x"2%y - 1: eqn2 := x"2 - y*2 = 1/2:The general symbolic solver
produces the result in terms of the RootOf object:

solve({eqnl, eqn2}, [x, y]))matrix([[x], [y]]) in Dom::ImageSet(matrix([[z1"2/2 +
z1 + 1/4], [z1]]), z1, RootOf(z"4 + 4*z/3 + z"2 + 2%z - 7/4, z))

[ z1” 1
%) e [(#-=-14

) \ i
To appr(LXifnate t%e:zl solutions of the system of polynomial equations
numerically, use the special solver numeric::polysysroots:
numeric::polysysroots({eqnl, eqn2}, [x, y]){[x = - 0.4142135624 + (-
0.6435942529*]), y = - 0.2928932188 + (- 0.9101797211*])], [x = 0.8604395883,
y =0.4902614457], [x = 3.967987536, y = -3.904475008], [x = - 0.4142135624 +

0.6435942529*%1, y = - 0.2928932188 + 0.9101797211*I]}

4 3 2
zleRooth[z +4 =z + = +22—%. 2\1

r

[x =-0.4142135624 - 0.643559425291, y = -0.2928932188-0.910179

Siately ob oy

uppose you wan %o solve the fo

ey Nopils Bglehiens) = =00 o) es Lo sior:

lowing system of e’c’iu&tlons:

eqnl := sin(a) - cos(b) + a*b: eqn2 := (sin(a) + cos(b))”3:The general solver
cannot find a symbolic solution:
solve({eqnl, eqn2}, [a, b])solve([sin(a) - cos(b) + a*b, cos(b) + sin(a)], [a, b])
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solve([sin(a) - cos(b) + a b, cos(b) + sin(a)], [a, b])

For numeric approximations of the solutions of the nonlinear system of
equations, use the numeric::fsolve. The numeric solver returns only one

solution:
numeric::fsolve({eqnl, eqn2}, [a, b])[a = -0.0000000002989173645, b =
1512.676862]

[ = -0.00000000028859173645, b = 1512.676862]

Note Note When numeric::fsolve finds one solution, it stops looking for
other solutions.

When you solve an arbitrary nonlinear system numerically, there is no
general way to find all solutions. For more information, see Solving Equations
Numerically.
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Solve Ordinary Differential Equations and Systems

In this section...

“General Solutions” on page 3-45

“Initial and Boundary Value Problems” on page 3-46

“Special Types of Ordinary Differential Equations” on page 3-47
“Systems of Ordinary Differential Equations” on page 3-49

“Plot Solutions of Differential Equations” on page 3-50

General Solutions

An ordinary differential equation (ODE) contains derivatives of dependent
variables with respect to the only independent variable. If y is a dependent
variable and x is an independent variable, the solution of an ODE is an
expression y (x). The order of the derivative of a dependent variable defines
the order of an ODE.

The solution of a single explicit first-order ODE can always be computed by
integration, provided the solution exists. To define an ordinary differential
equation, use the ode command:

0 := ode(y'(x) = y(x)"2, y(x))ode(D(y)(x) - y(x)"2, y(x))

-

odely'(x) - yix)", jf[x]j

Note Note ode does not accept multivariate expressions such as y(x, t). It
also does not accept piecewise expressions.

Now use the general solve to solve this equation:

solve(0){0, -1/(C3 + x)}Alternatively, you can call the ODE solver directly:
ode::solve(y’(x) = y(x)*2, y(x)){0, -1/(C7 + x)}The general solutions of ODEs
contain arbitrary constants of integration. The solver generates the constants
of integration using the format of an uppercase letter C followed by an
automatically generated number. For example, it generates C1, C2, and so on.
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3-46

) r s
solvely"(x) = y'(x)"

For higher-order ODEs, you can find explicit solutions only for special types of
equations. For example, the following second-order equation has a solution in
terms of elementary functions:

ode::solve(y”’(x) = y(x), y(x)){C1l1l*exp(x) + C10*exp(-x)}The solver introduces
the solution of the following equation in terms of the Bessel functions. MuPAD
uses standard mathematical notations for Bessel and other special functions:
ode::solve(y”’(x) = y'(x) + y(x)*exp(x), y(x)){C13*exp(x/2)*besseld(1,
2*exp(x/2)*]) + C14*exp(x/2)*besselY(1, 2*exp(x/2)*I)}If you have a second- or
higher-order ODE, nonlinear ODE, or a system of ODEs, a symbolic solution
does not always exist:

ode::solve(y”(x) = y'(x)"2 + y(x)*exp(x), y(x))solve(D@@2)(y)(x) = D(y)(x)"2 +
exp(x)*y(x), y(x))

-

X o)
+2 VX, FlLX)

For ODEs that cannot be solved symbolically, try using numeric solvers.

Initial and Boundary Value Problems

Many problems in engineering and physics involve solving differential
equations with initial conditions or boundary conditions or both. To specify
initial or boundary conditions, create a set containing an equation and
conditions. For example, state the following initial value problem by defining
an ODE with initial conditions:

IVP = ode(ly”(x) = y(x), y(0) = 5, y'(0) = 1}, y(x))ode({D(y)(0) = 1, (D@@2)(y)(x)
- y(x), y(0) = 5}, y(x))

'll e Y 'll'll Y i Y el i Y
ode({y (0) =1, ¥ (x)-y(x), ¥(0) = 5}, ¥(x))

When you solve an ODE with initial or boundary conditions, the solver adjusts
the integration constants to fit these conditions:
solve(IVP){2*exp(-x) + 3*exp(x)}
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The following equation has both initial and boundary conditions:
ode::solve({y”(x) = y(x), y(0) = 0, y(5) = 1, y'(0) = 0},
y(x)){(exp(5/2)*exp(-x/2)*cos((sqrt(3)*x)/2))/(cos((5*sqrt(3))/2) - exp(15/2)

+ sqrt(3)*sin((6*sqrt(3))/2)) - (exp(5/2)*exp(x))/(cos((6*sqrt(3))/2)

- exp(15/2) + sqrt(3)*sin((6*sqrt(3))/2)) +
(sqrt(3)*exp(5/2)*exp(-x/2)*sin((sqrt(3)*x)/2))/(cos((6*sqrt(3))/2) - exp(15/2) +
sqrt(3)*sin((56*sqrt(3))/2))}

5 X
[Each 1nd@peﬁdenbinbﬁdilt;g;n_rjémoves one integration conséarn‘re

x.f) Ey(()_‘;} 0}, )){CS + (C38 @xﬁ( ) - exp( X)E(C§ +C ode
{ SRDZSD = 6 1) > 1, SEhs8 ) (obRBEesD 3 z?p(l)* v
C39*exp(1)))/(exp(2) 1) - (exp(-x)*(exp(1) - C39*exp(1) + C89*exp(2)))/(exp(2)
D}ode::solve({y”Ex) = £(x), y(0) =0,y(1) = 1, }(0) = 1/2}, y(x));{(exp(-x)*(3*exp(1)
- exp(2)))(2Fesp(2) - ’2*smp(1;_-ﬁ - (4*exp(1) - exp(2) + 1)/(2*(exp(2) -

Z*G*pﬁé*—ﬁ%@*ﬁfy—ﬁ*p%% 2) - 2¥exp(1) + 1))}

cos| ELS\J—e‘ + /3 sin( 5';3\]
o doos o2

-golve(i.y z (X)§ \'I

[ e (3e-6%)  de-e’+l . 8 (s+1)

l2(e®-2e+1) 2(e*-2e+1) 2(e’-2e+1)]
Special Types of Ordinary Differential Equations

Suppose, the equation you want to solve belongs to the Clairaut type:
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0:= ode(y(x) = x*y'(x) + y(x)"3, y(x)): solve(0){C44"3 + x*C44,
-(2%sqrt(3)*(-x) " (3/2))/9, (2*sqrt(3)*(-x)"(3/2))/9} The solver recognizes the type
of the equation and applies the algorithm for solving Clairaut equations. To
improve performance, call the solver with the option Type = Clairaut:
solve(o, Type = Clairaut){C45"3 + x*C45, -(2*sqrt(3)*(-x)"(3/2))/9,
(2*sqrt(3)*(-x)~(3/2))/9} The solver tries to recognize and tries to solve the
following classes of ODEs.

Type Equation ODE Solver Option
Abel differential y(x) = a_0(x) + Abel
equation a_lx)*y(x) +

a_2(0*y ()12 +
a 3®*Y(X®"37 (X) = q0(X) + @1(X¥) y(¥) + az(x) y(x)

Bernoulli differential y(x) + pX)*y = Bernoulli

equation q(X)*y(x)"n_?r[XJ + DAYV = gX) VX
wheren#0andn#1

Jﬂ

Chini differential y(x) = a_0(x) + Chini
equation a_lx)*y(x) +
a(*y@ 'y’ (x) = aolx) + a1(x) y(x) + alx) y(x)”
Clairaut differential y(x) = x*y'(x) + Clairaut
equation s y(x) = x ¥ (x) + g(¥'(x))
Exact first-order y(x) = f(x, ExactFirstOrder
ordinary differential v) }r" (x) = f(x, ¥)
equation that can be represented

as M(x, y)dx + N(x, y)dy
= 0 where diff(M(x,
y), y) = diff(N(x, y),

N0 M(x, v) = 2 N(x, ¥)

Exact second-order y”t(yxsr = (%, y(x), ox ExactSecondOrder
ordina'\ry differential y’(X))}r”[XJ = f(x, y(K), J,rr[x”
equation if a first integral turns

this equation into a
first-order ODE
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Type Equation ODE Solver Option
Linear homogeneous Dy = 0, where D 1is Homogeneous
ordinary differential a linear differential
equation operator
Lagrange differential y(x) = x*(y'(x)) + Lagrange
equation sy'@)y(x) = x F(¥'(x) + gly'(x))
Riccati differential vy (x) + px)*y(x) Riccati
equation = q®)*yx)*2 +
2
I'(X)_}’I[X:I + PlX) VixX)= glx) vix) + rix)

If the solver cannot identify the equation with the type you indicated, it issues
a warning and returns the special value FAIL:

ode::solve(y'(x) + y(x) = x, y(x), Type = Homogeneous) Warning: Cannot detect
the homogeneous ODE. [ode::homogeneous] FAIL

FAIL

Systems of Ordinary Differential Equations

To solve a system of differential equations, specify the system as a set of
equations:

s ={y'(x) = 2(x), 2'(x) = y(x) + 2¥z(x)}:Call the ode::solve function specifying the
set of functions {y(x), z(x)} for which you want to solve the system:
ode::solve(s, {y(x), zx)D{[z(x) = exp(-x*(sqrt(2) - 1))*(C47 - sqrt(2)*C47 +
C46*exp(x*(sqrt(2) - 1))*exp(x*(sqrt(2) + 1)) + sqrt(2)*C46*exp(x*(sqrt(2) -

1) *exp(x*(sqrt(2) + 1)), y(x) = exp(-x*(sqrt(2) - 1))*(C47 + C46*exp(x*(sqrt(2)
- )*exp(x*(sqrt(2) + 1)))]}Now, suppose the system of differential equations
appears in a matrix form. For example, define the system Y’ = A*Y +

BY = A ¥+ B, where A, B, and Y represent the following matrices:

Y:= matrix([x(t), y(t)]): A:= matrix([[1, 2], [-1, 1]]): B:= matrix([1, t]):The
ode::solve function does not accept matrices. To be able to use this solver,
extract the components of the matrix and include them in a set. Use the

op function to extract the equations from the matrix. Then, use the braces
to create a set of the equations. You can omit the right sides of equations, in
which case MuPAD assumes them to be 0:
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s := {op(diff(Y, t) - A*Y - B)Hdiff(y(t), t) - t + x(t) - y(t), diff(x(t), t) - x(t) -
2%y(t) - 1}

fi ¥l V- +xi0 8- ¥l ri, Xt -xit)y-2 ¥l L - 1'1.

]\ ?Tgw, specify the set of functionas [{x(t), y(®)} for which you Wan{[ to solve the
system. Solve the system and simplify the result:
simplify(ode::solve(s, {x(t), y(t)})){[x(t) = (2*t)/3 + C48*exp(t)*cos(sqrt(2)*t) -
C49%exp(t)*sin(sqrt(2)*t) + 1/9, y(t) = - t/3 - (sqrt(2)*C49*exp(t)*cos(sqrt(2)*t))/2
- (sqrt(2)*C48*exp(t)*sin(sqrt(2)*t))/2 - 2/9]}If you are solving several similar
systems of ordinary differential equations in a matrix form, create your own
solver for these systems, and then use it as a shortcut. The solver for such
systems must be a function that accepts matrices as input arguments, and
then performs all required steps. For example, create a solver for a system
of the first-order linear differential equations in a matrix form Y’ = A*Y +

BY' = A Y + B, where the components of functions depend on the variable
t:

solveLinearSystem := (A, B, Y) -> solve(ode({op(diff(Y, t) - A*Y - B)},
{op(Y)})):The solveLinearSystem function accepts matrices as input
parameters, creates a matrix of equations, extracts these equations to a set,
and solves the system:

Y:= matrix([x(t), y(t)]): A:= matrix([[1, 2], [-3, 1]]): B:= matrix([2,

t]): simplify(solveLinearSystem(A, B, Y)){[x(t) = (2*t)/7 +
C50*exp(t)*cos(sqrt(6)*t) - C51*exp(t)*sin(sqrt(6)*t) - 10/49, y(t) = - t/7 -
(sqrt(6)*Cb51*exp(t)*cos(sqrt(6)*t))/2 - (sqrt(6)*C50*exp(t)*sin(sqrt(6)*t))/2

- 37/49]}

Plot Solutions of Differential Equations

Suppose you want to solve the following equation. The solver returns the
results as a set even if the set contains only one element:

f := ode:solve({y”’(x) = x*y'(x), y(0) = 0, y’(0) = 1/3},
y(x)){-(sqrt(2)*sqrt(PI)*erf((sqrt(2)*x*1)/2)*I)/6}
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ra — II. . : . , "
{ V2T erflk%‘“\fl i }
B .
The plotting functions in MuPAD do not accept sets. To plot the solution,
access the elements of a solution set using square brackets or the op command:
plotfunc2d(f[1], x = -3..3)

Y 12
10

|5 T A R - : ]

If you have more than one element of a solution set, you can access a
particular element. For example, pick the second element of the solution
set for the system of ODEs:

f := ode::solve({y’(x) = z(x), z'(x) = y(x) + 2*z(x), y(0) = 0, z(0) = 1}, {y(x),
z(x)P{[z(x) = exp(-x*(sqrt(2) - 1))*((exp(x*(sqrt(2) - 1))*exp(x*(sqrt(2) + 1)))/2
- sqrt(2)/4 + (sqrt(2)*exp(x*(sqrt(2) - 1))*exp(x*(sqrt(2) + 1)))/4 + 1/2), y(x) =
-exp(-x*(sqrt(2) - 1))*(sqrt(2)/4 - (sqrt(2)*exp(x*(sqrt(2) - 1))*exp(x*(sqrt(2) +
INENH
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3-52

— { xivZ-1 xiy2+D — — x(v2-1) Iy 2+1)
£‘ xIon (68 YTV e VT W y2e T e T

{ Re¥dlverfreturns resths*fo*ra—sttmra's—a—se't thyprt cﬁnms—a—l’rst.—{_‘}‘l’mren— *
he set and access the list, use square brackets or the op command. To access

a particular entry of this list, use square bﬁa}(‘jﬁet&. 7.1 )
f1] [_21;gp(f)[2&y@>§=1—:e>§p<~.-.x2<sqr@.<za D) * (st éqrtq) exp(x*(sqrt(2)
J)Frexp(xNsart(2) + V)AL 1

5

— fo—= — Xy 2-1 Xy Z+1 Y
x(vZ-0 [ /2 v2e e
qrt(2) -

VY = Sefp(x*(sart(@) ~D)*(sqrt(@/E - GAUD exp((s

y(x) = -6 .,

1) *exp(x*(sqrt(2) + 1)))/4)

— fo—= — x(y2-1) x| §+1]~"'
-x (v 2-1) r V2 v2e g

4 4
To access the right side of the equation, use square brackets or the rhs
command:

f[1]12]12]; rhs{[1][2])-exp(-x*(sqrt(2) - 1))*(sqrt(2)/4 - (sqrt(2)*exp(x*(sqrt(2)
- 1) *expx*(sqrt(2) + 1)))/4)

/

— o= — x(v2-1) x| §+1]~"'
'X'xz'li'r V2 O VZ2e ' g

Efexp(-X*(sq]t"t‘(Q):l- 1)_)*(sqrt(2)/4 - (&qrt(Q)*exp(x’i_)sqrt(Z) - 1)) *exp(x*(sqrt(2)

+ 1))/4)

]
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Plot this sol{ltion:
plotfunc2d(f[1][2][2], x = -1..1)

To plot a solution of the system of ODEs in 3-D, use the plot::Curve3d
command:

solution := plot::Curve3d([x, f[1][2][2], f[1][1][2]], x = -2..2, GridVisible):
plot(solution)
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MuPAD provides the functions plot::0de2d and plot::Ode3d for visualizing
solutions of ODEs. Also, you can plot a vector field associated with an

ODE. For all graphic capabilities available in MuPAD, see Graphics and
Animations.
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Test Results

In this section...

“Solutions Given in the Form of Equations” on page 3-55
“Solutions Given as Memberships” on page 3-57

“Solutions Obtained with IgnoreAnalyticConstraints” on page 3-59

Solutions Given in the Form of Equations

Suppose you want to verify the solutions of this polynomial equation:
equation := x"*3 + 4 = 0: solution := solve(equation){[x = -2*(2/3)], [x =
27°M2/3)*(1/2 + (sqrt(3)*1)/2)], [x = -27(2/3)*(- 1/2 + (sqrt(3)*1)/2)]}

2 23 | 23 | -
{[}: _ _24;3]: [X _ 2&;3 I\l .V 3 1\] [}: _ _24;3 I\ 1,V 3 1\”
. 2 2 . 2 2

To verify the correctness of the returned solutions, substitute the solutions

into the original equation. To substitute the results given in the form of

equations, evaluate the original equations at the solution points. Use evalAt

or the vertical bar | as a shortcut. For the first solution, the command

returns the identity:

equation | solution[1]0 =0

0=0

To check that the left side of the equation is equal to the right side, use the

testeq command:
testeq(equation | solution[1])TRUE

TRUE

For the second solution, evalAt returns an equation with an unsimplified left
side. In many cases, MuPAD does not automatically simplify expressions,
for example:
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equation | solution[2];4*(1/2 + (sqrt(3)*1)/2)*"3 +4 =0

/ =i\ 3
4(l+1“:231) +4 =10

testeq simplifies the expressions on both sides of the equation:
testeq(equation | solution[2])TRUE

TRUE

As an alternative to evaluating at a point, use the subs command to substitute
the solution into the original equation:

equation := x*3 + 4 = 0: solution := solve(equation); testeq(subs(equation,
solution[1])); testeq(subs(equation, solution[2])); testeq(subs(equation,
solution[3])){[x = -2"(2/3)], [x = 27 (2/3)*(1/2 + (sqrt(3)*1)/2)], [x = -2~ (2/3)*(- 1/2
+ (sqrt(3)*1)/2)]}

TRUE
TRUE

TRUE
TRUE

TRUE

To verify the solutions of a system of equations, test each equation separately:
equations := {x"2 + 2*y = 3, 4*x"2 + 5*y = 6}: solutions := solve(equations,
{x, y}); testeq((equations | solutions[1])[1]); testeq((equations | solutions[1])[2]);
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testeq((equations | solutions[2])[1]); testeq((equations | solutions[2])[2]){[x = -1,
y=2], x=1y=2]}

TRUE

Solutions Given as Memberships

Suppose you want to verify the solutions of this trigonometric equation:
equation := sin(x)/x = 0: solution := solve(equation, x)Dom::ImageSet(PI*k,
k, Z_ minus {0})

{nk|kez\{0}}

To verify the results, evaluate the original equation at the solution points.
Evaluating at a point requires a solution to be in the form of an equation. If
you have a solution in the form of membership, evalAt returns an error:
equation | op(solution) Error: An equation is expected. You cannot use the
expression X = solution directly because solution is represented by a set.
This set contains the solution for the variable x, the independent variable k,
and the condition on the variable k:

op(solution)PI*k, [k], [Z_ minus {0}]
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3-58

n k, [k], [Z\ {0}]

Extract the solution for x, the variable k, and the conditions on the variable k
from the set. MuPAD returns the variable k and its conditions as lists. Use
the additional square brackets to extract k and the conditions from the lists:
op(solution)[1]; op(solution)[2][1]; op(solution)[3][1]PI*k

7Z_ minus {0}

Z\ {0}

Now evaluate the original equation at the solution points x = nk under the
conditions for k:

testeq(equation | x = op(solution)[1]) assuming op(solution)[2][1] in
op(solution)[3][1]TRUE

TRUE

Alternatively, use the subs command to substitute the solution into the
original equation:

testeq(subs(equation, x = op(solution)[1])) assuming op(solution)[2][1] in
op(solution)[3][1]TRUE

TRUE
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Solutions Obtained with IgnoreAnalyticConstraints

If you verify solutions of an equation or a system solved with the
IgnoreAnalyticConstraints option, testeq can return FALSE or UNKNOWN,
for example:

equation := In(x) + In(x + 10) = In(y): solutions := solve(equation, x,
IgnoreAnalyticConstraints); testeq(subs(equation, x = solutions[1]));
testeq(subs(equation, x = solutions[2])){sqrt(y + 25) - 5, - sqrt(y + 25) - 5}

UNENOWIN
FALSE

FALSE

When you solve an equation, inequality or a system using the
IgnoreAnalyticConstraints option, the solver uses an additional set

of simplified mathematical rules. These rules intentionally trade off
mathematical strictness and correctness for simplicity of the results. Although
this option often leads to the most practical and expected results, it also can
lead to incorrect results. For the set of rules IgnoreAnalyticConstraints
applies, see the help page of the solve command.

To verify such solutions, try using the same IgnoreAnalyticConstraints
option for testeq. When you use this option, the testeq command does not
guarantee that the solutions are correct everywhere on the complex plane.
The command checks that the solutions are correct for the values of the
parameters for which the rules applied by IgnoreAnalyticConstraints are
valid:

testeq(subs(equation, x = solutions[1]), IgnoreAnalyticConstraints);
testeq(subs(equation, x = solutions[2]), IgnoreAnalyticConstraints)TRUE

TRUE
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FALSE

FALSE

The testeq command did not verify both solutions. When trying to prove

the equivalence of two expressions, testeq runs random tests before
applying IgnoreAnalyticConstraints. If tests for random values of
identifiers show that expressions are not equivalent, testeq disregards the
IgnoreAnalyticConstraints option and returns FALSE. To suppress running
random tests, set the number of these tests to zero:

testeq(subs(equation, x = solutions[2]), NumberOfRandomTests = 0,
IgnoreAnalyticConstraints) TRUE

TRUE

Verifying numeric results returned by the solver using
IgnoreAnalyticConstraints does not require using the same

option. Substitute numeric results into the original equations and call testeq
to prove equivalence of the expressions on both sides of the equations:
equation := x*(11/2) = 1: solution := solve(equation,
IgnoreAnalyticConstraints); testeq(equation | solution[1]){[x = 1]}

{lx = 11}
TRUE

TRUE
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If Results Look Too Complicated

In this section...

“Use Options to Narrow Results” on page 3-61

“Use Assumptions to Narrow Results” on page 3-63

“Simplify Solutions” on page 3-64

Use Options to Narrow Results

By default, the MuPAD solvers return all possible solutions regardless of
their length. Also, by default the solvers assume the solutions are complex
numbers. To limit the number of the solutions to some specific ones, the
solvers provide a number of options. For information about the options
accepted by a particular solver, see the page for that solver. For example, for
the list of options provided by the general solver, see the solve help page.

The following equation has five solutions:

solve(x”5 - 1, x){1, - sqrt(5)/4 - 1/4 - (sqrt(2)*sqrt(5 - sqrt(5))*I)/4, - sqrt(5)/4
- 1/4 + (sqrt(2)*sqrt(5 - sqrt(5))*1)/4, sqrt(5)/4 - 1/4 - (sqrt(2)*sqrt(sqrt(s) +
5)*1)/4, sqrt(b)/4 - 1/4 + (sqrt(2)*sqrt(sqrt(s) + 5)*I)/4}

I.L.-g 1 II~2"|,5'_"-5‘1 -...g 1 \.21,‘5"1.51 '1.5 1 \E\Lﬁ.
%f y‘ou—ged gsolﬁmﬁémﬂal—n—mberme ﬂE ReWThWhlyTﬂ r A

solution of this equation 1s 1:
solve(x"5 - 1, x,.Reab‘{‘]h
V5 1 2\ v5+5i |

e Z )

It
Ll.l
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For the following standard quadratic equation, the solver returns the
solutions for all possible values of symbolic parameters a, b, and c:
solve(a*x”*2 + b*x + ¢, x)piecewise([a <> 0, {-(b + sqrt(b”*2 - 4*a*c))/(2*a), -(b -
sqrt(b”2 - 4*a*c))/(2*%a)}], [a=0and b <> 0, {-c/b}], [a=0andb=0andc=0
Cl,[a=0andb=0andc<>0, {}])

b+ bi-a b-\/ b4 .
{_ | dﬁ'!_ . dﬁ'} F a2 =0

2a 2a
j—il i = \ =
! U If a=0nb=0

To disregard special cases, use the IgnoreSpecialCases opti n;,
solve(a*x”"2 + b*x]@- ¢, X, IgnoreSpecial gz,eeg){ (b@gsq%t(bA?P *a* c))p2*a)

| ~(b - sqrt(b2 - 4%ac))/(2%a)} if a=0Ab=0nc=0

( b+ y.-"bz—ai ac b—*.i.-'“bz—ai ac

4 -

For the fo?lo?ving equation, the so%vgl't:' returns-a complete, but rather long and
complicated solution:

solve(x*(5/2) + 1/x7(5/2) = 1, x){1/(1/2 - (sqrt(3)*1)/2)~(2/5), 1/(1/2 +
(sqrt(3)*1)/2)~(2/5), -(sqrt(5)/4 + 1/4 - (sqrt(2)*sqrt(5 - sqrt(5))*1)/4)/(1/2 -
(sqrt(3)*1)/2)~(2/5), -(sqrt(5)/4 + 1/4 + (sqrt(2)*sqrt(5 - sqrt(5))*1)/4)/(1/2 -
(sqrt(3)*1)/2)~(2/5), -(sqrt(5)/4 + 1/4 - (sqrt(2)*sqrt(5 - sqrt(5))*I)/4)/(1/2 +
(sqrt(3)*1)/2)~(2/5), -(sqrt(5)/4 + 1/4 + (sqrt(2)*sqrt(s - sqrt(5))*I)/4)/(1/2 +
(sqrt(3)*I)/2)~(2/5)}

3-62



If Results Look Too Complicated

[ \z.-.E--Ei VB 1. vZy/B-yEi
) If you want a simpler ahd more pra(?q_caT spl'u fom, T 7 ? * 3

Ig or‘e@a%yfcg.cCpnst r‘aq}tirqgtlon W11ah this ?QSHPE the Solver uge 51\12;5
L fied nlg I rules thatkaa'e not—g erally correct. IT 7 )

returned solutions tend to be most useful for many problems in engineering
and -Ehysms Nerte ’Eh_tEW1 h this option the solver does not guarantee the
co@etheés*aneﬁe@@-plesen ss of the result:

=1, x, IgnoreAnalyticConstraints){1/(1/2 -
(sqrt(3)’§{)/+2)_@l5 1/(1/2 4 (sqrt(3)*1)/2)~(2/5)}

1 1
CTi\2/5, _31\2/E
{ Sge# -thl;ﬁ.li;h o{’ thelioé.tionsi&\;:bﬁfte} by the general solver solve.

Use Assumptions to Narrow Results

If you want to limit the number of solutions, but the list of options available
for solve does not have an appropriate option, try using assumptions. Suppose,
for the following polynomial expression you need only positive solutions. Use
the assuming command to temporarily assume that x is a positive number.
Under this assumption, the solver returns four positive solutions:

solve(x"7 + 2*x76 - 59*x"5 - 106*x74 + 478%x"3 + 284*x"2 - 1400*x + 800, x)
assuming x > 0{1, sqrt(17)/2 - 1/2, 5*sqrt(2), sqrt(5) - 1}
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[ V17 1 = = .|
1, MIP) 59 UB-1h
) 2 2. Y Y J

Without the assumption, the solver returns all seven solutions:

solve(x"7 + 2*x76 - 59*x"5 - 106*x74 + 478%x/3 + 284*x"2 - 1400*x + 800,
x){1, - sqrt(d) - 1, - sqrt(17)/2 - 1/2, sqrt(17)/2 - 1/2, -5*sqrt(2), 5*sqrt(2), sqrt(5)
-1

[ = V17 01 V17 1 = e e

11_. v B-1, 5 R X B2, By2, v5 1,[
To make several assumptions, combine them with and:
solve([a*x + b*y = ¢, h*x - g¥y ={], [x, y]) assuming f =c and a =h and a <>
0/{--f+gz--}{--f--}\ piecewise| { | x = ------- ,y=z| }ifb+g=0,{]|
x=-,y=0]}ifb+g<>0]| \{--h--}{--h--}/For more information,
see “Properties and Assumptions”.

Simplify Solutions

While solving equations, MuPAD automatically simplifies many objects such
as some function calls and arithmetical expressions with numbers. Automatic
simplifications reduce the complexity of expressions used in intermediate
steps, which improves performance of the solvers.

MuPAD solvers do not call the simplification functions for final results. When
you call the solve command, you can get a long and complicated solution:

S:= solve(In(x) + In(5) = x*2 + In(3), x){exp(-wrightOmega(In(18/25) +
PI*D)/2)*exp(In(3) - In(5))}

w | 111|'£\'| +1T i\'| .
_ ! L4 5 ) )
= Ini 3 -1 &
e e _

To simplify such results, use simplify or Simplify. The simplify function is
faster:
simplify(S){-(sqrt(2)*sqrt(wrightOmega(In(18/25) + PI*1))*I)/2}
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{ v xl,-'“'w[ln[%] +7 1)1
i 2

Simplify is slower, but more powerful:
Simplify(S){(3*exp(-wrightOmega(In(18/25) + PI*1)/2))/5}

w(In| %‘1 +17 1"|

{ 2

[Se

5

For more information, see “Simplification”.
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If Results Differ from Expected

In this section...

“Verify Equivalence of Expected and Obtained Solutions” on page 3-66

“Verify Equivalence of Solutions Containing Arbitrary Constants” on page
3-67

“Completeness of Expected and Obtained Solutions” on page 3-70

Verify Equivalence of Expected and Obtained
Solutions

Symbolic solutions can be returned in different, but mathematically
equivalent forms. MuPAD continuously improves its functionality, including
solvers and simplifiers. These improvements can cause different releases

of MuPAD to return different forms of the same symbolic expressions. For
example, when you solve the equation

eq = ode({y”(t)=-a"2*%y(t), y(0)=1, y'(PI/a)=0}, y(t)):MuPAD 5.1 (R2008b)
returns:

solution := solve(eq): eval(solution) assuming a <> O{cos(a*t)}

{cos(a t)}

For the same equation, MuPAD 5.2 (R2009a) returns:
solution := solve(eq): eval(solution) assuming a <> 0 {(1/exp(a*t*1))/2 +
exp(a*t*I)/2}

Note testeq cannot compare sets. To test mathematical equality of the
solutions returned as sets, compare each pair of the solutions individually.
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If a returned solution differs from what you expect, test mathematical
equality of the solutions:
testeq(cos(a*t), (1/exp(a*t*I))/2 + exp(a*t*I)/2)TRUE

TRUE

Verify Equivalence of Solutions Containing Arbitrary
Constants

Equal Arbitrary Constants

Verifying solutions with arbitrary constants can be a lot more complicated
than verifying simple solutions without constants. In such solutions, consider
arbitrary constants as symbolic parameters. In simple cases, you can assume
that the parameters are equal. For example, solve the following ordinary
differential equation. The form of the returned solution depends on the type of
an equation. The solver can identify an equation with different equation types:
reset()o:= ode(y'(x) = (- 1/x + 2*I)*y(x) + 1/x*y(x)"2, y(x)): 0l := solve(0){0, exp(-
In(x) + 2*x*I)/(C2 + 2*Ei(1, -2*x*I)*I + exp(2*x*1)/x)}

g . .
-lnix+2xi

g p—
[If youzexphicily specify ¢hetype es Berhoulli, the solver returns another form
of the result: ' &
02 := solve(o, Type = Bernoulli){0, (x*exp(- In(x) + 2*x*I))/(exp(2*x*I) + C3*x +
2*x*Ei(1, -2*x*)*I)}

-lnix+2 xd

el C3x+2xEi(l, -2 x1) i
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Check the equality of these two solutions by calling the testeq command for
each pair of the solutions. Remember that testeq cannot compare sets.
testeq(ol[1], 02[1]), testeq(o1[2], 02[2]) TRUE, FALSE

TRUE, FALSE

The second solution returns FALSE because testeq does not know that C2 and
C3 are arbitrary constants. When you explicitly assume the equality of the
constants, testeq confirms that the solutions are mathematically equal:
testeq(ol[1], 02[1]) assuming C2 = C3, testeq(o1[2], 02[2]) assuming C2 =
C3TRUE, TRUE

TRUE, TRUE

Arbitrary Constants Representing Different Expressions
Verifying mathematical equality of the results by assuming that the arbitrary
constants are equal does not always work. The solver can choose arbitrary
constants to represent different expressions. For example, one form of a
solution can include CI and another form of the same solution can include

c2 c2
exp(C2)2 . In this case, you need to assume that C1 = exp(C2)C1 = & .

If the results include arbitrary constants, the number of elements in a
solution set can depend on the form in which MuPAD returns the results. For
example, if you specify the type of the following ordinary differential equation
as Chini, the solver returns three separate solutions:

0:= ode(y'(x) = x*y(x)"2 + x*y(x) + X, y(x)): L:= solve(o, Type = Chini){- 1/2 -
(sqrt(3)*1)/2, - 1/2 + (sqrt(3)*1)/2, (sqrt(3)*tan((sqrt(3)*(x"2/2 + C4))/2))/2 - 1/2}

1 /31 V3tan\
2 2 ' 2 2 2 2

Specifying the type of the same ordinary differential equation as Riccati gives
you two separate solutions:

1_ 1 _ 5_51

3-68



If Results Differ from Expected

M = solve(o, Type = Riccati){- 1/2 - (sqrt(3)*I)/2, exp(-(sqrt(3)*x*2*1)/2)/(C5 -
(sqrt(3)*exp(-(sqrt(3)*x*2*1)/2)*1)/3) - 1/2 - (sqrt(3)*1)/2}

- _,.
31

_l 151 e- 2 _]__\.-'Si

1 WHen yoa specify the equati@ry%}ipe as;'Riccatg the solver returns a more

general result. This regult mes the second and third elements of the set
returned for the-Okinr 5 ditional solutian for the Chini equation
appears at a particular value of the integration constant for the Riccati
equation. Find the value of the constant at which the more general solution
for the Riccati equation turns to the second solution for the Chini equation:
solve(L[2] = M[2], C5){0}

I
L=l

Use evalAt to verify that if the integration constant is 0, the solution for
Riccati equation gives the additional solution that you see for Chini type:
evalAt(M[2], C5 = 0)- 1/2 + (sqrt(3)*I)/2

1, v3 i
2 2

You can find the dependency between the constants in the solutions returned
for Riccati and Chini types. As a first step, rewrite the results using similar
terms. For example, rewrite the expression with exponents in terms of
tangents:

m2 := rewrite(M[2], tan)- (tan((sqrt(3)*x"2)/4) + D)/((tan((sqrt(3)*x"2)/4) -
D*(C5 + (sqrt(3)*(tan((sqrt(3)*x*2)/4) + I)*I)/(3*(tan((sqrt(3)*x*2)/4) - 1)))) -
1/2 - (sqrt(3)*I)/2
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3-70

f = 2
|-3x\| : =
tan "T."'l 1 \31

Define the constant (,5 in terms of C4; _ o

2
€5 = ﬁlg (sol = m23 C5a11§noieﬁpéelﬂl(ﬂafes)){ sqrt(3)*(-

sitEsgr ( o%m(m*r‘m*nmu /

A} 1
1

|
.‘lll i 1.‘II| 'III

t\.'l

\ 3 || tanl .

—( sin(v'3 C4) cos(yv3 C4) 1Yl

[
S ' 3

Now if you want to verify that the two forms of the solution are equivalent,
substitute the constant in Riccati solution with this expression.

For more information on testing mathematical equivalence of the solutions,
see Testing Results.

Completeness of Expected and Obtained Solutions

Special Cases

The returned results can differ from what you expected due to incompleteness
of the expected or the returned solution set. Complete sets of solutions account
for all the special cases for all symbolic parameters and variables included in
an equation. Complete solutions can be very large and complicated. Often
you need only one practical solution from a long or infinite solution set.
Some solvers are designed to return incomplete, but practical solutions. For
example, consider the equation ax + b = y. When solving this equation in the
MATLAB Command Window, the toolbox ignores special cases:

>> golve(Ca*x + b =y)

ans =



If Results Differ from Expected

-(b - y)/a

MuPAD returns the complete set of solutions accounting for all possible
values of the symbolic parameters a, b, and y:

solve(a*x + b =y, x)piecewise([a <> 0, {-(b - y)/a}], [p=yand a=0, C_], [b <>
y and a =0, {}])

0

1

(f22) it

d

Solving the equation in MuPAD with the IgnoreSpecialCases option, you
get tHe samd Ehétt Fedlilh a3 i tHe MATLAB Command Window:
solve(a*x + b =y, x, IgnoreSpecialCases){-(b - y)/a}

1 C if b=ynra=20

Infinite Solution Sets
Some equations have an infinite number of solutions. When solving the same

equation in the MATLAB Command Window, you get only one solution from
the infinite set:

>> syms X;

>> golve(sin(x))

ans =

0

By default, the MuPAD solver returns all the solutions:
= solve(sin(x), x)Dom::ImageSet(PI*k, k, Z_)
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(nk|kez}

To get one element of the solution set, use the solvelib::getElement command:
solvelib::getElement(S)0

If you want the solver to return just one solution, use the PrincipalValue
option:
S := solve(sin(x), x, PrincipalValue){0}

{0}

PrincipalValue can help you shorten the results omitting all solutions,
except one. The option does not allow you to select a particular solution.
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Solve Equations Numerically

In this section...

“Get Numeric Results” on page 3-73
“Solve Polynomial Equations and Systems” on page 3-75
“Solve Arbitrary Algebraic Equations and Systems” on page 3-77

“Isolate Numeric Roots” on page 3-82

“Solve Differential Equations and Systems” on page 3-83

Get Numeric Results
There are two methods to get numeric approximations of the solutions:

e Solve equations symbolically and approximate the obtained symbolic
results numerically. Using this method, you get numeric approximations
of all the solutions found by the symbolic solver. If the symbolic solver
fails to find any solutions, MuPAD calls the numeric solver directly. For
nonpolynomial equations, the numeric solver returns only one solution.
Using the symbolic solver and post-processing its results method requires
more time than a purely numeric solver and can significantly decrease
performance.

® Solve equations using numeric methods from the beginning. This method is
faster, but for nonpolynomial equations the numeric solver returns only the
first solution it finds. You can use the A11RealRoots option to make the
solver look for other real roots. Even with this option, the solution set can be
incomplete. Using A11RealRoots can significantly decrease performance.

Approximate Symbolic Solutions Numerically

When you solve an equation symbolically, the solver does not always return
results in an explicit form. For example, the solver can represent solutions
using RootOf:

solve(x"3 + x + 1, x)RootOf(z"3 + z + 1, z)

RootOf(z” + z + 1, z)
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If you have a symbolic solution that you want to approximate numerically,
use the float command:

float(%){-0.6823278038, 0.3411639019 + (- 1.1615414*I), 0.3411639019 +
1.1615414*T}

{-0.6823278038, 0.3411639019-1.16154141, 0.34116839019 + 1.1615:

Use float to approximate the solutions of the symbolic system:
float(solve([x"3 + x"2 + 2*x =y, y*"2 =x"2], [x, y])){[x =- 0.5 + 1.6568312395*1,
y = 0.5 + (- 1.658312395*])], [x = - 0.5 + 0.8660254038*], y = - 0.5 +
0.8660254038*1], [x = - 0.5 + (- 0.8660254038*I), y = - 0.5 + (- 0.8660254038*1)],
[x=-0.5+ (- 1.658312395*I), y = 0.5 + 1.658312395*I], [x = 0.0, y = 0.0]}

{[x =-0.5+1.6583123806 i, ¥ = 0.5-1.8583123851], [x = -0.5 + 0.8B66C
Approximating) sgmbalié sel (g hymerically,youlgetihie) cdmlet&spt of = - 0.5 - 0.E
gglu—trlong; Ear pxample; sobye the fgilewm@quﬁt@agmw%lx ya = 0.0, y = 0.0

= solve(sin(x"2) = 1/2, x)Dom::ImageSet(- (sqrt(6)*sqrt(PI)*sqrt(1 *k +
1))/6, k, Z_) union Dom::ImageSet((sqrt(6)*sqrt(P)*sqrt(12*k + 1))/6, k,
7Z_) union Dom::ImageSet(-(sqrt(6)*sqrt(PI)*sqrt(12*k + 5))/6, k, Z_) union
Dom::ImageSet((sqrt(6)*sqrt(PI)*sqrt(12*k + 5))/6, k, Z_)

m|
b

\.5\;"(_1,‘12}5+1 \.5\,’(_1,‘12;1+1 Y
{Stmmo—g@t HmEri rbedl s stead of gxpressions ¢ diafnife Y | -
PI. The float command returns the infinite solution set:

floag(S)Dom::ImageSet(0:723G012546*sqrt(12.0°k + 1.0), k, Z_)
uni n@@mﬁﬁn&gé%‘ﬂ) 7256}]12546ﬁ £(12.0%k + 5.0), k, Z_) union

8
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Dom::ImageSet(-0.7236012546*sqrt(12.0*k + 1.0), k, Z_) union
Dom::ImageSet(-0.7236012546*sqrt(12.0*k + 5.0), k, Z_)

{0.7236012546 \/12.0 ¥ + 1.0 | k € Z} U {0.7236012546 \/12.0 k + 5.C

Solve Equations Numerically

T fuois petting kv ohutionsand forpaeed with nufeniomethessosas |/12.0
the numeric::solve command. If an equation'is not polynomial, the numeric
solver returns only one solution:

numeric::solve(sin(x*2) = 1/2, x){-226.9444724}

{-226.9444724}

Solve Polynomial Equations and Systems

For polynomial equations, the numeric solver returns all solutions:
numeric::solve(4*x"4 + 3*x"3 + 2*x72 + x + 5 = 0, x){- 0.8801137713 +
(- 0.7633158339*1), 0.5051137713 + 0.8159896507*1, 0.5051137713 + (-
0.8159896507*I), - 0.8801137713 + 0.7633158339*1}

{-0.8801137713-0.7633158339 i, 0.5051137713 + 0.8159896507 i,
Wil Bted bR o Fron AT A thbdts, thESvet Srhitd Airrebinp R3S 1 58339 1}

roots. For example, when you symbolically solve the polynomial equation and
approximate the solutions, you get all solutions:

numeric::solve(4*x"4 + 3*x73 + 2*x72 + x -1 = 0, x){-0.8763850947,
0.3971412064, - 0.1353780559 + 0.8366380364*1, - 0.1353780559 + (-
0.8366380364*1)}
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{-0.8783850947, 0.3971412084, -0.1353780559 + 0.83668380364 i,
TS Cthé SHREeh skt B e 36 351 &t ions only, use the option

AllRealRoots:
numeric::solve(4*x"4 + 3*x"3 + 2*x"2 + x - 1 = 0, x,
AllRealRoots){-0.8763850965, 0.3971412051}

{-0.8763850965, 0.3871412051}

Using numeric::solve, you also can solve a system of polynomial equations:
numeric::solve([x"3 + 2*x =y, y"2 = x|, [x, y]D{[x = - 0.2812406533 + (-
1.234872423*1), y = 0.7018735688 + (- 0.8796971979*1)], [x = 0.2365742943, y
=0.4863890359], [x = 0.162953506 + 1.615154465*], y = - 0.9450680867 + (-
0.8545175145*1)], [x = 0.1629535064 + (- 1.615154465*]), y = - 0.9450680869
+0.8545175144*T], [x = 0, y = 0], [x = - 0.2812406534 + 1.234872424*1, y
=0.7018735689 + 0.8796971979*I]}

{[FoBon P BRLAFHRRS Rintertea i 18 tha Auleric hiaSohE tanimm, Foff 7969718
bample, bR e e 4sitbwing systért Snbottally @hd fumekichfiy 953506 + 1.61515
Iihselvd(:E4 B OTROBEZ 5019k 4D1 Mt infalve(R 4 §2 8536064 - 1.6151 54
52k [x Q4 S5GREESAMY 0.8545175144 1], [x = 0, ¥ = 0],

[x = -0.2812406534 + 1.234872424 1, y = 0.7018735689 + 0.879697

3 . _7
x=ai5 y= &b
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[x = 0.75, y = 1.75]

Solve Arbitrary Algebraic Equations and Systems

For nonpolynomial equations, there is no general method of finding all the
solutions numerically. When you solve a nonpolynomial equation or a system
numerically, and the solutions exist, the solver returns only one solution:
numeric::solve(sin(1/x) = x, x){-0.00884125012}

{-0.00884125012}

This equation obviously has more than one solution:
plot(sin(1/x), x, x = -1..1)

To get more real solutions of a single equation containing one variable, call
the numeric solver with the option A11RealRoots. The A11RealRoots option
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3-78

F)
L

does not guarantee that the solver finds all existing real roots. For example,
the option helps to find additional solutions for the equation:
numeric::solve(sin(1/x) = x, x, AllRealRoots) Warning: Problem in isolating
search intervals. Some roots might be lost. [numeric::allRealRoots]
{-0.8975394613, -0.3606716807, -0.1553007909, -0.1073278873,
-0.07907931072, -0.06392228125, -0.05290310069, -0.0455672924,
-0.03972592668, -0.03179879686, -0.0289615375, -0.01988649969,
-0.01591146474, -0.007402961185, -0.00151575788, 0.00151575788,
0.007402961185, 0.01591146474, 0.01988649969, 0.0289615375,
0.03179879686, 0.03972592668, 0.0455672924, 0.05290310069,

0.06392228125, 0.07907931072, 0.1073278873, 0.1553007909, 0.3606716807,
0.8975394613}

Fox30syste idof honpelynoe miad équasion] thelsdl ver als0 Y& Mims oflyldné 3278873, - O
3031@@8 @m&@‘l@% equations; JOIEsee st the(pystPRERE MWD than M8 97259266

615375, -0. 01988649969 -0.015811486474, -0.007402861 11

e

[x

D.D?QO?QSID?E, 0.1073278873, 0.1553007309, 0.3606716807, 0.897
= -1.570786327, y = 0.0000000002528318683]}
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e
Ln

]

T

The A11RealRoots option does not work for systems:

numeric::solve([sin(x) = y*2 - 1, cos(x) = y], [, y], AllRealRoots) Error: Only
one equation is allowed with the ’AllRealRoots’ option. [numeric::solve]

To find numerical approximations of other solutions, specify intervals

that contain the solutions. You can use the command numeric::solve that
internally calls numeric::fsolve. However, to speed up your calculations, call
numeric::fsolve directly. Note that numeric::solve returns a set of solutions,
and numeric::fsolve returns a list:

numeric::solve([sin(x) = y*2 - 1, cos(x) = y], [x = 2.5..3.5, y = -1.5..-0.5));
numeric::fsolve([sin(x) = y*2 - 1, cos(x) = y], [x = 4..5, y =-0.2..0.2]){[x =
3.141592653, y = -1.0]}

{[x = 3.141592653, y = - 1.0]}
[x =4.71238898, y = -0.0000000003%41742246]

[x = 4.71238858, y = -0.0000000003741742246]
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The MultiSolutions option also serves to find more than one numeric
approximation. Without this option, the numeric solver looks for a solution
inside the specified interval and disregards any solutions it finds outside of
the interval. When the solver finds the first solution inside the interval, it
stops and does not look for other solutions. If you use MultiSolutions, the
solver returns the solutions found outside of a specified interval.

Note Note If you use the option MultiSolutions and do not specify any
interval, the numeric solver returns only the first solution it finds.

With the MultiSolutions option, the solver also stops after it finds the first
solution inside the specified interval. For example, find several numeric
approximations for the following system:

egs = [x*sin(10*x) = y"3, y*2 = exp(-2*x/3)]: plot(x*sin(10*x) = y"3, y*2 =
exp(-2*x/3))
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Specify the interval where you want to search for the solutions. For example,
consider the interval x = 0..1 that contains two solutions:
plot(x*sin(10*x) = y"3, y"2 = exp(-2¥x/3), x = 0..1, y = 0..1)

oo o m

= 2
P oW

Call the numeric::solve or numeric::fsolve command with the MultiSolutions
option. Both solvers return one solution that belongs to the specified interval
and one solution outside of the interval:

numeric::fsolve(egs, [x = 0..1, y = 0..1], MultiSolutions); numeric::solve(eqgs,

[x =0..1, y = 0..1], MultiSolutions)[x = 0.705791548, y = 0.7903622856], [x

= 1.278589279, y = 0.6529880654]

[ = 0.705791548, y = 0.7903622856], [x = 1.278b89279, y = 0.6b28E
{[x = 1.278589279, y = 0.6529880654], [x = 0.705791548, y = 0.7903622856]}

{[x = 1.278585275, y = 0.6525880654], [x = 0.7057591548, v = 0.7503
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[x

Specifying the interval that does not contain any solutions can help you find
more approximations. In this case, the solver cannot find the solution inside
the interval and continues searching. Before the solver quits, it can find many
solutions outside the specified interval:

numeric::fsolve(egs, [x = -10..0, y = 0..1], MultiSolutions)[x = 1.876790003, y =
-0.5349421505], [x = 0.8950751882, y = 0.7420353495], [x = 2.194032234, y =
0.4812617019], [x = 1.58378888, y = -0.5898248642], [x = 0.705791548, y =
0.7903622856], [x = 1.278589279, y = 0.6529880654], [x = 2.204123351, y =
-0.4796455988], [x = 0.9816416007, y = -0.7209295436]

= 1.8768720003, y = -0.5349421505], [x = 0.885075188Z2, y = 0.742

isolatd NGATErR¢é Roofs 4812617019], [x = 1.58378888, y = - 0.589:

£f‘youQ oW 3 Tt SR cdnfaitiine 1HE SohTORS of oTy%o%E’a%? fddy, ¥ = 0-852;
[uad AHiArPobedd T hinbiid AR o LhEER7, v = -0.

inside a specified interval, use the numeric::realroot command. The command
returns real solutions and omits the complex ones:
numeric::realroot(1/4*x"4 + x*"3 +x+ 1 =0, x = -5..0)-4.174547488

-4.1745474886

You also can specify an interval and search for all subintervals that can
contain real roots. The numeric::realroots command returns a complete list
of such subintervals:

numeric::realroots(1/4*x"4 + x*3 +x+ 1 =0, x = -5..0)[[-4.1875, -4.15625],
[-0.7109375, -0.70703125]]

[[-4.1875, -4.15625], [-0.7109375, - 0.70703125]]

If the equation you solve is polynomial, each subinterval contains exactly one
root. For nonpolynomial equations, numeric::realroots can return subintervals
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that do not contain any roots. numeric::realroots guarantees that the search
interval does not contain any real roots outside the returned subintervals.

Solve Differential Equations and Systems

There is no general way to solve an arbitrary second- or higher-order ordinary
differential equation (ODE). Often, such an equation does not have a symbolic
solution. In some cases, the solution exists, but it can be presented only by
special functions. For example, the solution of the following second-order
ODE includes the error function erf:

o:=ode({y”(t) = t*y'(t), y(0) = 0, y'(0) = 1/3}, y(1)):
ode::solve(0){-(sqrt(2)*sqrt(PI)*erf((sqrt(2)*t*1)/2)*I)/6}

2
B .
Suppose, you do not need an exact symbolic solution, but you want to
approximate the solution for several values of the parameter t. For numeric
approximations of the solutions of ODEs, MuPAD provides two functions:

{_ n.EJ_erfl "Ef'\l }

® numeric::odesolve returns a numeric approximation of the solution at a
particular point.

® numeric::odesolve2 returns a function representing a numeric
approximation of the solution.

Both functions accept either a first-order ODE or a system of first-order
ODEs. To solve a higher-order equation, convert it to a system of the
first-order equations. For example, represent the second-order ODE you
solved symbolically as a system of two first-order equations: y’ =z, 7 = t¥z,

y(0) =0, z(O)—1/3y = =, z =tz y(0)=0, z(0) = F . The solution
vector for this systemisY = [y, z].

Approximate at Particular Points

The function numeric::odesolve requires the system of first-order ODEs
(dynamic system) to be represented by a procedure:
f := proc(t, Y) begin [Y[2], t*Y[2]] end_proc‘proc f(t, Y) ... end’
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proc fit, ¥) ... end

The second parameter of numeric::odesolve is the range over which you want
to solve an ODE. The third parameter is a list of initial conditions (y(0) = 0

z(0)=18y(0) = 0, =( D] = l). Approximate the solutions y(f) for t =1, ¢

=3,and t=1/127f = _+_
numeric::odesolve(f, O.. I‘L [{0 1/3]); numeric::odesolve(f, 0..3, [0, 1/3]);
numeric::odesolve(f, 0..1/127, [0, 1/3])[0.3983192206, 0.5495737569]

[0.3983192206, 0.5485737569]
[11.79725153, 30.00571043]

[11.79725153, 30.00571043]
[0.002624699038, 0.3333436668]

[0.0026246399038, 0.33353436668]

MuPAD also offers an alternate way to generate parameters for the ODE
numeric solvers:

1 Define your initial value problem as a list or a set:
IVP = {y"(t) = t*y’(t), y(0) = 0, y'(0) = 1/3}:

2 Define a set of fields over which you want to get a solution:
fields := [y(t), y'(t)]:

3 Convert the initial value problem and the fields into a procedure acceptable
by numeric::odesolve. The function numeric::ode2vectorfield generates the
required procedure:

[ODE, t0, YO] := [numeric::ode2vectorfield(IVP, fields)][‘proc ODE(t, Y) ...
end’, 0, [0, 1/3]]
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proc ODE(t, Y) ... end, O, [r:n_, %H

Now call numeric::odesolve to approximate the solution at particular values
of t:

numeric::odesolve(ODE, t0..1, Y0)[0.3983192206, 0.5495737569]

[0.3983192206, 0.5485737569]

Represent Numeric Approximations as Functions

The function numeric::odesolve2 also requires the system of first-order ODEs

(dynamic system) to be represented by a procedure. To generate parameters
for numeric::odesolve2, use the following steps:

1 Define your initial value problem as a list or a set:
IVP = {y"(t) = t*y’(t), y(0) = 0, y'(0) = 1/3}:

2 Define a set of fields over which you want to get a solution:
fields := [y(t), y'(t)]:

3 Convert the initial value problem and the fields into a procedure acceptable

by numeric::odesolve2. The function numeric::ode2vectorfield generates the
required procedure:

ODE := numeric::ode2vectorfieldIVP, fields)proc(t, Y) ... end’, 0, [0, 1/3]

proc(t, ¥) ... end, O, [D_. %]

Now call numeric::odesolve2 to approximate the solution:
numApprox := numeric::odesolve2(ODE)‘proc numApprox(t) ... end

proc numApprox(t) ... end

Using the function generated by numeric::odesolve2, find the numeric
approximation at any point. For example, find the numeric solutions for the
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valuest=1,t=3,and t = 1/127f = You get the same results as with
numeric::odesolve, but the syntax is s:horter

numApprox(1); numApprox(3); numApprox(1/127)[0.3983192206,
0.5495737569]

[0.389831922086, 0.5485737565]
[11.79725153, 30.00571043]

[11.79725153, 30.00571043]
[0.002624699038, 0.3333436668]

[0.00268246399038, 0.3335436668]

Plot the numeric solution using the function generated by numeric::odesolve2.
The function numApprox returns a list [y(t), y'(t)]. When plotting the
solution y (t), use brackets to extract the first entry of the solution list:
plotfunc2d(numApprox(t)[1], t = 0..3)
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t

Use numeric::odesolve2 to find numeric approximations for the following
system of ODEs:

IVP = {£(t) = -y(t) + x(t)"2, y'(t) = 10*x(t) - y(t)*2, x(0) = 1, y(0) = 1}: fields
= [x(t), y(t)]: ODE := numeric::ode2vectorfield(IVP, fields): numApprox :=
numeric::odesolve2(ODE)‘proc numApprox(t) ... end’

proc numApproX(t) ... end

Plot the numeric solutions for x(t) and y(t) in one graph:
plotfunc2d(numApprox(t)[1], numApprox(t)[2], t = 0..20)
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M numApproxit)[1]
M pumApproxitl[2]

Use the plot::Curve2d plotting function to generate a parametric plot of the
numeric solution:

curve := plot::Curve2d([numApprox(t)[1], numApprox(t)[2]], t = 0..20):
plot(curve)
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V.

Alternatively, use plot::Ode2d or plot::Ode3d.
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Use General Simplification Functions

In this section...

“When to Use General Simplifiers” on page 3-90
“Choose simplify or Simplify” on page 3-91
“Use Options to Control Simplification Algorithms” on page 3-91

When to Use General Simplifiers

Simplification of mathematical expression is not a clearly defined subject.
There is no universal idea as to which form of an expression is simplest. The
form of a mathematical expression that is simplest for one problem turns
out to be complicated or even unsuitable for another problem. For example,
the following two mathematical expressions present the same polynomial in
different forms:

(x+ D(x - 2)(x + 3)(x - 4),
xt - 23 - 13x2 + 14x + 24.

The first form clearly shows the roots of this polynomial. This form is simpler
for working with the roots. The second form serves best when you want to the
coefficients of the polynomial.

If the problem you want to solve requires a particular form of an expression,
the best approach is to choose the appropriate simplification function. See
Choosing Simplification Functions.

Besides specific simplifiers, MuPAD offers two general ones:

¢ simplify searches for a simpler form by rewriting the terms of an
expression. This function uses an internal set of rules for rewriting an
expression. You cannot modify this set of rules.

¢ Simplify performs more extensive search for a simple form of an expression.
For some expressions, this function can be slower, but more flexible and
more powerful than simplify. Simplify uses a wider set of rules to search
for a simpler form of an expression. Simplify lets you extend the set of
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simplification rules and also accepts a number of options allowing you more
control over the simplification algorithm.

If you do not need a particular form of expressions (expanded, factored,

or expressed in particular terms), use simplify and Simplify to shorten
mathematical expressions. For example, use these functions to find a shorter
form for a final result. The general simplifiers also can help you in verifying
the result.

Choose simplify or Simplify

Use the simplify command to simplify elementary expressions such as:
simplify((x - 1)*(x + 1)*(x*2 + x + D*"2 + D**2 - x + 1)*(x"4 - x*2 + 1));
simplify(cos(x)*(-2) - tan(x)"2)x*12 - 1

For elementary expressions, simplify is an effective and fast simplifier. For
more complicated expressions, simplify might be less effective. The returned
form of the following expression can be shortened further. Simplify returns
a simpler form:

f:= (cos(x)"2 - sin(x)"2)/(sin(x)*cos(x)): simplify(f), Simplify(f)(2*cos(x)*2 -
1)/(cos(x)*sin(x)), 2*cot(2*x)

2 cos(x)” -1

, 2 cot(2 x)
cos(x) sin(x)
Use Options to Control Simplification Algorithms

By default, in order to find the simplest form of an expression, the Simplify
function takes 100 internal simplification steps. This function can simplify
some expressions further by taking more simplifications steps:
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F = exp((cos(x)*2 - sin(x)"2)*sin(2¥x)*(exp(2*x) - 2¥exp(x) + 1)/(exp(2¥x) - 1)):
Simplify(F)exp(-(sin(4*x) - sin(4*x)*exp(x))/(2*exp(x) + 2))

: _— -
_sinf4 x)-sin(d4x) e

L] x -
a8 +a
2
You can change the number of internal simplification steps through the option

Steps. This option is not available for simplify:
Simplify(F, Steps = 250)exp((sin(4*x)*(exp(x) - 1))/(2*(exp(x) + 1)))

. X
sin(4x) le” - 1)

x 3
2 le” +1)
=]

By default, the general simplifiers return only one form of an expression—the
form that MuPAD considers to be simplest. To return all forms found by
Simplify, use the option All:

Simplify((x - 1)*(x + 1)*x"2 + x + D)*E"2 + D)*E"2 - x + 1)*x™ - x*2 + 1),
AlD[x"M12-1, @2+ D*E - D)*E + D)*EMN2 -x+ 1)*xM -x"2 + D*EMN2 +x +
1), x-D*E+1D)*&"N2 -x+ 1D)*EM -x"2+ 1D)*EM2+x+ 1) + x72%(x - D*(x +
D*xMN2 -x + 1)*xN - x22 + 1)*E"N2 + x + 1)]

[Whild trbsformingan bipissdioh] MaPAD sirhplifrs Keeptall fts ofsnt 1),
expression mathema}ically equivalent to the initiaﬁl expression. F(lr example, _
the simplifiers do(not combine)lggatithyrts, THe ipfe foy combiningZlogarithms, . 1 (x*
does not hold for arbitrary complex arguments and, therefore, combining

logarithms can}]be incorrect for some parameters:

S(Ef'nplffy;ﬂﬁ()g--F 9) - In(x*2 + 4*x + 4))In(x + 2) - In((x + 2)*2)
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Infx + 2 - ln[:[x + 2]2:'

Potential division by zero is the only exception of this rule:
Simplify(x*(x + 1)/x)x + 1

x+1

To apply more simplification rules that are not generally correct, but which
can return simpler results, use the option IgnoreAnalyticConstraints. This
option is available for both simplify and Simplify. For example, simplifying
an expression with IgnoreAnalyticConstraints, you get the result with

combined logarithms:
Simplify(In(x + 2) - In(x"2 + 4*x + 4), IgnoreAnalyticConstraints)-In(x + 2)

Slnlx + 29

For the list of all options available for the general simplifiers, see simplify
and Simplify.
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Choose Simplification Functions

3-94

In this section...

“Collect Terms with Same Powers” on page 3-95

“Combine Terms of Same Algebraic Structures” on page 3-96

“Expand Expressions” on page 3-97

“Factor Expressions” on page 3-98

“Compute Normal Forms of Expressions” on page 3-99

“Compute Partial Fraction Decompositions of Expressions” on page 3-100
“Simplify Radicals in Arithmetic Expressions” on page 3-101

“Extract Real and Imaginary Parts of Complex Expressions” on page 3-101

“Rewrite Expressions in Terms of Other Functions” on page 3-102

Most mathematical expressions can be represented in different, but
mathematically equivalent forms. Some of these forms might look simpler, for
example, they can be visibly shorter. However, you might prefer other forms
of the same expression for numeric computations. There is no general rule

as to which form of an expression is the simplest. When solving a particular
problem, you can choose the simplest form of an expression for this problem.

Besides the general simplification functions simplify and Simplify, MuPAD
provides a set of functions for transforming mathematical expressions

to particular forms. The following table helps you choose the function

for transforming your expression to the appropriate form. To see a short
description of a function and a set of examples, click the link in the left
column. To see the detailed help page for a function, click the function name
in the right column.

Type of Transformation Function

Collect terms with the same powers collect

Combine terms of the same algebraic structure | combine

Expand an expression expand

Factor an expression factor
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Type of Transformation Function
Normalize an expression normal
Compute a partial fraction decomposition partfrac
Simplify radicals in an expression radsimp
Separate the real and imaginary parts of a rectform
complex expression

Rewrite an expression in terms of a specified rewrite
target function

Collect Terms with Same Powers

If a mathematical expression contains terms with the same powers of

a specified variable or expression, the collect function reorganizes the
expression grouping such terms. When calling collect, specify the variables
or expressions that the function should consider as unknowns. The collect
function regards an original expression as a polynomial in the specified
unknowns and groups the coefficients with equal powers:

collect(x*y"4 + x*z + 2*x"3 + x"2*y*z + 3*x"3*¥y 4*z"2 + y*z72 + 5¥*x*y*z,
X)(3*yN4*z"2 + 2)*x73 + (y*z2)*x72 + (yN4 + 5¥z*y + z)*x + y*z"2

3y 222 vy + (v 8zy+z)x+yz

collect can consider an expression as the specified unknown. For example,
group the terms of the following trigonometric expression with the equal
powers of sin(x) and cos(x):

f := cos(x)"4*sin(x) + cos(x)"2*sin(x)"3 + cos(x)"2*sin(x)"2 - sin(x)"4: collect(f,
sin(x))- sin(x)"4 + cos(x)"2*sin(x)" 3 + cos(x)*2*sin(x)" 2 + cos(x)*4*sin(x)

4 2 . .3 2 . 2 4
-sin(x) +cos(x)” sin(x)” + cos(x)” sin(x)” + cos(x) sin(x)
collect(f, cos(x))sin(x)*cos(x)"4 + (sin(x)*3 + sin(x)"2)*cos(x)"2 - sin(x)"4

-

o ettt e (sinier® v ainl 1 2) coal vl - ainf et
SINIX | COs X + \8INIX|] + 8lNIX) J COsX) -S8I1NX)
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3-96

The collect function also can accept several unknowns for collecting terms.
you have several unknowns, pass them to collect as a list:
collect(a”2*sin(x) - cos(x)"2*sin(x)*3 + cos(x)"2 + a - a*2*sin(x)"4, [a,
cos(x)])(sin(x) - sin(x)"4)*a”2 + a + (1 - sin(x)"3)*cos(x)"2

-

(ainf s S A ( ) oy 2
BINNE) -8y Ja +4a8+ 1 - 81N x) J COslX)

Combine Terms of Same Algebraic Structures

If

MuPAD also provides a function for combining subexpressions of an original

expression. The combine function uses mathematical identities for the
functions you indicate. For example, combine the trigonometric expression:
combine(2*sin(x)*cos(x), sincos)sin(2*x)

sin(2 x)

If you do not specify a target function, combine uses the identities for powers

wherever these identities are valid:
° abac = ab +c
® a°b¢ = (ab)¢, if ¢ is an integer

® (a’)c = ab, if ¢ is an integer

For example, by default the function combines the following square roots:
combine(sqrt(2)*sqrt(x))sqrt(2*x)

V2 x

The function does not combine these square roots because the identity is not

valid for negative values of variables:
combine(sqrt(x)*sqrt(y))sqrt(x)*sqrt(y)

VT
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As target functions, combine accepts arctan, exp, gamma, 1n, sincos, and
other functions. For the complete list of target functions, see the combine
help page.

Expand Expressions

For elementary expressions, the expand function transforms the original
expression by multiplying sums of products:
expand((x + 1)*(x + 2)*(x + 3))x"3 + 6*x"2 + 11*x + 6

X +B8x +11x+6

expand also uses mathematical identities between the functions:
expand(sin(5*x))16*sin(x)*cos(x)"4 - 12*sin(x)*cos(x)"2 + sin(x)

-

. 4 . .
16 sin(x) cos(x) - 12 sin(x) cos(x)” + sin(x)

expand works recursively for all subexpressions:
expand((sin(3*x) + 1)*(cos(2¥x) - 1))2*sin(x) + 2*cos(x)"2 - 10¥*cos(x)"2*sin(x)
+ 8*cos(x)"4*sin(x) - 2

. 2 2, 4,
2 sin(x) + 2 cos(x) - 10 cos(x)” sin(x) + 8 cos(x) sin(x) -2

To prevent the expansion of particular subexpressions, pass these
subexpressions to expand as arguments:

expand((sin(3*x) + 1)*(cos(2*x) - 1), sin(3*x))2*cos(x)"2 - 2*sin(3*x) +
2*sin(3*x)*cos(x)"2 - 2

-

2 cos(x) -2 sin(3 x) + 2 sin(3 x) cos(x) -2

To prevent the expansion of all trigonometric subexpressions in this example,
use the option ArithmeticOnly:

expand((sin(3*x) + 1)*(cos(2*x) - 1), ArithmeticOnly)cos(2*x) - sin(3*x) +
cos(2*x)*sin(3*x) - 1
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cos(2 X)-sin(3 x) + cos(2 x) sin(3 x)-1

Factor Expressions

To present an expression as a product of sums, try the factor function. The

factored form of the following polynomial is visibly shorter than the original
one. The factored form also shows that this polynomial has only one root

X = -b:

factor(x*10 + 50*x"9 + 1125%x78 + 15000*x"7 + 131250*x"6 + 787500*x"5
+ 3281250*x"4 + 9375000*x"3 + 17578125%x72 + 19531250%x + 9765625)(x
+ 5)710

10
(x + 5

For sums of rational expressions, factor first computes a common denominator,
and then factors both the numerator and denominator:

f:=x"3 + 3*y"2)/(x"2 - y*2) + 3: f = factor(f)(x"3 + 3*y"2)/(x"2 - y*2) + 3 =
x"2%(x + P - *(x +y))

-

3 -
x +3y x°(x+3)

- — + 3 =
#heé flinction also ég'n_f Tétloli"}éer r;gs'lsions other than polynomials and rational
functions. Internally, MuPAD converts such expressions into polynomials
or rational function by substituting subexpressions with identifiers. After
factoring the expression with temporary identifiers, MuPAD restores the
original subexpressions:

factor((In(x)*2 - 1)/(cos(x)*2 - sin(x)"*2))((In(x) - 1)*(In(x) + 1))/((cos(x) -
sin(x))*(cos(x) + sin(x)))

(lnix)-1)(ln(x) + 1)

(cos(x)-ein(x)) (cos(x) + sin(x))
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By default, factor searches for polynomial factors with rational numbers. The

function does not factor the expression into a product containing sqrt(2)+/ 5:
factor(x"2 - 2)x"2 - 2

x -2

To add the constant sqrt(2)4/ E to the numbers used in factoring, use the
option Adjoin:
factor(x"2 - 2, Adjoin = [sqrt(2)])(x - sqrt(2))*(x + sqrt(2))

(X - 5] [+ 4y E]

Compute Normal Forms of Expressions

The normal function represents the original rational expression as a single
rational term with expanded numerator and denominator. The greatest
common divisor of the numerator and denominator of the returned expression
is 1:

f:= x"3 + 3*y*2)/(x"2 - y*2) + 3: f = normal(f)(x*3 + 3*y"*2)/(x"2 - y*2) + 3

= (x"3 + 3*x"2)/(x"2 - y2)

3 2 3 2
. o . .
X +3 3 3= X +3 X

- —~ - -

FiormAl cancels common fictors that appear in numerator and denominator:
f:=x"2/(x+y)-y"2/(x+y): f=normal(f)x"2/(x +y) -y 2/(x+y)=x-y

%]

- :};-_J;

X+ ¥ X+ ¥ . . .
Thé normal function also handles expressions other than polynomials and
rational functions. Internally, MuPAD converts such expressions into
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3-100

polynomials or rational functions by substituting subexpressions with
1dentifiers. After normalizing the expression with temporary identifiers,
MuPAD restores the original subexpressions:

f := (exp(2*x) - exp(2*y))/(exp(3*x) - exp(3*y)): f = normal(f)(exp(2*x) -
exp(2*y))/(exp(3¥x) - exp(3*y)) = (exp(x) + exp(y))/(exp(2¥x) + exp(2*y) +
exp(x)*exp(y))

eal’_ez._i" B ex+ey'
3x 3y 2 2y -
ex—ej $x+,ej+exa‘? . o
Compute Partial Fraction Decompositions of
Expressions

The partfrac function returns a rational expression in the form of a sum

of a polynomial and rational terms. In each rational term, the degree of
the numerator is smaller than the degree of the denominator. For some
expressions, partfrac returns visibly simpler forms, for example:
partfrac((x"6 + 15*x75 + 94*x74 + 316*x"3 + 599*x"2 + 602*x + 247)/(x"6
+ 14*x/5 + 80*x 4 + 238*%xA3 + 387*x2 + 324*x + 108), ¥)1/(x + 1) + 1/(x +
272+ 1/x+3)"3+1

1 1 1 .4

+ +

i o L2 . 3
* fh% denbfnihatbrs inlfational terms represent the factored common

denominator of the original expression:
factor(x"6 + 14*x/5 + 80%x"4 + 238*x"3 + 387*x2 + 324*x + 108)(x + 1)*(x
+ 2)"2%(x + 3)"3

2 3
(x+ 1) (x+ Q]ﬁ (x +3)
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Simplify Radicals in Arithmetic Expressions

As an alternative to the general simplifiers simplify and Simplify, use the
radsimp function to simplify arithmetic expressions involving square roots or
other radicals. For example, simplify the following numeric expression:
f:=(2*37(1/4) + 3"~ (1/2))~(1/2); radsimp()sqrt(sqrt(3) + 2*3"(1/4))

V3234
37N (1/8)*sqrt(37(1/4) + 2)

1/8 1/4

318, /3%%, 5

Extract Real and Imaginary Parts of Complex
Expressions

When working with complex numbers, you might need to separate the
real and imaginary part of a symbolic expression. To extract the real and
imaginary part of a complex number, you use the Re and Im functions. For
symbolic expressions, these functions return:

Re(tan(x)), Im(tan(x))Re(tan(x)), Im(tan(x))

Witan(x)), I(tan(x))

Use the rectform function to split a symbolic expression into its real and
1maginary parts:

y := rectform(tan(x))sin(2*Re(x))/(cosh(2*Im(x)) + cos(2*Re(x))) +
(sinh(2*Im(x))/(cosh(2*Im(x)) + cos(2*Re(x))))*I

sin(2 Rix)) . sinh(2 S(x)) ;

CF‘hl Jx)) +cos(2.N(x))  cos 'f2 X C'n..ﬂ “f'"‘
o extract the real and imaginary parts of y, use t e e an unctlons

Re(y); Im(y)sin(2*Re(x))/(cosh(2*Im(x)) + cos(2*Re(x)))
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3-102

sin(2 R(x))

SRR R IR cos(2* Re()

sinh(2 3(x))
cosh(2 3(x)) + cos(2 R(x))
Rewrite Expressions in Terms of Other Functions

To present an expression in terms of a particular function, use the rewrite
command. The command uses mathematical identities between functions.
For example, rewrite an expression containing trigonometric functions in
terms of a particular trigonometric function:

sin(x) = rewrite(sin(x), tan); cos(x) = rewrite(cos(x), tan); sin(2*x) + cos(3*x)"2
= rewrite(sin(2*¥x) + cos(3*x)"2, tan)sin(x) = (2*tan(x/2))/(tan(x/2)"2 + 1)

2 tan( X)
SlPdg‘(x’) = Wﬁ)/(tan(x/Z)A2 +1)
ani ) +
tani £ x 12 -1
CABsE 2 Wan((S*x)/Z)A2 1)~ 2/(tan((3*x)/2)"2 + 1)72 +

(2*tan(x))/(femip)E2 ++1)l

|rtan|r3_*‘f\|2 - :L\l2

tanl 3x\| + 1\I t-ElI][Ji']2 + 1

R e 2 tan(x)
cos(3 x) +81n(2 x) =

—_—,



Choose Simplification Functions

Use rewrite to express the trigonometric and hyperbolic functions in terms
of the exponential function:

sin(x) = rewrite(sin(x), exp); cos(x) = rewrite(cos(x), exp); sinh(x) =
rewrite(sinh(x), exp); cosh(x) = rewrite(cosh(x), exp)sin(x) = (exp(-x*I)*1)/2 -
(exp(x*1)*1)/2

-.ri. xi.

. 1 = 1
SIS = eprx*I)/Z Texp(x*T)/2

-xi xi
cos(x) = &
sinh(x) = ex@(x)/2 - &kp(-x)/2

-X
=

et — B
Slgoglh‘?xl) = exp(-x)/Z+ exp(x)/2

-X x
= =

+ —

2 2
The command also expresses inverse hyperbolic functions in terms of
logarithms:
arcsinh(x) = rewrite(arcsinh(x), In); arccosh(x) = rewrite(arccosh(x),
In)arcsinh(x) = In(x + sqrt(x*2 + 1))

coshix) =

arcsinh(x) = ln' X+ } +1)

arccosh(x) = ln(xl-lf—sqrt r2-1)°

/ {2 \
arccosh(x) =Inlx +x"-1)

E,
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As target functions, rewrite accepts: direct and inverse trigonometric
functions, direct and inverse hyperbolic functions, diff, D, erf, exp, fact,

gamma, harmonic, piecewise, and more. See the rewrite help page for the
complete list of target functions.
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If You Want to Simplify Results Further

In this section...

“Increase the Number of Simplification Steps” on page 3-105
“Apply Several Simplification Functions” on page 3-106
“Use Options” on page 3-107

“Use Assumptions” on page 3-108

Increase the Number of Simplification Steps

When simplifying a complicated expression, MuPAD can return results that
would benefit from further simplifications. Suppose you want to simplify the
following expression:

f := (-(4*PI*37(1/2))/3 + PI*(-1)~(3/4)*2/(1/2)*3"(1/2)*(- (2*1)/3

- 2/8))*(cos(3*arccos(x)))-cos(3*arccos(x))*((4*PI*sqrt(3))/3 +
PI*(-1)~(3/4)*sqrt(2)*sqrt(3)*(2/3 + (2/3)*1))

An 3 34 = = '
-cos(3 arccos(x)) (42—"‘3 +7 (-1} / Vv 243 (% + %\W
First, try calling the géneral simplifier simplify: ‘ z
simplify(f)-(2*PI*sqrt(3)*cos(3*arccos(x))*(2 + (-1)*(3/4)*sqrt(2)*(1 + 1)))/3

E R N 1 S -

2mw3 cos(3 arccos(x)) L2 +(-1) V21 +1))
3

The returned expression has an even shorter representation. To simplify this

result further, call the Simplify command:
Simplify (f)-(2*PI*sqrt(3)*x*(2 + (-1)*(3/4)*sqrt(2)*(1 + I))*(4*x"2 - 3))/3

— f S . -
] 2w v3x |2+ [-1]3H V2 (1 o+ i]j' (4 x*-3)
3
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You can simplify the result even more by increasing the number of steps:
Simplify(f, Steps = 150)0

Apply Several Simplification Functions

To transform a very complicated expression or an expression that should
appear in a particular form, you might need to apply several simplification
functions. When you transform an expression to a particular form by using a
special transformation function, the function can return can return results
that are not fully simplified. Suppose you want to rewrite the trigonometric
expression in terms of exponential functions. The rewrite command replaces
the sin and cos functions by exponential functions, but does not simplify
the result:

f := rewrite(sin(x)/cos(x), exp)((exp(-x*I)*I)/2 - (exp(x*1)*1)/2)/(exp(-x*1)/2 +
exp(x*1)/2)

b
]

i éim]ﬂ_ffir the resulting expression, call the simplify command:
stmplify@)-(exp(2*x*I)*T - I)/(exp(2*x*I) + 1)

2xi
Fhe moré powerful Simplify function converts this expression back to its
trigonometric form:
Simplify(f)tan(x)
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tan(x)

Use Options

When transforming expressions, the MuPAD simplifiers apply the rules valid
for the entire complex plane. For example, try to simplify this expression
containing logarithms:

h:=Inx+1)/2-In(1 - 1/x)/2 - In(1 - x)/2 + In(1/x + 1)/2In(x + 1)/2 - In(1 - 1/x)/2 -
In(1 - x)/2 + In(1/x + 1)/2

In(x +1) In(l-1 CIn(l-x) | In(+ +1)

2 2 2 2

By default, the simplifier does not combine logarithms because this operation
is only valid for particular real numbers. For complex numbers, combining

logarithms is not generally valid:
Simplify(h)In(x + 1)/2 - In(1 - 1/x)/2 - In(1 - x)/2 + In(1/x + 1)/2

In(x +1) (1-3) In(1-x) , £+ 1)
2 2 2 2

If you solve a problem that does not require application of strict mathematical
rules, try using the IgnoreAnalyticConstraints option. With this option,
the simplifier uses a set of mathematical rules that are not generally
correct. For example, if you use the IgnoreAnalyticConstraints option,
the simplifier returns:
Simplify(h, IgnoreAnalyticConstraints)In(x + 1) - In(x - 1)/2 - In(1 - x)/2

In(x-1) In(l-x)

2 2
The results obtained with the option IgnoreAnalyticConstraints are most
useful for many in engineering and physics problems. Note that when you use

Inizx+1)-
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this option, the simplifiers do not guarantee the equivalence of the original
and simplified expressions for the entire complex plane.

Use Assumptions

When transforming an expression, the simplification functions apply the
rules valid for the entire plane of complex numbers. By default, MuPAD does
not assume any additional mathematical properties on the identifiers. For

example, the identity In(exp(x)) = xln( erJ = X is not generally valid for
all complex numbers:
simplify(In(exp(x)))In(exp(x))

X
Inie )

X

lnlIh(Z s1nf}(L1n(X)@)"2 + smﬁgsm

When you work with real numbers, the simplification functions can also use
the rules valid for real numbers. Use the assume or assuming command to
specify that a variable x represents a real number. The assume command
creates a permanent assumption. The assuming command creates a
temporary assumption, which is valid during a single command. The
simplifier applies the appropriate rule and returns the expected result:
simplify(In(exp(x))) assuming x in R_x

When you simplify the following expression, the returned expression is
shorter than the original one. However, you can further simplify the returned
expression:

f := In(- 2*sin(-(sin(x)*1)/2)*2 + sin(-sin(x)*I)*I + 1); Simplify(f)In(-
2*gin((sin(x)*1)/2)*2 - sin(sin(x)*I)*I + 1)

ulﬂll B!
=]

1;u:+xl'u)i:| 1+ 1\I
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ln(z sinh( m\ + sinh(sin(x)) + 1\]
Iﬁcreasing the numl;er of steps simplifies th(; expression further:
Simplify(f, Steps = 300)In(cosh(sin(x)) + sinh(sin(x)))

Inicosh(sin(x)) + sinh(sin(x)))

If you want to get a simplified result for real x, assume that x is real:
assume(x, Type::Real); Simplify(f, Steps = 300)sin(x)

sin(x)

To remove an assumption, use the unassume command:
unassume(x); 1s(x, Type::Real)UNKNOWN

UNENOWIN
When assuming any additional mathematical property for a variable (such
as assuming that x is real), make sure that your problem does not require
solutions to be valid for all complex numbers. Be especially careful if your

initial expression contains complex numbers.

For more information about assumptions, see “Properties and Assumptions”.

3-109



3 Mathematics

Convert Expressions Involving Special Functions

In this section...

“Simplify Special Functions Automatically” on page 3-110
“Use General Simplifiers to Reduce Special Functions” on page 3-111
“Expand Expressions Involving Special Functions” on page 3-112

“Verify Solutions Involving Special Functions” on page 3-113

Simplify Special Functions Automatically

MuPAD provides many special functions commonly used in engineering and
science. MuPAD uses standard mathematical notations for special functions.
If you do not recognize a notation, see Mathematical Notations Uses in
Typeset Mode.

Particular parameter choices can simplify special functions. Often MuPAD
handles such simplifications automatically. For example, the following

parameters reduce hypergeometric functions to elementary functions:
hypergeom({], [I, 2); hypergeom([1], [I, 2); hypergeom([a], [], z)exp(z)

-1/(z - 1)
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Use General Simplifiers to Reduce Special Functions

MuPAD does not automatically simplify some functions. For example, it does
not automatically simplify the Meijer G special function:
metjerG([[], (], [[1], (], ZymeijerG(1, O, [I, [1], )

3 L0 |'If =z

1.1 . . . . . . . . .
%‘he ‘general simplification functions, simplify and Simplify, represent this
expression in terms of elementary functions:
simplify(meijerG([[l, (1], [[1], (], z))z*exp(-z)

-Z
G

MuPAD also does not use automatic simplifications for many expressions
involving special functions. Suppose you get an expression containing the

Fresnel sine integral function:
2*fresnelS(z) + fresnelS(-z)fresnelS(-z) + 2*fresnelS(z)

Sl-z)+2 52

To apply the reflection rule fresnelS(-z) = -fresnelS(z) and simplify this
expression, explicitly call one of the general simplifiers:
simplify(2*fresnelS(z) + fresnelS(-z))fresnelS(z)

S =)

Particular values of parameters can reduce more general special functions
to expressions containing simpler special functions. For example, reduce
meijerG to the hypergeometric functions:

Simplify(meijerG([[1/3, 1/3, 3/2], [1], [[0], [-2/3, 4/3]],
z))3*sqrt(PI)*hypergeom([-1/2, 2/3], [5/3], -z) - 2*sqrt(P)*sqrt(z + 1)
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3V 2P~ 3 3’3 5'7?' 2V z

The following choice of parameters expresses meijerG in terms of the Bessel

functions:
simplify(meijerG([[], (1], [[1], [1]], 2))z*besseld (0, 2*sqrt(z))

z Jol2 v2)

Expand Expressions Involving Special Functions

MuPAD supports expansions of expressions containing special functions. The
resulting expressions can involve the original or additional special functions,
or both. For example, the expand command expresses the beta function by
gamma functions:

reset()beta(x + 1, y) = expand(beta(x + 1, y))beta(y, x + 1) =
(x*gamma(x)*gammal(y))/(x*gamma(x + y) + y*gamma(x + y))

By, x+1) = xI'x)I'(y)
LV, AT | =

VI+ W I;"+TI

When you expa%hdr ég‘e gamma function, MuPAD expresses it in terms of
gamma functions:

gamma(5*x + 1) = expand(gamma(5*x + 1))gamma(5*x + 1) =

(sqrt(5)*57 (5*x)*x*gamma(x + 1/5)*gamma(x + 2/5)*gamma(x + 3/5)*gamma(x
+ 4/5)*gamma(x))/(4*PI"2)

I'5x+1)= V5 5°% x Iix+ %] Iix + %] Iix + %] Tix + %] Iix)

=
&

47
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Verify Solutions Involving Special Functions

When solving equations (especially ordinary differential equations), you
often get the results in terms of special functions. For example, consider
the following differential equation:

reset()eq = diff(y(x), x, x) - x*3*y(x) = 0diff(y(x), X, X) - x*3*y(x) =

-
&

d

3
— Vix)-x ylx)=0

.5!%:01‘ this ODE, the solver returns the result in terms of the Bessel functions:
S := solve(ode(eq, y(x))){C2*sqrt(x)*bessell(1/5, (2*x*(5/2))/5) +
C3*sqrt(x)*bessel K(1/5, (2*x"(5/2))/5)}

«.
_—

i 5;.5-.
cgfll. |+c3fK1. |
5 i

To verify correctness of the returned s%lutlon try substltutmg it into the
original equation by using evalAt or its shortcut |. You get the following
long and complicated result that still contains the Bessel special functions.
MuPAD does not automatically simplify this result:
eq | y(x) = S[1]C2*sqrt(x)*((bessell(1/5, (2*x"(5/2))/5)/(2*x) -
x"(3/2)*bessell(-4/5, (2*x"(5/2))/5))/(2¥x) - x"(3/2)*((2*bessell(-4/5,
(2*x1(5/2))/5))/x - x*(3/2)*bessell(1/5, (2*x”(5/2))/5)) + bessell(1/5,
(2*x7(5/2))/5)/(2%x72) + (3*sqrt(x)*bessell(-4/5, (2*x"(5/2))/5))/2)
- (C2*bessell(1/5, (2*x"(5/2))/5))/(4*x"(3/2)) - (C3*besselK(1/5,
(2*x7(5/2))/5))/(4*x"(3/2)) - (C2*(bessell(1/5, (2%x(5/2))/5)/(2*x)
x™(3/2)*bessell(-4/5, (2*x”(5/2))/5)))/sqrt(x) - (C3*(besselK(1/5,
(2*x7(5/2))/5)/(2*x) + x(3/2)*besselK(-4/5, (2*x"(5/2))/5)))/sqrt(x) -
x"3*(C2*sqrt(x)*bessell(1/5, (2*x"(5/2))/5) + C3*sqrt(x)*bessel K(1/5,
(2*x7(5/2))/5)) + C3*sqrt(x)*((besselK(1/5, (2*x"(5/2))/5)/(2*x) +
x"(3/2)*besselK(-4/5, (2*%x"(5/2))/5))/(2*x) + x*(3/2)*((2*bessel K(-4/5,
2*x~(5/2))/5))/x + x*(3/2)*besselK(1/5, (2*x"(5/2))/5)) + bessel K(1/5,
(2*x7(5/2))/5)/(2%x72) - (83*sqrt(x)*besselK(-4/5, (2*x(5/2))/5))/2) =
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Simplifying this expression, you get the identity that proves the correctness of

the solution:
simplify(eq | y(x) = S[1])0 =0

. .
p 57
,Il(uf |
i T/ _3},21 o 52
2x % &
2 W x
II.




Convert Expressions Involving Special Functions

The testeq command serves best for verifying correctness of the solutions. The
command automatically simplifies expressions on both sides of the equation:

testeq(eq | y(x) = S[1]))TRUE

TRUE

For more information see Testing Results.
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When to Use Assumptions

3-116

By default, MuPAD assumes that all symbolic parameters and variables
represent complex numbers. If you perform computations that involve
unknowns with natural restrictions, you can set assumptions on these
unknowns. For example, when solving an equation where one of the
parameters represents real numbers, request the solver to consider this
parameter as a real number. Use assumptions to limit the number of solutions
to those necessary and to improve code performance.

When solving an equation, inequality, or a system, you can use assumptions
on parameters of the equation and assumptions on the variables you solve
for. Setting assumptions on parameters and variables affects performance of
the solver in different ways:

* Assumptions on parameters tend to narrow the area in which the
solver tries to find the solutions, thereby improving performance of the
solver. If you can identify mathematical properties of the parameters in
your equation, inequality, or system, use these properties to set as many
assumptions on parameters as possible.

* Assumptions on variables can narrow the returned results. MuPAD
applies assumptions on variables after the solver finds the solutions. The
solver verifies the results against the assumptions and returns only those
solutions that agree with the assumptions. Adding this extra task can slow
down the solver. Use assumptions on variables sparsely.

Alternatively, you can simplify already returned complicated results by using
assumptions. See Using Assumptions.

There are two types of assumptions you can set:

* Permanent assumptions hold true for all calculations MuPAD performs
after you set the assumptions. If you want MuPAD to stop using a
permanent assumption, you must explicitly delete the assumption.
Permanent assumptions serve best when you know that an object holds its
property throughout the solution process. For more information see Using
Permanent Assumptions.

¢ Temporary assumptions hold true only for the particular evaluation
where you set them. For example, if you use a temporary assumption while



When to Use Assumptions

solving a single equation, the solver applies this assumption only to solve
this particular equation. Using temporary assumptions to solve problems
works best when an object holds its property only during particular
calculations. Temporary assumptions also help you to keep the object name
free and reuse it during the solution process. For more information see
Using Temporary Assumptions.
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Use Permanent Assumptions

In this section...

“Set Permanent Assumptions” on page 3-118

“Add Permanent Assumptions” on page 3-120

“Clear Permanent Assumptions” on page 3-122

Set Permanent Assumptions

Permanent assumptions work best for the mathematical properties that hold
true throughout your computations. Suppose, you want to calculate the time
during which a free-falling object drops from the height h. The kinematic
equation for the free fall motion is & = gt?, where g is the free fall acceleration.
Using this equation, calculate the time during which the object falls from a
certain height. Without assumptions, you get the complete solution for all
possible values of parameters including complex values:

t = solve(h = g*t"2/2, t)t = piecewise([g <> 0, {(sqrt(2)*sqrt(h))/sqrt(g),
-(sqrt(2)*sqrt(h))/sqrt(g)}], [g=0and h=0, C_], [g=0and h <> 0, {}])

if g=0

N A

r_J’xE'-.E '\E'\El
X

t =) C if g=0Ah =0
If yhu do not consider the special case where no gravitational forces exist,
youlcan safely ddsume that tRE gfavitdtiondl Fodeleration is positive. This
assumption removes the special zero-gravity cases from the solution:
assume(g > 0); t = solve(h = g*t*2/2, t)t = {(sqrt(2)*sqrt(h))/sqrt(g),
-(sqrt(2)*sqrt(h))/sqrt(g)}

r:{aji
Vg

h v

/5
J

2
Vg
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The variable h in the equation represents the height from which the object
falls. If you do not consider that someone initially throws the object upward
and that the object reflects from the ground, the height h is always positive.
Therefore, you can assume that both gravitational acceleration g and height h
are positive:

assume(g > 0 and h > 0); t = solve(h = g*t"2/2, t)t = {(sqrt(2)*sqrt(h))/sqrt(g),
-(sqrt(2)*sqrt(h))/sqrt(g)}

W 2 vV h W 2 W/ h

= , -
Ass miﬁghat the til}lfgf the drop is a positive value, you get the expected
result. When you set assumptions on variables, the solver compares the
obtained solutions with the specified assumptions. This additional task can
slow down the solver:
assume(g > 0 and h > 0 and t > 0); t := solve(h = g*t"2/2,
t){(sqrt(2)*sqrt(h))/sqrt(g)}

{ V2 v E'}
Va

The solver'returns the solutions as a set, even if the set contains only one
element. To access the elements of a solution set, use square brackets or
the op command:

time = t[1]time = (sqrt(2)*sqrt(h))/sqrt(g)

. /2vh

time = ;

Clear the Va%able t for further computations:

delete tIf you set several assumptions for the same object, each new
assumption overwrites the previous one:

assume(h in R_); assume(h <> 0); is(h in R_), is(h <> 0)UNKNOWN, TRUE

3-119



3 Mathematics

UNENOWN, TRUE

If you want to keep the previous assumption while adding a new one, see
Adding Assumptions.

The assume command cannot solve assumptions in the form of equations and
does not assign values to the variables:
assume(g + 5 = 14.8 and 2*t = 14); h = g*t*2/2h = (g*t*2)/2

h=9"%
2
When you set an assumption in the form of an inequality, both sides of the
inequality must represent real values. Inequalities with complex numbers
are invalid because the field of complex numbers is not an ordered field. For
example, if you try to use the following assumption, MuPAD returns an error:
assume(t > 2*I) Error: Assumptions are inconsistent. [property::_assume] You

can use complex values in an assumption written in the form of an equation:
assume(t = 2*PI*I)

Add Permanent Assumptions

When you set an assumption on an object, MuPAD replaces the previous
assumptions on that object with the new assumption:
assume(x in Z_); assume(x in R_); is(x in Z_), is(x in R_)UNKNOWN, TRUE

UNEKNOWN, TRUE

To add a new assumption without removing the previous assumptions, use
the assumeAlso command:
assume(x in Z_); assumeAlso(x in R_); 1s(x in Z_), is(x in R_)TRUE, TRUE

TRUE, TRUE
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Also, you can set multiple assumptions in one function call by using the logical
operators. For example, set two assumptions on x:
assume(x in Z_ and x in R_); is(x in Z_), is(x in R_)TRUE, TRUE

TRUE, TRUE

When adding assumptions, always check that a new assumption does not
contradict the existing assumption. MuPAD does not guarantee to detect
conflicting assumptions. For example, assume that y is simultaneously
nonzero, real and an imaginary value. Type::Imaginary refers to all complex
numbers lying on the imaginary axis. When you set these assumptions,
MuPAD does not issue any warning and does not error:

assume(y <> 0); assumeAlso(y in R_); assumeAlso(y, Type::Imaginary)

Note Note Do not set conflicting assumptions because they can lead to
unpredictable and inconsistent results.

To check if the assumption still holds true, use the is command. For example,
MuPAD drops the assumption that the variable y represents imaginary
numbers because this assumption conflicts with the combination of the
previous two assumptions:

is(y <> 0), is(y in R_), is(y, Type::Imaginary)TRUE, TRUE, FALSE

TRUE, TRUE, FALSE

If you set conflicting assumptions, the order in which you set them does not
always determine which assumption MuPAD accepts:

assume(y <> 0); assumeAlso(y, Type::Imaginary); assumeAlso(y in Z_); is(y <>
0), is(y, Type::Imaginary), is(y in Z_)TRUE, FALSE, TRUE

TRUE, FALSE, TRUE
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Clear Permanent Assumptions

Permanent assumptions hold for all further calculations. Before using a

parameter in other calculations, check which properties MuPAD assumes to

be valid for this parameter. The property::showprops command returns all
assumptions specified for the parameter:

assume(g in R_); assume(h in Z_); assume(t > 0); property::showprops(g),
property::showprops(h), property::showprops(t)[gin R_], [hin Z_], [0 < t]

[g €R], [h €Z] [0< ]

The unassume command clears a particular object from all assumptions:
unassume(g); unassume(h); unassume(t); property::showprops(g),
property::showprops(h), property::showprops(t)[], [1, []

[1. [1. 11

To delete the value of a parameter and clear all assumptions set for this
parameter, use the delete command:

2
delete g, h, tFor example, assign the value g*t*2/2 & ! to the variable h
and assume that h > 0:
h := g*t"2/2: assume(g > 0 and h > 0); property::showprops(h); h[0 < g, 0
< (g*t*2)/2]

2

7l 7l g tﬁ
@z T T2

%]

gt
2
The unassume command clears the assumption, but does not remove the
value of the variable:
unassume(h > 0); property::showprops(h); h]




Use Permanent Assumptions

(g*t"2)/2

gt
2

The delete command clears the assumption and the value:
delete h; property::showprops(h); h|]
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Use Temporary Assumptions

3-124

In this section...

“Create Temporary Assumptions” on page 3-124
“Assign Temporary Values to Parameters” on page 3-125

“Interactions Between Temporary and Permanent Assumptions” on page
3-127

“Use Temporary Assumptions on Top of Permanent Assumptions” on page

3-127

Create Temporary Assumptions

Use temporary assumptions to specify that an object holds mathematical
properties for a particular calculation. Temporary assumptions also help
you narrow a general solution and get specific solutions. For example, the
following equation describes linear motion with constant acceleration: r =r_0

at

+ v _0*t + a*t"2/2r = rg+ Vgt + . Here, r is the distance the object
travels, r, is the initial distance, v, is ghe initial velocity, a is the constant
acceleration, and t is the time of travel. If you know all other parameters and
want to calculate the time that the object was moving, solve the equation

for the variable t:

t =solve(r =r_0 + v_0*t + a*t"2/2, t)t = piecewise([a <> 0, {-(v_O - sqrt(v_0"2 +
2*a*r - 2*a*r_0))/a, -(v_0 + sqrt(v_072 + 2*a*r - 2*a*r_0))/a}], [a =0 and v_0
<>0,{r-r 0/ O0},[r=rO0Oanda=0andv.0=0,C_],[r<>r Oanda=0
and v_0 =0, {}])

ra
[2 [ 2
f Fo-\ ¥V +2ar-2ar P+ P +2ar-2ar 1 ,
I'GI'G o _Tro*V¥o O¢ if g =0
a d
r-r .
[rrol if a=0AvVg=0
o L vg |

C if r=rgna=0nvg
J5i if r£=rgna=0navg
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Suppose, you want to keep the general solution for all possible cases of the
linear motion with constant acceleration. You also want to derive several
special cases of this motion and get particular solutions for these cases. For
example, one of the objects you consider moves with constant velocity. Derive
the solution for this object from the general solution for the time of the motion
by assuming the acceleration a = 0:

=golve(r =r_0 + v_0*t + a*t"2/2, t) assuminga =0 andr >r_0 and v_0 >
0t ={(r - r_0)/v_0}

. [r-ro)
L Vo J . ] .
The assumption a = 0 holds true only for this particular call to solve. The
assumption does not affect other calculations:

is(a = 0)UNKNOWN

UNENOWIN

If you set an assumption in the form of an inequality, both sides of an
inequality should represent real values. Inequalities with complex numbers
are invalid because the field of complex numbers is not an ordered field. For
example, if you try to use the following assumption, MuPAD returns an error:
y + 1 assuming y > 2*I Error: Assumptions are inconsistent.
[property::_assume] You can use complex values in assumptions presented
in forms of equations:

y + 1 assuming y = 2*I1 + 2*1

1+21

Assign Temporary Values to Parameters

To solve the linear motion equation for particular values of the parameters,
assign the values to the parameters:

r:=4:r_ 0:=0:v_0:=3:a:=2: t=solve(r =r_0 + v_0*t + a*t*2/2, t) assuming
t> 0t = {1}
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F— 11
t={1}

If you use assignments, MuPAD evaluates variables to their values in all
further computations:
r,r 0,v_0, a4, 0, 3, 2

4,0, 3, 2

To be able to reuse the variables in further computations, use the delete
command:

delete r, r_0, v_0, aUsing assumptions, you can temporarily assign values to
the parameters. For example, solve the equation for the following values:

t = solve(r =r_0 + v_0*t + a*t*2/2, t) assumingr=4 andr_ 0 =0 and v_0 =
3anda=2andt>0t={1}

F— 111
t={1}

The variables remain free for further calculations because temporary
assumptions do not hold true:
r,r 0,v.0,a,tr,r 0,v_0,a,t

r,rg vg a,t

If assumptions contain linear equations with one variable, MuPAD solves
these equations, inserts the solutions into the expression, and then evaluates
the expression:

r=r 0+ v_0%* + a*t"2/2 assuminga+5=5and 2*v.0+4=14and t=3
andr 0=0r=15
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Interactions Between Temporary and Permanent
Assumptions

The assuming command temporarily overwrites all permanent assumptions
set on an object:
assume(z in R_); z assuming z = -2*[-2*]

-2

After evaluating the statement with a temporary assumption, MuPAD

reinstates the permanent assumption:
is(z in R_))TRUE

TRUE

See how to use temporary assumptions in combination with permanent
assumptions in Using Temporary Assumptions on Top of Permanent
Assumptions.

Use Temporary Assumptions on Top of Permanent
Assumptions

Suppose you set permanent assumptions on a MuPAD object. If you evaluate
the object with a temporary assumption set by the assuming command,
MuPAD ignores the permanent assumptions in this evaluation:

assume(x in R_); solve(x"3 + x = 0, x) assuming (x <> 0){-I, I}

To use permanent assumptions and a temporary assumption together, add
the temporary assumption using the assumingAlso command:
assume(x in R_); solve(x"3 + x = 0, x) assumingAlso (x <> 0){}
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When you use temporary assumptions on top of the permanent ones, always
check that the assumptions do not contradict each other. Contradicting
assumptions can lead to inconsistent and unpredictable results. In some
cases, MuPAD detects conflicting assumptions and issues the following error:
assume(x < 0); x assumingAlso (x > 0); Error: Assumptions are inconsistent.
[property::_assume] MuPAD does not guarantee to detect contradicting
assumptions:

assume(x, Type::Even); x assumingAlso (x + 1, Type::Even)x
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Choose Differentiation Function

MuPAD provides two functions for differentiation. The choice of the function
depends on which type of object you want to differentiate. To differentiate
mathematical expressions, use the diff command. For example:

diff(cos(x), x); diff(x"3, x)-sin(x)

-slnix)
3*x"2

3x°

To differentiate a function or functional expression, use D or its shortcut
’, Using this command, you can differentiate any standard mathematical
function or your custom created function. For example:

D(cos); f := x -> x*sin(x): f-sin

- 8in
X -> sin(x) + x*cos(x)

X —s8Iln(x) + ¥ cos(x)
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Differentiate Expressions

3-130

For differentiating an expression, use the diff command. Specify the
expression you want to differentiate, and the differentiation variable.
Specifying the differentiation variable is important even if your expression
contains only one variable. For example, find the derivative of an expression
with one variable:

diff(x"2 + sqrt(sin(x)), x)2*x + cos(x)/(2*sqrt(sin(x)))

i cos(x)
X+
2 v / -=*1r|| bl
Note If you do not specify differentiation variable, diff(expr) returns the
expression expr.

Find first-order partial derivatives of a multivariable expression by specifying
differentiation variables:

diff(sin(x*cos(x*y)), x); diff(sin(x*cos(x*y)), y)cos(x*cos(x*y))*(cos(x*y) -
x*y*sin(x*y))

COS(X Ccos(X "II lCcoslx j Y ¥ sin(x ¥l
¥))

-x*2*sin(x*y) cos(x cos(x*

-

-Xﬁ sin(x V) cos(X cos(X ¥))

To take second and higher order derivatives, you can use nested calls to
the diff function. More efficiently, use only one diff command and specify
variables for each differentiation step. Calling diff only once is shorter and
also can improve performance because MuPAD internally converts nested
calls to diff into a single call with multiple arguments:

diff(diff(sqrt(sin(x)), x), x); diff(sqrt(sin(x)), x, x)- sqrt(sin(x))/2 -
cos(x)"2/(4*sin(x)"(3/2))
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|,
\/ s x) cos[xilz
- ng(sm()ﬁ)/& ~COS(X) ﬁ/ﬁ4*sin(x)/\(3/2))
4 s1n(x)
do 2
\/ 8l x) COB(X)

Whé?n compuﬂir@ihighe?grder derivatives with respect to one variable, use
the sequence operator as a shortcut:

diff(sqrt(sin(x)), x $ 3) = diff(sqrt(sin(x)), x, X, x)cos(x)/(4*sqrt(sin(x)))

+ (3*cos(x)"3)/(8*sin(x)"(5/2)) = cos(x)/(4*sqrt(sin(x))) +
(3*cos(x)"3)/(8*sin(x) " (5/2))

A oy 3 A oy 3
cos(x) | 3 cos(x) _  cos(x) . 3 cos(x)

i . 52 n .
4’11‘,9" Edtnpuite mﬁeﬁlﬂéﬁx@a{ﬁ!es, sﬂeq,i"lfﬁldiffé'ﬂenti&iﬁﬂleziﬁz%fes for each step:
diff(x*cos(x*y), y, X)- 2*x*sin(x*y) - x*2*y*cos(x*y)

. 2
-d X sIn(x y)-X ¥ Ccosix y)

Note To improve performance, MuPAD assumes that all mixed derivatives
commute. For example, diff(diff(f(x, y), x), y) = diff(diff(f(x, y), x),

e 8 fix, yi=2 2 Ffix, y)

o Ox o Ox

This assumption suffices for most of engineering and scientific problems.
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To compute derivatives of functions, use the differential operator D. This
operator differentiates both standard mathematical functions and your own
functions created in MuPAD. For example, find the first derivatives of the
following standard mathematical functions implemented in MuPAD:

D(sin), D(exp), D(cosh), D(sqrt), D(heaviside)cos, exp, sinh, 1/(2*sqrt(id)), dirac

1

cos, exp, sinh, ——, dirac

Create your own guﬂ‘ét]i%in with one variable and compute a derivative of this
function:
=x ->x"3: D(f)x -> 3*x"2

x—=3x

For univariate functions, use ’ as a shortcut for the differential operator D:
= x -> sin(x)/x"2: £; £(x)x -> cos(x)/x"2 - (2*sin(x))/x"3

5 — Cos(x) 2 sin(x)
) cos(x)/;(_”éfz - (2*81n(})§ﬁ/x"3

cos(x) 2 sin(x)

=

Fhe shortcut oes not work for multivariate functions:

f:=(x,y) ->x+y: f Error: A univariate function is expected. [D] To compute a
derivative of a multivariable function, specify the differentiation variable. The
operator D does not accept the names of the variables. Instead of providing

a variable name, provide its index. For example, integrate the following
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function with respect to its first variable x. Then integrate the function with
respect to its second variable y:

f:=(x,y)->x"2+y"3: D((1], f); D([2], H(x, y) > 2*x

(X, ¥)—=2x
(x,y) > 3*y"2

-

“
(x, y)— 3 ¥

The list of indices accepted by the operator D refers to the order in which you
provided the variables when creating a function:

f=(x,y)->x*2+y"3: D(1], D); f:= (v, x) ->x*2 + y*3: D([1], H(x, y) -> 2*x

(x, y)—=2x
(v, x) -> 3*y"2

; -\ 2
(v, X) — 3 ¥

To find second and higher order partial derivatives of a function, use the same
index two or more times. For example, compute the second-order partial
derivatives with respect to x and with respect to y:

f:=(x,y) ->x"3*sin(y): D([1, 1], ); D([2, 2], D(x, y) -> 6*x*sin(y)

(x, ¥) = 8 x sin( y)
(x,y) -> -x"3*sin(y

3.
(x, ¥) = -x sin(y)

To compute second and higher order derivatives with respect to several

variables (mixed derivatives), provide a list of indices of differentiation
variables:

f:=(x,y) ->x"3%sin(y): D([1, 2], £);(x, y) -> 3*x"2*cos(y)
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(%, ¥) =3 x~ cos(y)

Note To improve performance, MuPAD assumes that all mixed derivatives

commute. For example, D([1, 2], f) = D([2, 1], DD LS F) =D, ,(f)

This assumption suffices for most of engineering and scientific problems.
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Compute Indefinite Integrals

To integrate a mathematical expression f means to find an expression F such
that the first derivative of F is f. The expression F is an antiderivative of f.
Integration is a more complicated task than differentiation. In contrast to
differentiation, there is no general algorithm for computing integrals of an
arbitrary expression. When you differentiate an expression, the result is
often represented in terms of the same or less complicated functions. When
you integrate an expression, the result often involves much more complicated
functions than those you use in the original expression. For example, if the
original expression consists of elementary functions, you can get the result in
terms of elementary functions:

int(x + 1/(x"2), x)x*2/2 - 1/x

2 X
The following integrand also consists of standard trigonometric functions, but
here the integrator cannot return the result in terms of elementary functions.
The antiderivative involves a special function:
int(sin(x)/x, x)Si(x)

Si(x)

When you compute an indefinite integral, MuPAD implicitly assumes that
the integration variable is real. The result of integration is valid for all real
numbers, but can be invalid for complex numbers. You also can define
properties of the integration variables by using the assume function. The
properties you specify can interfere with the assumption that the integration
variable is real. If MuPAD cannot integrate an expression using your
assumption, the int function issues a warning. Use the intlib::printWarnings
function to switch the warnings on and off. For example, switch on the
warnings:

intlib::printWarnings(TRUE):Suppose you want to integrate the following
expression under the assumption that the integration variable is positive.
This assumption does not conflict with the assumption that the variable is
real. The int command uses your assumption:
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= abs(x): int(f, x) assuming x > 0x"2/2

Integrate this expression under the assumption that x is an integer. MuPAD
cannot integrate the expression over a discrete subset of the real numbers.
The int command i1ssues a warning, and then integrates over the field of real
numbers:

int(f, x) assuming x in Z_ Warning: Cannot integrate when ’x’ has property
"Z_’. The assumption that ’x’ has the property 'R_’ is used for integration.
[intlib::int] (x*2*sign(x))/2

x" sign(x)
2
For a discrete set of values of the integration variable, compute a sum instead
of computing an integral. See “Summation” for details.

Now integrate under the assumption that x is imaginary. The int command
cannot compute the integral of the expression over imaginary numbers. It
issues a warning and integrates the expression over the domain of complex
numbers:

assume(x, Type::Imaginary); int(f, x) Warning: Cannot integrate when ’x’ has
property {x*I | x in R_}’. The assumption that x’ has the property ’C_’ is used
for integration. [intlib::int] piecewise([x = 0, 0], [not x in R_, (x"2*sign(x))/2])

0 if x=0

4

I .

L%&nﬂﬂ"rﬁﬁtﬁﬁabout the assumptions, see “Properties and
Assumptions”. Before you proceed with other computations, clear the
assumption on the variable x:
unassume(x):Also, disable the warnings:
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intlib::printWarnings(FALSE):
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For definite integration, the int command restricts the integration variable

X to the given range of integration.
int(sin(In(x)), x = 0..5)(56*sin(In(5)))/2 - (5*cos(In(5)))/2

5 sin(ln(5)) 5 cos(ln(g))

2 2

If the int command determines that an integral does not converge, it returns
the special value undefined:
int(exp(x*I), x = 1..infinity)undefined

undefined

When the int command cannot compute an integral and also cannot prove
that the integral does not converge, it returns an unresolved integral:
int(sin(cos(x)), x = 0..10)int(sin(cos(x)), x = 0..10)

10
sin(cos(x)) dx

0 For definite integrals, the int command restricts the integration to the
specified interval. If you use the assume function to set properties on
the integration variable, int temporarily overwrites these properties and
integrates over the specified interval. To display warnings, set the value of
intlib::printWarnings to TRUE:
intlib::printWarnings(TRUE): assume(x > 0): int(x, x =1 .. 2); int(x, x = -3
.. 1) Warning: The assumption that ’x’ has property ’[1, 2] instead of given
property ’(0, infinity)’ is used for integration. [int] 3/2

b3| L
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Warning: The assumption that 'x’ has property ’[-3, 1]’ instead of given
property ’(0, infinity)’ is used for integration. [int] -4

-4

After computing an integral, MuPAD restores the assumptions set for
integration variable. If you do not want the assumptions to affect further
computations, use the unassume function:

unassume(x)MuPAD also makes implicit assumptions on the specified
interval. Suppose, you use the integration range as [a, b]. The system
assumes that both a and b represent real numbers, and that a < b unless you
clearly specify otherwise. If you set the value of intlib::printWarnings to TRUE,
MuPAD displays the warning about using implicit assumptions:
int(heaviside(x - a), x = a..b) Warning: Cannot decide if ’a <= b’ is true, will
temporarily assume it is true. [int] b - a

b-a

To avoid this implicit assumption, specify that a > b:
int(heaviside(x - a), x = a..b) assuming a > b0

For further computations, disable the warnings:
intlib::printWarnings(FALSE):
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Compute Multiple Integrals

To compute multiple integrals, use nested calls to int. For example, compute
the surface area and the volume of a sphere using spherical coordinates.

M
Z

Compute the expression for the surface area of a sphere. The distance from
the center of a sphere to the surface remains constant, r = R. The angle ¢
changes its value from 0 to m. The angle y changes its value from 0 to 2m:
int(int(R*2*sin(phi), phi = 0..PI), chi = 0..2*PI)4*PI*R*2

1
[ 3]

d 7 |

Compute the expression for the volume of a sphere. The angles accept the
same values, but the distance from the center of any point inside the sphere
ranges from 0 to R. To find the volume, compute the following triple integral:
int(int(nt(r”*2*sin(phi), r = 0..R), phi = 0..PI), chi = 0..2*PI)(4*PI*R"3)/3
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-
d 7 H
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Apply Standard Integration Methods Directly

In this section...

“Integration by Parts” on page 3-142

“Change of Variable” on page 3-143

Integration by Parts

Integration by parts is one of the common methods for computing integrals.
Using this method, you rewrite the original integral in terms of an expression
containing a simpler integral. Integration by parts for indefinite integrals
uses the definition:

int(u’'(x)*v(x),x) = u(x)*v(x) - int(u(x)*v’'(x),x)

fu’ix] Vix)dx = ulx) Vljx]—fmx] v’[x] dx

For definite integrals, integration by parts is defined as follows:

Int(W'(x) * v(x), x = a..b) = u(b)*v(b) - u(a)*v(a) - int(u(x)*v'(x), x = a..b)

b b
u’[x] vix)dx =ulb)wvib)-ula) via)- /mx] V’iX] dx

4 Internally, MuPAD uses integration by parts alongiwith other integration
methods. To use this method explicitly, call the intlib::byparts function. If
you want to integrate an expression by parts, keep the original integral
unevaluated. By default, int returns evaluated integrals. Use the hold or
freeze commands to prevent evaluation of the integral:

f := freeze(int)(exp(a*x)*cos(I*x*b), x)int(exp(a*x)*cos(b*x*I), x)
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a X .
e cosibx1)dx

Call intlib::byparts and specify the part of an expression you want to
integrate. For example, specify u’(x) = exp(a*x) ur[ X) = ed .

f_int := intlib::byparts(f, exp(a*x))- int(-(b*exp(a*x)*sin(b*x*I)*I)/a, x) +
(exp(a*x)*cos(b*x*I))/a

[ besin(b xi)i "| dx edxcosm x 1)
a a
To evaluate the resulting 1ntegral use the eval command:
eval(f_int)(exp(a*x)*cos(b*x*I))/a + (b*exp(a*x)*(a*((exp(b*x)*I)/2 -
(exp(-b*x)*1)/2) - b*(exp(b*x)/2 + exp(-b*x)/2)*)*I)/(a*(a”2 - b"2))

" bx. -.{:I.r_\l ¢ bx -bx j
a X . .
ax . & 1_ & 1] | & = \I
e** cos(h x i) be (a (‘—2 — ble—+2t ) 1)1

a r 2 2‘-|
If the resulting expression is too long, try 1&%11[’@ th'e‘@implify or Simplify

function:
Simplify(%)(exp(a*x - b*x)*(a + b + a*exp(2*b*x) - b*exp(2¥b*x)))/(2*(a"2 -

b"2))

ax-bx | 2bx 2bhx
e la+b+ae -be \|

r 2 2
2 (a*- b7)
Change of Variable
Change of variable is also one of the common methods for computing integrals.
For explicit use of this method, MuPAD provides the intlib::changevar
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function. When changing an integration variable, you need to keep the
integral unevaluated. By default, int returns evaluated integrals. Use the
hold or freeze commands to prevent evaluation of the integral:

:= intlib::changevar(hold(int)(sin(exp(x)), x), t = exp(x), t)int(sin(t)/t, t)

sinl ) .
f“ : dt
t

To evaluate the resulting integral, use the eval command:

eval(f)Si(t)

Si( )

The change of variable method also works for computing definite integrals:
f := intlib::changevar(hold(int)(x/sqrt(1 - x*2), x = a..b), t = x*2,
t)int(1/(2*sqrt(1 - t)), t = a*2..b*2)

%]

=

2 2\/1-¢
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Get Simpler Results

When computing integrals, MuPAD applies strict mathematical rules. For
example, integrate the following expression:
int(arcsin(sin(x)), x)x*arcsin(sin(x)) - (x*2*sign(cos(x)))/2

x” sign(cos(x))

2
If you want a simple practical solution, try the IgnoreAnalyticConstraints
option. With this option, MuPAD uses a set of simplified mathematical rules
that are not generally correct. The returned results might be shorter and
more useful, for example:
int(arcsin(sin(x)), x, IgnoreAnalyticConstraints)x”2/2

X arcsin(sin(x)) -
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If an Integral Is Undefined

3-146

If one of the following conditions is true, a definite integral int(f(x), x =

b . .. . .
a..b) rd F(x) d x might not exist in a strict mathematical sense:

¢ If the interior of the integration interval (a, b) contains poles of the
integrand f(x).

e [fa=-owor b=wor both.

If f(x) changes sign at all poles in (a, b), the so-called infinite parts of the
integral to the left and to the right of a pole can cancel each other. In this
case, use the PrincipalValue option to find a weaker form of a definite
integral called the Cauchy principal value. For example, this integral is not
defined because it has a pole at x = 0:

int(1/x, x = -1..1)undefined

undefined

L[k

To compute the Cauchy principal value, call int with the option
PrincipalValue:
int(1/x, x = -1..1, PrincipalValue)0

If an expression can be integrated in a strict mathematical sense, and such an
integral exists, the Cauchy principal value coincides with the integral:
int(x"2, x = -1..1) = int(x*2, x = -1..1, PrincipalValue)2/3 = 2/3

Lok
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If MuPAD Cannot Compute an Integral

In this section...

“Approximate Indefinite Integrals” on page 3-147

“Approximate Definite Integrals” on page 3-148

If the int command cannot compute a closed form of an integral, MuPAD
returns an unresolved integral:
int(sin(sinh(x)), x)int(sin(sinh(x)), x)

fsin[sinh[x] jdx
If MuPAD cannot compute an integral of an expression, one of the following
reasons may apply:
¢ The antiderivative does not exist in a closed form.

¢ The antiderivative exists, but MuPAD cannot find it.
Try to approximate these integrals by using one of the following methods:

¢ For indefinite integrals, use series expansions. Use this method to
approximate an integral around a particular value of the variable.

¢ For definite integrals, use numeric approximations.

Approximate Indefinite Integrals

If int cannot compute an indefinite integral in a closed form, it returns an

unresolved integral:
F := int(cos(x)/sqrt(1 + x*2), x)int(cos(x)/sqrt(x*2 + 1), x)
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To approximate the result around some point, use the series function. For
example, approximate the integral around x = 0:
series(F, x = 0)x - x*3/3 + (2*x"5)/15 + O(x"7)

] o 2x
3

If you know in advance that the integral cannot be found in a closed form,

skip calculating the symbolic form of the integral. To use the system more

efficiently, call the series command to expand the integrand, and then

integrate the result:

int(series(cos(x)/sqrt(l + x2), x = 0), x)x - x*3/3 + (2*x"5)/15 + OX"7)

X s olx")

3 b

- 2 x i
_ Y _
- X 2% L olx')
T s #

Approximate Definite Integrals

If int cannot compute a definite integral in a closed form, it returns an
unresolved integral:
F ;= int(cos(x)/sqrt(1 + x*2), x = 0..10)int(cos(x)/sqrt(x*2 + 1), x = 0..10)

10
C.OSI: X) 4
0 TQ-"a:upi')m)ﬂ_imate the result numerically, use the float function:
float(F)0.375706283

0.375706283

If you know in advance that the integral cannot be found in a closed form,
skip calculating the symbolic form of the integral. Use the system more
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efficiently by calling the numeric::int function. This command applies
numeric integration methods from the beginning:
numeric::int(cos(x)/sqrt(1 + x*2), x = 0..10)0.375706283

0.375706283
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Compute Symbolic Sums

3-150

In this section...

“Indefinite Sums” on page 3-150
“Definite Sums” on page 3-151

“Sums Over Roots of a Polynomial” on page 3-152

Suppose you have an expression with a set of discrete values of a variable.
Computing a sum of this expression over the set of variables is called
summation. The variable over which you compute the sum is called the
summation index. The function you get as a result of a symbolic summation is
called antidifference. MuPAD implicitly assumes that the summation index
uses only integer values. For continuous values of a variable, summation
naturally turns to integration. Similarly to integration, you can compute
indefinite and definite sums including sums over roots of polynomials.

Indefinite Sums
The function f(i) = sum(x_i, ) F(1) = % ;X ; is called the indefinite sum of x;

)

over i, if the following identity holds for all values of i:
fa+1)-f@)=x1

Flr+1)-Fl1)=x;

When you compute an indefinite sum, the result often involves much more
complicated functions than those you use in the original expression. If the
original expression consists of elementary functions, you can get the result in
terms of elementary functions:

sum(x"2/(x"2 - 1), x)x - 1/(2*(x - 1)) - 1/(2*x)

1 1

X
Alzhough the fo%owmg expression consists of elementary functions, the result
involves a special function:
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sum(x/(x*2 + 1), x)psi(x - [)/2 + psi(x + 1)/2

W - 1) . wix + 1
2 2

Definite Sums

When computing an indefinite sum, the sum command implicitly assumes
that the integration index runs through all integer numbers. Definite
summation lets you specify the range of the summation index. For example,
specify the summation index range using a symbolic parameter:

sum(x/(x*2 + 1), x = a..10%a)- psi(a - I)/2 - psi(a + I)/2 + psi(10*a + 1 - I)/2

+ psi(10¥a + 1 + I)/2

wla-1) wila+1) . w(loa+1-1) . wil0a + 1 +1)
2 2 2 2

sum also computes definite sums with infinite boundaries:
sum(x”*n/n!, n = 0..infinity); sum((-1)*n*x*(2*n + 1)/(2*n + 1)!, n =
0..infinity)exp(x)

X

sin(x)

sin(x)
To find a sum over two variables, use nested calls to sum:

sum(sum(x”n/n!, n = 0..infinity), x = a..100*a)(exp(100*a + 1) - exp(a))/(exp(1)
- ]_)

100 & +1 a
2 -2

e-1
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3-152

If your sum has a small finite number of terms, use the _plus command
instead of sum. The sum command is slower than _plus:
_plusx/(x*2 + 1) $ x = 0..10)3829008689/1693047850

3828008689

168593047880
To compute a sum for a large finite number of terms, use the sum command:
sum(x/(x*2 + 1), x = 1..10710)- psi(1 - I)/2 - psi(1 + I)/2 + psi(10000000001 -
I)/2 + psi(10000000001 + I)/2

wil-i B wil +1) . w(10000000001 -1) . (10000000001 +1)
2 2 2 2

If the result of a finite summation contains more than 1000 terms, the sum
command returns an unexpanded symbolic sum. If you want to display all the
terms explicitly, use the expand function. To get the expanded result in the
following example, delete the colon at the end of the example:

= sum(exp(x)/(x*2 + 1), x = a..a + 1000); expand(S):sum(exp(x)/(x*2 + 1),
X = a..a + 1000)

a + 1000 x

=

e X +1 .
Sums Over Roots of a Polynomial
The sum command also computes sums for which the summation index runs
over all roots of a polynomial. To specify all roots of a polynomial, use RootOf:
sum(@i”10, 1 = RootOf(a*X"10 + b*X~8 + ¢*X"5 + 1, X))-(10*a”4 - 5*a~3*c 2
+ 2*b"b5)/arb

4 3 2 5

10a -5a " +2b
5

a
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Approximate Sums Numerically

If the sum command cannot compute a sum, MuPAD returns an unresolved
sum. For example, try to compute the following sum:
sum(exp(x)*(-x), x = 0..infinity)sum(1/exp(x)"x, x = 0..infinity)

[=]
>
XX
x qheFehsons MuPAD cannot compute the closed form of a particular sum are
the same as the reasons for not computing an integral:

e The antidifference does not exist in a closed form.
® The antidifference exists, but MuPAD cannot find it.

¢ MuPAD can find the antidifference on a larger computer, but runs out of
time or memory on the available machine.

If MuPAD cannot compute a definite sum, try to approximate it numerically:
S := sum(exp(x)*(-x), x = 0..infinity); float(S)sum(1/exp(x)*x, x = 0..infinity)

2.3_8'61313602

x=0l !

1.386318602

If you know in advance that the antidifference cannot be computed in a closed
form, skip trying to calculate this sum symbolically. For such expressions, call
the numeric::sum function to perform numeric summation directly. Trying to
calculate a symbolic sum, and then approximating it numerically can be much
slower than applying numeric summation from the beginning:
numeric::sum(exp(x)"(-x), x = 0..infinity)1.386318602
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1.386318602
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Compute Taylor Series for Univariate Expressions

Taylor series expansions serve for approximating an arbitrary expression
by a polynomial expression around some value of a variable. Taylor series
expansions approximate expressions for which the derivatives up to infinite
order exist around a particular value x, of a variable x:

f(x) = f(x_0) + £(x_0)/1! + £’(x_0)/2! + ... = sum({f*({(n)})*({(x_0)})/n!*(x -
x_0)"n, n = 0..infinity)

o (11)

fix) = flxg) + fixg I (¥g) | = Z r (%) ':X-X,:,]ﬂ

! 1 !
To compute Taylor Series expaiision, use the taglor cof%fnand. For example,
approximate the expression sin(x)/x around x = O:

exact := sin(x)/x: approx := taylor(sin(x)/x, x)1 - x*2/6 + x"*4/120 + O(x"6)

& P
1-% .+ X, 0o(x°
B 120
Plot the exact expression and its taylor series expansion in the same
coordinate system. The taylor series expansion approximates the expression
near x = 0, but visibly deviates from sin(x) /x for larger |x|:
plot(plot::Function2d(exact, x = -PI..PI, Legend = "sin(x)/x", Color = RGB::Red),
plot::Function2d(approx, x = -PI..PI, Legend = "approximation of sin(x)/x"))
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- sin i)
s gpproximation of sinlxfx

Accuracy of an approximation depends on the proximity to the expansion
point and on the number of terms used in the series expansion. See how to
specify the number of terms in Controlling the Number of Terms in Series
Expansions.

Taylor series expansions around x = 0 are also called Maclaurin series
expansions. Approximate the expressions by Maclaurin series:

taylor(exp(x), x); taylor(sin(x), x); taylor(cos(x)/(1 - x), x)1 + x + x"2/2 + x"3/6 +
x"4/24 + x"5/120 + O(x"6)

2 3 4 5 -
e E e X, A X _ ., 0o(x")

L X aigs 520 B D30
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1+x +x72/2 + x73/2 + (13%x74)/24 + (13*x"5)/24 + O(x"6)

2 3 4 5
1+_§5‘+£+L 13)1 +13)i +D[:_§{Et|
2 2 24 24
The Maclaurin series expansion does not exist for the following expression.
MuPAD returns an error:
taylor(arccot(x), x) Error: Cannot compute a Taylor expansion of ’arccot(x)’.
Try ’series’ for a more general expansion. [taylor] You can represent the
following expression by a Taylor series around x = 1. To compute the
series expansion around a nonzero value of a variable, specify the value.
For example, compute the Taylor series expansions around x = 1 for the
following expressions:
taylor(In(x), x = 1); taylor(arccot(x), x = 1)x - 1 - (x - 1)*2/2 + (x - 1)"3/3 - (x -
D /4 + (x - 1)MB/5 - (x - 1)76/6 + O((x - 1))

x-1)° (x-1)° (x- 1 x-1)° (x-1)° ((x-117)
PI1/4 (x 21)/2+(x 132/4 - (x - 1)@3/12+(x )~5/40 + OB - 1)’\6 h t

2 3 5
n x-1 (x-1) (x-1) (x-1) (14115
— - + - + +.D_|__§5—1_| J
4 2 4 12 40
The taylor command returns results in the form of taylor series including
the order term O. To convert the results to a regular polynomial expression
without the O-term, use the expr command:

= taylor(sin(x)/exp(x), x); expr(s)x - x*2 + x"3/3 - x*5/30 + x*6/90 + O(x"7)

PR ()
_’316/90 3A5/39|;} QA@_@ G
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Compute Taylor Series for Multivariate Expressions

To compute a series expansion for a multivariate expression, use the mtaylor
command. When expanding multivariate expressions, list all variables and
their values to specify the expansion point. By default, mtaylor computes
the series expansion around the point where the values of all variables are
equal to zero:

mtaylor(exp(x*y), [x, y)(x"2*y*2)/2 + x*y + 1

+x y+1

Specify all nonzero values of the variables at the point where you want to
compute the series expansion. Besides numbers and symbolic parameters,
mtaylor also accepts real positive infinity infinity and real negative infinity

- 00!

mtaylor((1 - x)*(1/2)/exp(1ly), [x, y = infinity])x*2/(8*y) - x/2 - x*2/(16*y"2)

+ x"3/(16*y) + x*2/(48*y"3) - x"3/(32*y"2) + (5*x74)/(128*y) + x/(2*y) -
x/(4*y"2) + x/(12%y"3) - x/(48%y"4) - x*2/8 - x"3/16 - (5¥x"4)/128 - (T*x"5)/256
- Uy + 1/(2%y*2) - 1/(6*y"3) + 1/(24*y"4) - 1/(120*y"5) + 1

- - 3 - 3 _4
x°  x x° X x° X o X X X X

- = - + + - + + - +

8y 2 16y’ 16y 48y 32y 128y 2y 4y 12§
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Control Number of Terms in Series Expansions

Taylor series expansions approximate an arbitrary expression with a
polynomial. The number of terms in a series expansion determines the
accuracy of the approximation. The number of terms in a series expansion
depends on the truncation order of the expansion. By default, MuPAD
computes the first six terms of series expansions:

taylor(exp(x), x)1 + x + x"2/2 + x*3/6 + x"4/24 + x*5/120 + O(x"6)

2 3 4 5 .
]_+};'+£+L+L+X +L?[_l‘6j
2 g8 24 120
The number of terms includes the terms with coefficients equal to zero. For
example, the taylor series expansion of cos(x) includes the terms Ox, 0x?, and
0x?. MuPAD computes these terms, but does not display them:
taylor(cos(x), x)1 - x*2/2 + x"4/24 + O(x"6)

2 4 .
1-% X L o(x°
2 24
Suppose, you want to approximate an exponential function with the
polynomial expression around x = 0. Use the third parameter in taylor
to specify the order of series expansion. For example, compute the series
expansions approxi specifying the truncation order 3. Compare the result
with the series expansion computed for the default order:
exact := exp(x): approxl := taylor(exp(x), x, 3); approx2 := taylor(exp(x), x)1
+ x + x°2/2 + O(x"3)

i };_2 p -3-.]
1 +x+ + Olx”)
1+x+82/2 +x73/6 +x"4/24 + x75/120 + O(x"6)

oxe XXX 0 X 0(x9)
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Plot the exact expression, exact, and its taylor series expansions, approx1
and approx2, in the same coordinate system. The series expansion with more
terms approximates the expression exp(x) better:
plot(plot::Function2d(exact, x = -PI..PI, Legend = "exp(x)", Color = RGB::Red),
plot::Function2d(approx2, x = -PI..PI, Legend = "approximation of exp(x), up
to O(x"6)", Color = RGB::Blue), plot::Function2d(approx1, x = -PI..PI, Legend
= "approximation of exp(x), up to O(x"3)", Color = RGB::Green))

v 4

/
|I|'
20 + /
15 + /
101
5 -4
=
-3 -2 -1 1 2 3
x

- exp(x)
# approximation of expix), up to Of=<"™&)
approximation of explx), up to Oix"™3)

There are two ways to change the truncation order for series expansions:

¢ Locally by passing the truncation order as the third parameter to taylor.
By using this parameter, you specify the truncation order for a particular
series expansion. All other series expansions use the default order. The
parameter is available for the following commands: taylor, mtaylor, and
series. For more information, see the help pages for these commands.

® Globally by using the environment variable ORDER. When you change this
variable, all series expansions use the new truncation order.
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To change the truncation order for a particular series expansion, pass the new

order as a third parameter to taylor:
taylor(exp(x), x, 10)1 + x + x*2/2 + x*3/6 + x"4/24 + x*5/120 + x"6/720 +

x"7/5040 + x"8/40320 + x"9/362880 + O(x"10)

2 3 4 5 B 7 B 9 - 10
:]_+j{+'§i_+'§i_+'§i_+'Ji +'§'rl + X + X + X +D[j{\'|
2 5] 24 120 720 5040 40320 362880

To change the default truncation order for all series expansions, modify the

environment variable ORDER:
ORDER := 7: taylor(exp(x), x)1 + x + x*2/2 + x*3/6 + x"4/24 + x"~5/120 +

x"6/720 + Ox"T)

PR «° (.7
1 +x+ 2 + 2 ¢ 5 4 & 4 A 4 Olx )
2 & 24 120 720
The following computations use the new value of ORDER:
taylor(sqrt(1 - x), x)1 - x/2 - x*2/8 - x*3/16 - (56*x"4)/128 - (7*x75)/256 -

(21*x76)/1024 + O(x7)

1-%. ﬁ- ﬁ- 5:&-4- ?XE- 21 Xﬁ + D[:X?j
2 8 168 128 258 1024
To restore the default value of ORDER, use the delete command:

delete ORDER: taylor(sqrt(l - x), x)1 - x/2 - x*2/8 - x*3/16 - (6*x"4)/128 -
(7*x75)/256 + O(x"6)

2 3 . B .
X 5 X -?}i +D[.:&'Gj

1- XX
2 B 16 128 258
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O-term (The Landau Symbol)

When computing the series expansions, you get expressions with one of the
terms represented as the Landau symbol O. This term shows the truncation
order (error order) of the computed series expansion.

MuPAD automatically simplifies the O-term:

O(10*x"7 + 20*x78), O(x"2 + x + 1), Ox"3*y" 2 + x*2*y"2)0O(x"7), O(1),
Ox"2*y"2)

] [:;v:?:'_. 019, -:_’:s[:;.;-z ;},—2‘_]

When evaluating expressions with order terms, the system uses standard
arithmetical operations for these terms:

O0(x"3)/0(x"2), O(x"3) + O(x"2), Ox"3)*O(x"2)0(x), O(x"2), O(x"5)

O(x), G‘[:thl_. olx°)
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The Taylor series expansion is the most common way to approximate an
expression by a polynomial. However, not all expressions can be represented
by Taylor series. For example, you cannot compute a Taylor series expansion
for the following expression around x = 2:

taylor(1/(x”3 - 8), x = 2) Error: Cannot compute a Taylor expansion of '1/(x"3
- 8)’. Try ’series’ for a more general expansion. [taylor] If a Taylor series
expansion does not exist for your expression, try to compute other power
series. MuPAD provides the function series for computing power series. When
you call series, MuPAD tries to compute the following power series:

e Taylor series
® Laurent series
e Puiseux series. For more information, see Series::Puiseux.

® Generalized series expansion of f around x = x,. For more information, see
Series:.gseries.

As soon as series computes any type of power series, it does not continue
computing other types of series, but stops and returns the result. For
example, for this expression it returns a Laurent series:

S := series(1/(x"3 - 8), x = 2); testtype(S, Type::Series(Laurent))1/(12*(x - 2)) -
1/24 + (x - 2)/72 - (x - 2)72/288 + (x - 2)"3/1728 + O((x - 2)"b)

. ‘e 2 oo 3 _
1, x¥x-2 (x-2) . (x-2) . -5_7[.[:*.'—2]5\.]

1 :
1 IR 5y 2 72 288 1728

TRUE

When computing series expansions, MuPAD returns only those results
that are valid for all complex values of the expansion variable in some
neighborhood of the expansion point. If you need the expansion to be valid
only for real numbers, use the option Real. For example, when you compute



Compute Generalized Series

the series expansion of the following expression for complex numbers, series
returns:

series(sign(x"2*sin(x)), x = 0)sign(x*2*sin(x)) + O(x"6)

e B
sign(x” sin(x)) + O(x°)
When you compute the series expansion for real numbers, series returns a

simplified result:
series(sign(x*2*sin(x)), x = 0, Real)sign(x)*3 + O(x"6)

. 3 (B
sign(x)” + O(x°)
Along the real axis, compute series expansions for this expression when x

approaches the value 0 from the left and from the right sides:

series(sign(x*2*sin(x)), x = 0, Left); series(sign(x”2*sin(x)), x = 0, Right)- 1
+ O(x"6)

21+ 0lx")
1+ O(x"6)

1+ 0(x°
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Compute Bidirectional Limits

Suppose, you have a function f(x). The value C is a limit of the function
f(x) at x = x,

C = limit(f(x), x = x_0)

C=lim fi(x)

Muﬁgﬁ%rovides the limit command for computing limits. When computing
a limit for a variable approaching 0, you can omit specifying x, By default,
the limit command assumes x, = O:

limit(sin(x)/x, x = 0); limit((1 - cos(x))/x, x)1

Note Avoid computing limits for floating-point arguments.

If you use floating-point numbers as the parameters of limit, the round-off
error can completely change the result. For example, a small error in the
following example with the floating-point parameter changes the result from
a rational number to the floating-point infinity:

limit((sin(x) - x)/x*3, x = 0); Limit((1.000001*sin(x) - x)/x"3, x = 0)-1/6

-1
RD_INF
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RD_INF
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Compute Right and Left Limits

If a limit of a function at a particular value of a variable does not exist, the
limit command returns undefined. For example, tan(x) does not have a

bidirectional limit at x = PI/2x = T
limit(tan(x), x = PI/2)undefined

undefined

The plot of this function shows that the function can have two different limits

as the variable x approaches the value PI/2T from the left and from the right:
plot(tan(x), x = -PL.PI) 2

v

4 -4
3 —+
2 -4
1 -4
} + } +
-3 -2 1 2 3
X

Y

To compute one-sided limits of a function, use the options Left and Right:
limit(tan(x), x = PI/2, Left); limit(tan(x), x = PI/2, Right)infinity
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ol
-infinity

-l
If the function has a bidirectional limit at some point, one-sided limits are
equal at this point. They also are equal to the bidirectional limit at this point:

Left = limit(abs(tan(x)), x = PI/2, Left); Right = limit(abs(tan(x)), x = PI/2,
Right); Bidirectional = limit(abs(tan(x)), x = PI/2)Left = infinity

Left = w
Right = infinity

Right = @

idirectional = infinity

Bidirectional = o
plot(abs(tan(x)), x = 0..PI)
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If Limits Do Not Exist

If the limit command cannot compute a limit of a function at a particular
point and also cannot prove that the limit is not defined at this point, the
command returns an unresolved limit:

limit(exp(x)*cos(1/x), x = 0)limit(cos(1/x)*exp(x), x = 0)

f i x
lim CDSILA e
\x /

— 0
* The function exp(x)*cos(1/x) also does not have one-sided limits at x = 0:
limit(exp(x)*cos(1/x), x = 0, Left); limit(exp(x)*cos(1/x), x = 0, Right)undefined

undefined
undefined

undefined

The plot shows that as exp(x)*cos(1/x) approaches x = 0, the function
oscillates between -exp(x)- ex and exp(x)ex:

pl := plot::Function2d(exp(x)*cos(1/x), x = -P1/4..P1/4): p2 :=
plot::Function2d(exp(x), x = -P1/4..Pl/4, Color = RGB::Red): p3 :=
plot::Function2d(-exp(x), x = -P1/4..P1/4,Color = RGB::Red): plot(p1, p2, p3)
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0.3 04 0.5

A ~_

To get the interval of all possible accumulation points of the function
exp(x)*cos(1/x) near the singularity x = 0, use the option Intervals:
limit(exp(x)*cos(1/x), x = 0, Intervals)Dom::Interval([-1], [1])

[-1,1]
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Create Matrices

MuPAD supports creating and operating on vectors and multidimensional
matrices. Vectors and matrices in MuPAD can contain arbitrary MuPAD
objects: numbers, variables, arithmetical expressions, and so on. The simplest
way to create a matrix is to use the matrix command:
matrix([[1, 2, 3], [4, 5, 6]])matrix([[1, 2, 3], [4, 5, 6]])

I" 123 \I

v4 5 8)
When creating a matrix, you can explicitly specify its dimensions. If you
specify matrix dimensions, you can use a flat list to specify all elements
of a matrix. The matrix command takes the entries from the flat list and
generates a matrix, row by row. For example, create the following 2 3 matrix:
matrix(2, 3, [1, 2, 3, 4, 5, 6])matrix([[1, 2, 3], [4, 5, 6]])

I" 123 \I

4 b5 6

Using the same list of elements, create the following 3 2 matrix:
matrix(3, 2, [1, 2, 3, 4, 5, 6])matrix([[1, 2], [3, 4], [5, 6]])

|'; 1 2|

| 3 4]

: I? yoﬁ specify matrix dimensions, and then enter rows or columns shorter
than the declared dimensions, MuPAD pads the matrix with zero elements:
matrix(3, 3, [[1, 2, 3], [4, 5, 6]])matrix([[1, 2, 3], [4, 5, 6], [0, O, 0]])

a

[ idalin]

3
i,gzg;l 3, [[1, 2, 3], [4])matrix([[1, 2, 3], [4, 0, 0], [0, 0, 0]])

-

B =
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you use a flat list, MuPAD cannot determine where to put zeros and,
therefore, issues an error:

matrix(3, 3, [1, 2, 3, 4]) Error: The number of list entries does not match
matrix row dimension. [(Dom::Matrix(Dom::ExpressionField()))::mkSparse] If
you specify matrix dimensions, and then enter rows or columns longer than
the declared dimensions, MuPAD also issues an error:

A = matrix(2, 3, [[1, 2, 3], [4, 5, 6], [7, 8, 9]]) Error: The

number of list entries does not match matrix row dimension.
[(Dom::Matrix(Dom::ExpressionField()))::mkSparse] The matrix command
creates an object of the type Dom: :Matrix():

A := matrix([[1, 2, 3], [4, 5, 6]]): type(A)Dom::Matrix()

Dom:Matrix()
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Create Vectors

Vectors in MuPAD do not form a separate data type. As matrices, vectors
belong to the type Dom: :Matrix (). To create a row or a column vector, use

the matrix command and specify one of the dimensions to be 1. For example,
create a row vector that contains five elements:

matrix(1, 5, [1, 2, 3, 4, 5])matrix([[1, 2, 3, 4, 5]])

(1 23465)

Now, create a column vector of five elements:
matrix(5, 1, [1, 2, 3, 4, 5])matrix([[1], [2], [3], [4], [5]])

f i
| 1

r 1
2
3
\ Vj%you do not specify the dimensions, the matrix command creates a column
“vector:

matrix([x, y, z])matrix([[x], [v], [z]])

S~
0 bd
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Create Special Matrices

3-176

A I I I ) . . . . . . .
“To create a matrix containing variables or arithmetical expressions, always

MuPAD provides functions for creating special types of matrices such as
identity, diagonal, Hilbert, Toeplitz, and other matrices. For example, create
the 3 3 identity matrix:

matrix::identity(3)matrix([[1, 0, 0], [0, 1, O], [0, O, 1]])

"1 0 0%

0 l 0 I|

oo 1/ . . . .
" Now, create the 3 3 diagonal matrix with the number 5 on the diagonal:

matrix(3, 3, 5, Diagonal)matrix([[5, 0, 0], [0, 5, 0], [0, O, 5]])

L R

12En
1N O

use a list to specify matrix elements. For example, when creating the 3 3
diagonal matrix with the variable x on its main diagonal, specify the diagonal
elements in a list [x, X, Xx]. As a shortcut for creating this list, you can
use the sequence generator $:

matrix(3, 3, [x $ 3], Diagonal)matrix([[x, 0, 0], [0, x, 0], [0, O, x]])

fx 000

0 x 0 |

3 L&) . . . .
To create special matrices such as Hilbert, Toeplitz, Pascal, or Vandermonde

matrices, use the appropriate function of the 1inalg library. For example, to
create the 4 4 Hilbert matrix, use the linalg::hilbert function:
linalg::hilbert(3)matrix([[1, 1/2, 1/3], [1/2, 1/3, 1/4], [1/3, 1/4, 1/5]])
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."I 1

[l

1

'120 crea%e matrix of random numbers, use the linalg::randomMatrix function.
\ Bor éxalmple, create a matrix of random integer numbers:
~'113na1g::rdndomMatrix(S, 4, Dom::Integer)Dom::Matrix(Dom::Integer)([[824,
-65, -814, -741], [-979, -764, 216, 663], [880, 916, 617, -535]])

/824 -85 -814 -741)
-979 -764 216 663

\ Néf(cre4té & mafrix’thatdasrandom rational numbers on the main diagonal
‘and zeros everywhere else:
linalg::randomMatrix(3, 3, Diagonal,
Dom::Rational)Dom::Matrix(Dom::Rational)([[-245/597, 0, 0], [0, 747/79, 0],
[0, 0, -535/477]])

245 %
557 0 0
747
o 75 o
| 0 0 _ k36 |

N
Ak
=

3-177



3 Mathematics

Access and Modify Matrix Elements

3-178

In this section...

“Use Loops to Modify Matrix Elements” on page 3-178

“Use Functions to Modify Matrix Elements” on page 3-179

MuPAD lets you access and change each individual element of a vector or a
matrix. For example, create the 3 4 matrix of zeros:
A = matrix(3, 4)matrix([[0, 0, 0, 0], [0, O, O, O], [0, 0, 0, 0]])

o0 access any element of the matrix, use square brackets to specify indices.
For example, assign the value 22 to the second element of the second row of A:
A[2, 2] := 22:Now, assign the value 23 to the third element of the second row
of A:

A[2, 3] := 23:Display the modified matrix A:
Amatrix([[0, 0, 0, 0], [0, 22, 23, 0], [0, 0, 0, 0]])

|§| 2:2 2:3 |§| :|
Use Loops to Modify Matrix Elements

When changing values of the elements of a matrix, you can use loops. For
example, use the for loop to define each element of A as a product of its row
and column indices:

for i from 1 to 3 do for j from 1 to 4 do A[i, j] :=i*j end_for end_for: Amatrix([[1,
2,3, 4], 2, 4,6, 8], [3, 6,9, 12]])
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f123 4
| 246 8 |
V369 12/
Use Functions to Modify Matrix Elements

Another way to specify a large number of matrix entries efficiently is to create
and use a function. For example, define each element as a sum of its row and

column indices:
f:=(@,j)->G+)): A := matrix(3, 4, Hmatrix([[2, 3, 4, 5], [3, 4, 5, 6], [4, 5, 6, 7]])

U L
T U1 =
~ o,

s LA B
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Create Matrices over Particular Rings

The matrix command creates a matrix over Dom: :ExpressionField(). The
components of such matrices can be arbitrary arithmetical expressions.
Alternatively, you can create your own matrix constructor and use it to create
matrices with elements in a particular ring. When operating on such matrices,
most of the MuPAD functions perform computations over the specified ring.
One exception is the numeric library functions. The call Dom: :Matrix (R)
creates the constructor for matrices of arbitrary dimensions with the elements
in the ring R. To specify the ring R, you can use the predefined rings and
fields such as Dom::Integer or Dom: : IntegerMod(n) or others from the Dom
library. For example, define the constructor that creates matrices over the
ring of integer numbers:

constructor := Dom::Matrix(Dom::Integer)Dom::Matrix(Dom::Integer)

Dom:Matrix(Dom:Integer)

Use that constructor to produce matrices with integer elements:
A :=constructor(3, 3, [[1, 2, 3], [2, 3, 1], [3, 1, 2]])Dom::Matrix(Dom::Integer)([[1,
2,31, [2, 3, 1], [3, 1, 2]])

/12 3)
| 23 1]

]

1

. \?fh(%n you use the constructor to create a matrix, you must ensure that all
matrix elements belong to the ring or can be converted to the elements in that
ring. Otherwise, the constructor issues an error and does not create a matrix:
constructor(3, 3, [[1/3, 2, 3], [2, 3, 1], [3, 1, 2]]) Error: Cannot define a
matrix over 'Dom::Integer’. [(Dom::Matrix(Dom::Integer))::new] If you use a
constructor to create a matrix over a particular ring, you cannot use that
matrix in operations that create matrices with elements outside of the ring.
For example, you cannot compute the inverse of the matrix A because the
inverse matrix contains noninteger numbers:

1/AFAIL
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FAIL

Now, create the matrix containing the same elements as A, but use the
constructor for matrices with rational numbers:
constructorRational := Dom::Matrix(Dom::Rational): B

:= constructorRational(3, 3, [[1, 2, 3], [2, 3, 1], [3, 1,
2])Dom::Matrix(Dom::Rational)([[1, 2, 3], [2, 3, 1], [3, 1, 2]])

i

i1
[ 2
. 8omput'é the inverse of the matrix B:

1/BDom::Matrix(Dom::Rational)([[-5/18, 1/18, 7/18], [1/18, 7/18, -5/18], [7/18,
-5/18, 1/18]])

= kD
B L

E|H Elm Elq

Elq Elp Elm
Elr_n Elq E|H
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3-182

When you use matrices in MuPAD computations, both computational
efficiency and memory use can depend on whether the matrix is sparse or
dense. Sparse matrices contain a large number of zero-valued elements. The
internal storage of matrices in MuPAD is optimized for sparse data. MuPAD
saves the nonzero elements and their indices. When you use sparse matrices,
MuPAD assumes that all unspecified elements are zeros. When operating on
large sparse matrices, consider the following methods for better performance:

e To create matrices, use the matrix function or the constructor
Dom: :Matrix () whenever possible. Both the constructor and the
function create matrices over the ring of arbitrary MuPAD expressions
Dom: :ExpressionField().

* When solving systems of equations represented by sparse matrices, avoid
computing inverse matrices. Instead, use linalg::matlinsolve to find exact
symbolic solutions or numeric::matlinsolve to find numeric approximations.

® Avoid creating large empty matrices, and then using indexed assignments
for nonzero values. Indexed assignments in MuPAD are expensive
operations. Specifying the elements at the same time when you create a
matrix is more efficient. For example, the command
matrix(10, 10, [-1, 2, -1], Banded):is more efficient than
A = matrix(10, 10): for i from 1 to 10 do A[i, 1] := 2: end_for: for i from 1
to9do Afi, 1+ 1] :=-1: Ali + 1, 1] := -1: end_for:

Dense matrices contain only a few or no zero-valued elements. MuPAD
provides a special matrix domain for dense matrices. To create such matrices,
use the densematrix function, which is a shortcut for the constructor

Dom: :DenseMatrix (). You also can use the constructor itself. For matrices
of the Dom: :DenseMatrix () domain, indexed reading and writing is faster
than for matrices of the Dom: :Matrix() domain.
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Compute with Matrices

In this section...

“Basic Arithmetic Operations” on page 3-183

“More Operations Available for Matrices” on page 3-184

Basic Arithmetic Operations

When performing basic arithmetic operations on matrices, use the standard
arithmetic operators. For example, add, substract, multiply, and divide the
following two matrices by using the standard +, -, *, and / operators:

A := matrix([[a, b], [c, d]]): B := matrix([[1, 2], [3, 4]]): A+ B, A - B, A*B,
A/Bmatrix([[a+ 1, b + 2], [c + 3, d + 4]]), matrix([[a - 1, b - 2], [c - 3, d - 4]]),
matrix([[a + 3%b, 2%a + 4*Db], [c + 3*d, 2*c + 4*d]]), matrix([[(3*b)/2 - 2*a, a -
b/2], [(3*d)/2 - 2*c, c - d/2]])

r . . I."; 3b B _h A

(a+1 b +2) (a—l b-2) (a+3b 2a+4b) (T 2aa-g|
3.d+ 4/ o-3 d-4/ +3d 2e0+4d)

'Fo perform basic operat13ons on a matrgc and a num er use the sagag— 20 o- % _,'

operators. When you multiply a matrix by a number, MuPAD multlphes all

elements of a matrix by that number:
5* Amatrix([[6*a, 5*b], [6*c, 5*d]])

( ba bbb

.5¢c bd/
When you add a number to a matrix, MuPAD multiplies the number by an
identity matrix, and then adds the result to the original matrix:

A + Bmatrix([[a + 5, b], [c, d + 5]])

3-183



3 Mathematics

3-184

Ir'.ﬁ“+5 b

W d+b/

Note MATLAB adds a number to each element of a matrix. MuPAD adds a
number only to the diagonal elements of a matrix.

You can combine matrices with the same number of rows by using the
concatenation operator (.):
A.Bmatrix([[a, b, 1, 2], [c, d, 3, 4]])

)

12
3 4)

T W

b
d

More Operations Available for Matrices

Besides standard arithmetic operations, many other MuPAD functions are
available for computations involving matrices and vectors. To check whether
a particular function accepts matrices as parameters, see the “Parameters”
section of the function help page. The following functions can operate on
matrices:

¢ The conjugate function computes the conjugate of each complex element
of a matrix:
A = matrix([[1, 2 + 3*I], [1 - I, 2*I]]): conjugate(A)matrix([[1, 2 + (- 3*I)],
[1+1,-2*1]])

lr' 1 2-31

v THe iﬁt’zahd" diff functions compute the derivative and the integral of each
element of a matrix:
A = matrix(2, 2, [x, x*2, x*3, x*4]): int(A, x), diff(A, x)matrix([[x*2/2,
x"3/3], [x*4/4, x*5/5]]), matrix([[1, 2*x], [3*x"2, 4*x"3]])
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= %) /1 2x)

, 'xTh§%&Land:§uﬂ&i%1 ﬁr}?pﬁnds each element of a matrix:

Y T3A FEmatrix(2, 2, [x, X +1)72, x*(x - 1), x*(x + 4)]): expand(A)matrix([[x,
x"2 + 2%x + 1], [x*2 - x, X2 + 4%X]])

[ x x +2x+1|

| ﬁ-zl‘hgi-magi-fzunct;@og applies the specified function to all operands of each

*  element of a matrix:’
A := matrix(3, 3, [1, 2, 3], Diagonal): B := map(A, sin)matrix([[sin(1), O, 0],
[0, sin(2), 0], [0, 0, sin(3)]])

{sin(1) O o
0 sin(2) 0

| ® e float function c%nerts each element of a matrix or numerical

. SAl : . .
subexpressmnssolfr1 each’element of a matrix to floating-point numbers:

float(B)matrix([[0.8414709848, 0, 0], [0, 0.9092974268, 0], [0, O,
0.1411200081]])

[0.8414709848 0 0 A

| 0 0.9092974268 0

', ® The evdlAt function (and its shortcut §) llﬂu&ﬂi@ﬁf@@&lsﬁeciﬁed object by
another specified object, and then evaluates each element of a matrix:
A := matrix(2, 2, [x, x"2, x"3, x*4]): Alx = 2matrix([[2, 4], [8, 16]])
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o0

4
18/

The subs function returns a copy of a matrix in which the specified object
replaces all instances of another specified object. The function does not
evaluate the elements of a matrix after substitution:

A = matrix(2, 2, [x, X2, x*3, x"4]): subs(A, x = exp(y))matrix([[exp(y),

exp(2*y)], [exp(3*y), exp(4*y)]])

‘ [~ - =]
\ E%e@%gfbnction determines whether a matrix contains the specified object:
A = matrix(2, 2, [x, x*2, x*3, x*4]): has(A, x*3), has(A, x*5)TRUE, FALSE

TRUE, FALSE
e The iszero function checks whether all elements of a matrix are zeros:
A = matrix(2, 2): iszero(A)TRUE

TRUE
A1, 1] := 1: iszero(A)FALSE

FALSE
¢ The norm function computes the infinity norm (row sum norm) of a matrix:
A = matrix(2, 2, [a_1_1,a_1_2,a_2_1, a_2_2]): norm(A)max(abs(a_1_1) +
abs(a_1_2), abs(a_2_1) + abs(a_2_2))

max(|aq1| + |a1al, [@21] *+ |&@22])
® The zip(A, B, f) function combines matrices A and B into a matrix C
so that C;; = f(A,, B;):

iy
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A = matrix(2, 2, [a, b, ¢, d]): B := matrix(2, 2, [10, 20, 30, 40]): zip(A, B,
_power)matrix([[a* 10, b*20], [¢~30, d*40]])
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Compute Determinants and Traces of Square Matrices

MuPAD provides the functions for performing many special operations
on matrices. You can compute the dimensions of a matrix, swap or delete
columns and rows, or transpose a matrix. For square matrices, you can
compute determinants and traces.

To compute the determinant of a square matrix, use the det function. For
example, compute the determinant of the following 2 2 matrix:
A = matrix(2, 2, [a, b, ¢, d]): det(A)a*d - b*c

ad-bec

Now, compute the determinant of the 12 12 Hilbert matrix:
det(linalg::hilbert(12))1/379106579436304517151885479034796391880188687864118464]

1/379106575436304517151885475034759635918801886878641184641

'@Qc%%pute a sum of the diagonal elements of a square matrix (the trace of a
matrix), use the linalg::tr function. For example, the trace of the matrix A is:
A := matrix(2, 2, [a, b, ¢, d]): linalg::itr(A)a + d

a+d

Now, compute the trace of the 12 12 Hilbert matrix:
H := linalg::hilbert(12): linalg::tr(H)744355888/334639305

744355888
334638305
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Invert Matrices

To find the inverse of a matrix, enter 1/A or A~ (-1):
A = matrix([[a, b], [c, d]]): B := matrix([[1, 2], [3, 4]]): 1/A;
B~ (-1)matrix([[d/(a*d - b*c), -b/(a*d - b*¢c)], [-c/(a*d - b*c), a/(a*d - b*¢)]])

."; d - b -"'.
ad-be ad-bec |
matrix([[-2, 1], [3/2, -1/4]])

| - C 4

W oad-bc aﬂ'-.tlc_.-’l

-2 1)

| |

(I T
" Wihen M}{PAD cannot compute the inverse of a matrix, it returns FAIL:
C := matrix([[1, 1], [1, 1]]): 1/CFAIL

FAIL
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Transpose Matrices

To transpose a matrix, use the transpose command:
A = matrix([[1, 2, 3], [4, 5, 6]]): transpose(A)matrix([[1, 4], [2, 5], [3, 6]])

LI =
grons
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Swap and Delete Rows and Columns

The MuPAD linalg library provides the functions for interchanging or deleting
rows and columns of a matrix. For example, to swap two rows of a matrix, use
linalg::swapRow. To swap two columns, use linalg::swapCol:

OriginalMatrix := linalg::pascal(3); SwapRows :=
linalg::swapRow(OriginalMatrix, 1, 2); SwapColumns
:=linalg::swapCol(OriginalMatrix, 1, 2)matrix([[1, 1, 1], [1, 2, 3], [1, 3, 6]])

,-"1 1 1%
. I%la%n% [.|1 2,31, [1, 1, 11, [L, 3, 6]])
12 3%
. Ijlia%rné [.|1 1,11, 12, 1, 3], [3, 1, 6]])

&
I

1 1%

1 3]

. 'iso &elet’é a row or a column, use linalg::delRow or linalg::delCol, respectively:
OriginalMatrix := linalg::pascal(3); DeleteRows :=
linalg::delRow(OriginalMatrix, 3); DeleteColumns :=
linalg::delCol(OriginalMatrix, 3)matrix([[1, 1, 1], [1, 2, 3], [1, 3, 6]])

[ ]
Ty

11 1)
| r%la%n% [ll 1, 1], [1, 2, 3]))

=
B2 =
L=
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matrix([[1, 1], [1, 2], [1, 3]])

|'rf 1 1|
| 1 2]

. ’E‘o gélete a block of rows or columns simultaneously, use the same functions
as for one row or column. Specify the range of rows or columns that you want
to delete:

OriginalMatrix := linalg::pascal(3); DeleteRows :=
linalg::delRow(OriginalMatrix, 2..3); DeleteColumns :=
linalg::delCol(OriginalMatrix, 2..3)matrix([[1, 1, 1], [1, 2, 3], [1, 3, 6]])
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Compute Dimensions of a Matrix

To find the dimensions of a matrix, use the linalg::matdim command. For
example, concatenate the following matrices and compute the dimensions of
the resulting matrix:

A = matrix([[a, b], [c, d]]): B := matrix([[1, 2, 3], [4, 5, 6]]):
linalg::matdim(A.B.A.A.B)[2, 12]

12, 12]
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Compute Reduced Row Echelon Form

-

(
4

For the reduced row echelon form of a matrix, the following conditions are
valid:

® The rows with all zero elements are at the bottom.

¢ The pivot (leading coefficient) of each nonzero row always occurs to the
right of the leading coefficient of the row above.

¢ [f the component ring of the original matrix is a field, the reduced row
echelon form is unique, and each pivot is 1.

To find the reduced row echelon form of a matrix, use the linalg::gaussJordan
function. This function performs Gauss Jordan elimination on a matrix:

A = matrix([[1, 2, 3, 4], [5, 6, 7, 8], [9, 10, 11, 12], [13, 14, 15, 16]]):
linalg::gaussJordan(A)matrix([[1, O, -1, -2], [0, 1, 2, 3], [0, O, 0, 0], [0, 0, O, O]])

"

_ 1
R b

ot

I
[

-y

2L
N

R
— 1
[N =

4
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Compute Rank of a Matrix

The rank of a matrix is the number of independent rows of a matrix. For a
matrix in its reduced row echelon form, the rank is the number of nonzero
rows. To compute the rank of a matrix, use the linalg::rank function. For
example, compute the rank of the following square matrix:

A = matrix([[1, 2, 3, 4], [5, 6, 7, 8], [9, 10, 11, 12], [13, 14, 15, 16]]):
linalg::rank(A)2

Now, compute the reduced row echelon form and the rank of the following 3 4
matrix:

OriginalMatrix := matrix([[1, 2, 3], [5, 6, 7], [9, 10, 11], [13,

14, 15]]); RREF = linalg::gaussJordan(OriginalMatrix); Rank =
linalg::rank(OriginalMatrix)matrix([[1, 2, 3], [5, 6, 7], [9, 10, 11], [13, 14, 15]])

I."; ]_ 3 '.
RBEE 5 “n‘x( 1,0, -11, [0, 1, 2], [0, 0, 0], [0, 0, O}
\ 13 14 15 #'
I.";]_ 0 - \
_ o1 z2
R%@Iﬁ{_: JI o0 0 I|
Fank = 2
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Compute Ba

3-196

ses for Null Spaces of Matrices

All vectors ‘x&rarr;% such that A * ‘x&rarr;'="0&rarr; 4 ¥ = 0O form the
null space of the matrix A. The basis of a null space is a list B of linearly

independent vectors, such that the equation A * ‘x&rarr;'=‘0&rarr; 4 J?' =0

is valid if and only if ‘x&rarr;'X¥ is a linear combination of the vectors in B. To
find a basis for the null space of a matrix, use the linalg::nullspace function.
For example, compute the basis for the null space of the square matrix A:

A := matrix([[1, 2, 3, 4], [5, 6, 7, 8], [9, 10, 11, 12], [13, 14, 15, 16]]):
linalg::nullspace(A)[matrix([[1], [-2], [1], [0]]), matrix([[2], [-3], [0], [1]D)]

A

No@, _.elomﬁ'z_utﬁ t_llle basis for the null space of the following 3 4 matrix:
B := matrix([[1, 2, 3], [5, 6, 7], [9, 10, 11], [13, 14, 15]]):
linalg::nullspace(B)[matrix([[1], [-2], [1]])]
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Find Eigenvalues and Eigenvectors

Linear transformations are operations that matrices perform on vectors. An
eigenvalue and eigenvector of a square matrix A are, respectively, a scalar A

and a nonzero vector ‘v&rarr; 7 such that

A*v&rarr;’ = Symbol::lambda*‘v&rarr;’

Av=AvV

Typically, if a matrix changes the length of a vector, but does not change its
direction, the vector is called an eigenvector of the matrix. The scaling factor
is the eigenvalue associated with this eigenvector.

MuPAD provides the functions for computing eigenvalues and eigenvectors.
For example, create the following square matrix:
A= matrix([[1, 2, 3], [4, 5, 6], [1, 2, 3]Dmatrix([[1, 2, 3], [4, 5, 6], [1, 2, 3]])

.' 1 .'|

\ 458
’f’o compute the eigenvalues of the matrix A, use the linalg::eigenvalues
function:
linalg::eigenvalues(A){0, 9}

bl enbd
'LJO"}L'.AJ

0. 91
{0, 9]

The linalg::eigenvalues function returns a set of eigenvalues. A set in MuPAD
cannot contain duplicate elements. Therefore, if a matrix has eigenvalues
with multiplicities greater than 1, MuPAD automatically removes duplicate
eigenvalues. If you want the linalg::eigenvalues function to return eigenvalues
along with their multiplicities, use the Multiple option. For example, zero is
a double eigenvalue of the matrix A:

linalg::eigenvalues(A, Multiple)[[0, 2], [9, 1]]
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[[C, 2], [, 1]]

To compute the eigenvectors of a matrix, use the linalg::eigenvectors function.
The function returns eigenvectors along with corresponding eigenvalues and
their multiplicities:

linalg::eigenvectors(A)[[0, 2, [matrix([[1], [-2], [1]1D]], [9, 1, [matrix([[1], [5/2],
[11D11]

10
| !
5

L@QJ{ —QILI_ 9,1, || &

he linalg::elgénvdluds functi n comphifies eigenvalues of a matrix by finding
the roots of the characteristic olylno 1alof that matrix. There is no general
method for solving polynomial equations of orders higher than 4. When trying
to compute eigenvalues of a large matrix, the solver can return complicated
solutions or solutions in the form of RootOf. Also, the solver can fail to find
any solutions for some matrices. For example, create the 6 6 Pascal matrix:

P := linalg::pascal(6)matrix([[1, 1, 1, 1, 1, 1], [1, 2, 3, 4, 5, 6], [1, 3, 6, 10, 15,
21], [1, 4, 10, 20, 35, 56], [1, 5, 15, 35, 70, 126], [1, 6, 21, 56, 126, 252]])

11T 1 1 1 1 "‘al
12 3 4 5 G
13 68 10 15
F}or%h% %tn\s %@JP{\%@ ds eigenvalues in the form of RootOf:

\ ejgenvalpes = limale ‘Elggnavalues(P)RootOf(zA(S 351*z"5 + 6084%z"4 -
13869*z73 + 6084*z"2 - 351%z + 1, 2)

RootOf(z%-351 z°+ 6084 z - 13869 z° + 6084 z°-351 z+ 1, z)
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You can find floating-point approximation of the result by using the float
command:

float(eigenvalues){0.003004389575, 0.06429432079, 0.4893388287,
2.04357378, 15.55347327, 332.8463154}

10.003004389575, 0.064204320705, 0.4893388287, 2.04357378, 15.55:.

For more information about approximating eigenvalues and eigenvectors
numerically, see Numeric Eigenvalues and Eigenvectors.
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{1,4-+/15, 15+ 4}

The Jordan canonical form of a square matrix is a block matrix in which each
block is a Jordan block. A Jordan block is a square matrix with an eigenvalue
of the original matrix on the main diagonal. A block also can contain 1s

on its first superdiagonal. Each Jordan block corresponds to a particular
eigenvalue. Single eigenvalues produce 1 1 Jordan blocks. If an n n square
matrix has n linearly independent eigenvectors, the Jordan form of that
matrix 1s a diagonal matrix with the eigenvalues on the main diagonal. For
example, create the 3 3 Pascal matrix P:

P := linalg::pascal(3)matrix([[1, 1, 1], [1, 2, 3], [1, 3, 6]])

f11 1Y

123

’ rE'he Jordan canonical form of the matrix P is a diagonal matrix with the
eigenvalues on its main diagonal:
linalg::eigenvalues(P); linalg::jordanForm(P){1, 4 - sqrt(15), sqrt(15) + 4}

—

matrix([[1, 0, 0], [0, 4 - sqrt(15), 0], [0, 0, sqrt(15) + 4]])

i1 0 O

0 4-4/15 (]
To find the Jordan canonjcal form of a matrix along with the nonsingular

\ .Similarity tran-sf&&natﬂ;ﬂ matrix T that transforms the original matrix to
its Jordan form, use the A1l option:
[J, T] := linalg::;jordanForm(P, All)[matrix([[1, O, 0], [0, 4 - sqrt(15), O], [0, O,
sqrt(15) + 4]]), matrix([[-2, sqrt(15)/5 + 1, 1 - sqrt(15)/5], [-1, - (2*sqrt(15))/5 -
1, (2*sqrt(15))/5 - 1], [1, 1, 1]])]
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I.-'I 1 o o ."'.I ] -

0 4-+15 0 ) _1_2x515_1 2-\515_1
ou can restore theorigingl mg trix from i1is Jordan fmim and the similarity

trahsformhhtion:\v' 15 + 4/
simplify (T*J*T"(- 1))matr1x([[1, 1, 1], [1, 2, 3], [1, 3, 6]])

.' LY
1

1

1

%ou cannot transform to a diagonal form matrices for which the number of
linearly independent eigenvectors is less than the matrix dimensions. For
example, the following matrix has the triple eigenvalue 2. The Jordan block
corresponding to that eigenvalue has 1s on its first superdiagonal:

A = matrix([[-6, 11, -15, -11], [11, -14, 22, 16], [-6, 7, -7, -7], [24, -32, 43, 34]]):
linalg::;jordanForm(A)matrix([[1, O, 0, 0], [0, 2, 1, 0], [0, O, 2, 1], [0, 0, 0, 2]])

Lipl—
G“:lf.ﬂ'—‘

oo
oMo
[ el
=t}

\ The(# @infatrix A has a triple eigenvalue 2 and only two eigenvectors:
linalg::eigenvectors(A)[[1, 1, [matrix([[-1/3], [1/3], [-1/3], [11D1], [2, 3,
[matrix([[0], [1], [O], [1]IDI]]
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Compute Matrix Exponentials

You can use the exp function to compute matrix exponentials exp(A) =

sum(1/11*A7M, 1= 0..infinity),5‘4 -3 -:-: | ! TFor example, compute the
matrix exponential for the followin?sﬁﬁzﬂré!matrix, and then simplify the

result:
A := matrix([[0, 1], [-1, O]]): simplify(exp(A*t))matrix([[cos(t), sin(t)], [-sin(t),

cos(t)]])

{ cos(t) sinl f]\

. -8in(t) cosit)/
Now, compute the matrix exponential for the following matrix. Simplify the

result:
B := matrix(2, 2, [0, 2, 2, 0]): simplify(exp(B*x))matrix([[cosh(2¥x), sinh(2*x)],
[sinh(2*x), cosh(2*x)]])

{ cosh(2 x) sinh(2 x)
. 8inh(2 x) cosh(2 x)/
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Compute Cholesky Factorization

The Cholesky factorization expresses a real symmetric and positive definite
matrix as a product of a lower triangular matrix L and its transpose LT: A =
LL”. For complex Hermitean (self-adjoint) positive definite matrices, A =
LLH where L¥ is the complex conjugate of the transpose of L (the Hermitean
transpose).

Create the 5 5 Pascal matrix. This matrix is symmetric and positive definite:
P :=linalg::pascal(5)matrix([[1, 1, 1, 1, 1], [1, 2, 3, 4, 5], [1, 3, 6, 10, 15], [1, 4,
10, 20, 35], [1, 5, 15, 35, 70]])

I

1 1°
4 5
10 15 L
ﬁ%é olesky decomposition of a matrix, use the
hélesky function. The result is the following lower triangular

11
12

‘13
| Bo

Min a%)

matrix:
L := linalg::factorCholesky(P)matrix([[1, O, O, O, O], [1, 1, O, O, O], [1, 2, 1, O, O],
(1, 3, 3, 1, 0], [1, 4, 6, 4, 1]])

?&Jﬁﬁ‘j’““

e
LIbI— O
LW—=oOo
|l I
:'i:"i:'i:._:f

'.

ﬁolgé t%n‘&’lgj‘f’.actO]t‘Cholesky works only with real symmetric matrices. To
compute the Cholesky decomposition of a complex Hermitean matrix, use
the numeric::factorCholesky function.

The product of the triangular matrix L and its transpose gives the original
matrix P:
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testeq(P = L*linalg::transpose(L)) TRUE

TRUE

Note MuPAD returns a lower triangular matrix as a result of Cholesky
factorization. MATLAB returns an upper triangular matrix, which is the
transpose of a result returned by MuPAD.

When MuPAD cannot determine whether a matrix is positive definite, the
linalg::factorCholesky function issues an error:

A = matrix([[a, b, c], [b, ¢, a], [c, a, b]]): linalg::factorCholesky(A)

Error: Cannot check whether the matrix component is positive.
[linalg::factorCholesky] If you know that the matrix is positive definite, you
can suppress this error. The NoCheck option suppresses the error and lets the
linalg::factorCholesky function continue the computation:
linalg::factorCholesky(A, NoCheck)matrix([[sqrt(a), O, 0], [b/sqrt(a), sqrt(c -
b#2/a), 0], [c/sqrt(a), (a - (b*c)/a)/sqrt(c - b 2/a), sqrt(b - (a - (b*c)/a)*2/(c -
b”2/a) - c”2/a)]])

a 0 0 \
b oo b 0
va a -
a-be (a-2c)
& = b _ a . _ e
Ja = ] a
| i\ e- £ c- b |
| } d = !
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Compute LU Factorization

The LU factorization expresses an m n matrix A as follows: P*A = L*U. Here L
1s an m m lower triangular matrix that contains 1s on the main diagonal, U is
an m n matrix upper triangular matrix, and P is a permutation matrix. To
compute the LU decomposition of a matrix, use the linalg::factorLLU function.
For example, compute the LU decomposition of the following square matrix:
A = matrix([[0, O, 1], [1, 2, 3], [0, 1, 2]]: [L, U, p] :=
linalg::factorLU(A)[matrix([[1, O, 0], [0, 1, O], [0, O, 1]]), matrix([[1,

2, 3], [0, 1, 2], [0, O, 11]), [2, 3, 1]]

100\ (12 3)
|||1||| ||12|[231]

Instead of returnmg t}le permutation matrix P, MuPAD returns the list p with
numbers corresponding to row exchanges in the matrix A. For an n n matrix,
the list p represents the following permutation matrix with indices i and j
ranging from 1 to n:

P[(ij)] = Symbol::delta[pli], j] = piecewise([j = p[i], 1], [j <> plil, 0])

Fijzﬁp_j:{l %fj. Pr

i 0 1f 7=+ p;
Using this expression, restore the permutation matrix P from the list p:
P := matrix(3, 3): for i from 1 to 3 do P[i, p[i]] := 1 end_for: Pmatrix([[0, 1,
01, [0, 0, 1], [1, O, O]D)

|; 010 x"-l
00 1 |

I%Iore eTflclently, compute the result of applying the permutation matrix to A
without restoring the permutation matrix itself:
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PA := matrix(3, 3): for i from 1 to 3 do PA[1, 1..3] := A[p[i], 1..3] end_for:
PAmatrix([[1, 2, 3], [0, 1, 2], [0, O, 1]])

12 3%

'. o1 2 .

. 'quDpr%ﬂuct of the lower triangular matrix L and the upper triangular
matrix U is the original matrix A with the rows interchanged according to the
permutation matrix P:

testeq(PA = L*U)TRUE

TRUE

Now, compute the LU decomposition for the 3 2 matrix B:
B = matrix([[1, 2], [3, 4], [5, 6]]): [L, U, p] := linalg::factorLU(B)[matrix([[1, O,
0], [3, 1, 0, [5, 2, 1]]), matrix([[1, 2], [0, -2], [0, O]]), [1, 2, 3]]

|'rf I:::II |'; 1 2 l‘.-'l

|| ol,[0-2],11 23]
The per}n’; tat‘iog mgti:ix for this LU factorization shows that the order of the
rows does not change. Therefore, the product of the lower triangular matrix L
and the upper triangular matrix U gives the original matrix A:
testeq(B = L*U)TRUE

[ R
[

TRUE
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The QR factorization expresses an m n matrix A as follows: A = Q*R. Here

Q is an m m unitary matrix, and R is an m n upper triangular matrix. If the
components of A are real numbers, Q is an orthogonal matrix. To compute the
QR decomposition of a matrix, use the linalg::factorQR function. For example,
compute the QR decomposition of the 3 3 Pascal matrix:

P := linalg::pascal(3): [Q, R] := linalg::factorQR(P)[matrix([[sqrt(3)/3,
-sqrt(2)/2, sqrt(6)/6], [sqrt(3)/3, 0, -sqrt(6)/3], [sqrt(3)/3, sqrt(2)/2, sqrt(6)/6]]),
matrix([[sqrt(3), 2*sqrt(3), (10*sqrt(3))/3], [0, sqrt(2), (5*sqrt(2))/2], [0, O,
sqrt(6)/6]])]

/ /3 9 3 10 3\

3
- 2810 v2 R
hé product of Q"angl R [gives the original 3 3 Bascal matrix:
Tty =
-.eS"ta—eq(P"z—LQ R‘-)?'ER__,: B "._x 0 0 "6—5 __.l'
TRUE

Also, you can perform the QR factorization for matrices that contain complex
values. In this case, the matrix Q is unitary:
B := matrix([[I, -1], [1, I]]): [Q, R] := linalg::factorQR(B)[matrix([[(sqrt(2)*])/2,

-sqrt(2)/2], [sqrt(2)/2, (sqrt(2)*1)/2]]), matrix([[sqrt(2), -sqrt(2)*I], [0,

2*sqrt(2)]])]

rﬂ V2 -v2 i)

Again, tHejpli"gHuct_on) ardl R gv.és the original matrix B:
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testeq(B = Q*R)TRUE

TRUE
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Compute Determinant Numerically

To compute the determinant of a square matrix numerically, use the
numeric::det function. For example, compute the determinant of the 5 5
Pascal matrix:

numeric::det(linalg::pascal(5))1.0

1.0

When you use numeric functions, the result can be extremely sensitive to
roundoff errors. For example, the determinant of a Pascal matrix of any size is
1. However, if you use the numeric::det function to compute the determinant
of a 25 25 Pascal matrix, you get the following incorrect result:
numeric::det(linalg::pascal(15))1.000043957

When computing determinants numerically, you can use the HardwareFloats
and SoftwareFloats options to employ the hardware or software float
arithmetic, respectively. (You can use the short names for these options:
Hard and Soft.)

When you use the HardwareFloats option, MuPAD converts all input data
to hardware floating-point numbers, and passes the data for processing by
compiled C code outside of the MuPAD session. Then, the results get back
into the MuPAD session. Hardware arithmetic often allows you to perform
computations much faster than software arithmetic, which uses the MuPAD
kernel for performing computations.

The precision of hardware arithmetic is limited to about 15 digits. By default,
the numeric::det function uses the HardwareFloats option. The function
switches to software arithmetic under one or more of the following conditions:

® You use the SoftwareFloats option or the MinorExpansion option
explicitly.

® The current value of DIGITS is larger than 15.
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® The input data or computed data involves numbers that are larger than
1039 or smaller than 10 3%°8, Hardware floats cannot represent such
numbers.

The precision of hardware and software arithmetic can differ. Therefore,
the results obtained with the HardwareFloats and SoftwareFloats options
also can differ. For example, compute the determinant of the 25 25 Pascal
matrix using each of the options. Both numeric results are several orders
larger than the correct answer because of the roundoff errors. However,
the result obtained using software arithmetic is several orders closer to the
correct answer:

P :=linalg::pascal(25): detP := linalg::det(P): float(detP); numeric::det(P,
SoftwareFloats); numeric::det(P, HardwareFloats)1.0

1.0
1669339685.0

16683359685.0
1.039468525e15

1.039468525 10"

Another example of numerically ill-conditioned matrices is the Hilbert
matrices. For example, create the 20 20 Hilbert matrix, compute its
determinant symbolically, and then approximate the result numerically:

H := linalg::hilbert(15): detH := linalg::det(H): float(detH)1.058542743e-124

1.058542743 10 **

Now, use the numeric::det function to compute the determinant numerically:
numeric::det(H)-3.822215463e-121

-3.822215483 10 !
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The numeric result obtained with the SoftwareFloats option is closer to
the correct result:
numeric::det(linalg::hilbert(15), SoftwareFloats)3.277553006e-123

-123

3.2775b3006 10

To prevent the conversion of input data to floating-point numbers while using
the numeric::det function, use the Symbolic option. This option allows you to
compute the determinant exactly (without roundoff errors). For matrices over
particular rings and fields, the determinant computed by numeric::det with
the Symbolic option can differ from the determinant computed by linalg::det.
The reason is that linalg::det performs computations over the component
domain of the input matrix. The numeric::det function with the Symbolic
option always performs computations over the field of arbitrary MuPAD
expressions. For example, create the following matrix over the domain

Dom: :IntegerMod(5):

A := Dom::Matrix(Dom::IntegerMod(5))([[1, 2], [3,
4]))Dom::Matrix(Dom::IntegerMod(5))([[1, 2], [-2, -1]])

/f1mod5 2mod?5

omodb 4dmod &/

The linalg::det function computes the determinant over the component
domain Dom: : IntegerMod(5):
linalg::det(A)3 mod 5

dmodb

-

L=

-~

The numeric::det function with the Symbolic option computes the
determinant of the following matrix instead of the original matrix A:
expr(A)array(1..2, 1..2, [[1, 2], [3, 4]])

H b
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The determinant of this matrix is an integer number:
numeric::det(A, Symbolic)-2
-2

The numeric::det function switches to the Symbolic option under one or more
of the following conditions:

® You use the Symbolic option explicitly.

¢ The input data contains symbolic objects.
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When computing eigenvalues and eigenvectors of some matrices symbolically,
you can get a long result in a form that is not suitable for further
computations. For example, the linalg::eigenvectors function returns the
following results for eigenvalues and eigenvectors of the 3 3 Hilbert matrix:
H := linalg::hilbert(3): eigen :=
linalg::eigenvectors(H)[[6559/(32400%(129287/1458000

+ (sqrt(29933)*sqrt(69120000)*1)/69120000)"(1/3)) +

(129287/1458000 + (sqrt(29933)*sqrt(69120000)*1)/69120000)"(1/3)

+ 23/45, 1, [matrix([[- 6559/(3375%(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)"(1/3)) - (48%(129287/1458000
+ (sqrt(29933)*sqrt(69120000)*1)/69120000)" (1/3))/5

+ 8*%(6559/(32400%(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)" (1/3)) + (129287/1458000

+ (sqrt(29933)*sqrt(69120000)*1)/69120000)"(1/3) +

23/45)"2 - 2113/450], [45913/(13500%(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)" (1/3)) + (84*(129287/1458000
+ (sqrt(29933)*sqrt(69120000)*1)/69120000)" (1/3))/5

- (32*(6559/(32400%(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)" (1/3)) + (129287/1458000

+ (sqrt(29933)*sqrt(69120000)*1)/69120000)"(1/3) +

23/45)"2)/3 + 5066/675], [1]D]], [23/45 - (129287/1458000

+ (sqrt(29933)*sqrt(69120000)*1)/69120000)"(1/3)/2

- 6559/(64800%(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)" (1/3))

- (sqrt(3)*(6559/(32400%(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)" (1/3)) - (129287/1458000

+ (sqrt(29933)*sqrt(69120000)*1)/69120000)~(1/3))*1)/2,

1, [matrix([[(24*sqrt(3)*(6559/(32400%(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)"(1/3)) - (129287/1458000

+ (sqrt(29933)*sqrt(69120000)*1)/69120000)"(1/3))*1)/5

+ 6559/(6750%(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)" (1/3)) + (24*(129287/1458000
+ (sqrt(29933)*sqrt(69120000)*1)/69120000)" (1/3))/5

+ 8%((sqrt(3)*(6559/(32400%(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)" (1/3)) - (129287/1458000

+ (sqrt(29933)*sqrt(69120000)*1)/69120000) " (1/3))*1)/2

+ 6559/(64800%(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)" (1/3)) + (129287/1458000
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+ (sqrt(29933)*sqrt(69120000)*1)/69120000)*(1/3)/2 - 23/45)*2

- 2113/450], [- (42*sqrt(3)*(6559/(32400*(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)*(1/3)) - (129287/1458000
+ (sqrt(29933)*sqrt(69120000)*1)/69120000)*(1/3))*1)/5

- 45913/(27000*(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)~(1/3)) - (42%(129287/1458000
+ (sqrt(29933)*sqrt(69120000)*1)/69120000)~(1/3))/5

- (32%((sqrt(3)*(6559/(32400%(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)~(1/3)) - (129287/1458000
+ (sqrt(29933)*sqrt(69120000)*1)/69120000) (1/3))*1)/2

+ 6559/(64800%(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)~(1/3)) + (129287/1458000
+ (sqrt(29933)*sqrt(69120000)*1)/69120000)"(1/3)/2 -

23/45)22)/3 + 5066/675], [11])]], [23/45 - (129287/1458000

+ (sqrt(29933)*sqrt(69120000)*1)/69120000)"(1/3)/2

- 6559/(64800*(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)* (1/3))

+ (sqrt(3)*(6559/(32400%(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)~(1/3)) - (129287/1458000
+ (3qrt(29933)*sqrt(69120000)*1)/69120000)* (1/3))*1)/2, 1,
[matrix([[- (24*sqrt(3)*(6559/(32400%*(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)*(1/3)) - (129287/1458000
+ (sqrt(29933)*sqrt(69120000)*1)/69120000)*(1/3))*1)/5

+ 6559/(6750*(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)~(1/3)) + (24*(129287/1458000
+ (sqrt(29933)*sqrt(69120000)*1)/69120000)*(1/3))/5

+ 8*((sqrt(3)*(6559/(32400*(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)~(1/3)) - (129287/1458000
+ (sqrt(29933)*sqrt(69120000)*1)/69120000) (1/3))*1)/2

- 6559/(64800*(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)~(1/3)) - (129287/1458000
+ (sqrt(29933)*sqrt(69120000)*1)/69120000)~(1/3)/2 + 23/45)A2

- 2113/450], [(42*sqrt(3)*(6559/(32400*(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)~(1/3)) - (129287/1458000
+ (sqrt(29933)*sqrt(69120000)*1)/69120000)*(1/3))*1)/5

- 45913/(27000%(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)~(1/3)) - (42%(129287/1458000
+ (sqrt(29933)*sqrt(69120000)*1)/69120000)~(1/3))/5

- (32%((sqrt(3)*(6559/(32400%(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)~(1/3)) - (129287/1458000
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+ (sqrt(29933)*sqrt(69120000)*1)/69120000) (1/3))*1)/2

- 6559/(64800*(129287/1458000 +
(sqrt(29933)*sqrt(69120000)*1)/69120000)~(1/3)) - (129287/1458000
+ (sqrt(29933)*sqrt(69120000)*1)/69120000)~ (1/3)/2 + 23/45)72)/3 +
5066/675], [11)]]]
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Numeric approximation of the result returned by the symbolic
linalg::eigenvectors function gives a shorter answer that contains complex
numbers:

float(eigen)[[1.408318927 + (- 1.084202172¢-19*1), 1.0, [matrix([[2.558147015
+ (- 1.575682167e-18*1)], [1.422413022 + 1.522668397e-18*1], [1.0]])]],
[0.002687340356 + 5.421010862e-20*1, 1.0, [matrix([[0.1853704181

+ (- 4.33680869¢e-19*1)], [- 1.036411196 + 8.67361738e-19*1], [1.0]])]],
[0.1223270659 + 5.421010862e-20%1, 1.0, [matrix([[- 0.8435174328 + (-
4.33680869¢e-19*1)], [0.8139981738 + 8.67361738e-19*1], [1.0]D]]]

le (though 1
f you need simple (though approximate) eigenvalues ndée %ﬁz‘ggbe 1575582

he Hilbert matrix in further computations, use numeric

he beginning. To approximate elgenvaluefgand eigenyvectors of a matrix
mdrRallys dst thelnGméidldigehsebtors Tunclidn, The tuddiiod taitime + 1.522668

1igenvalues, eigenvectors, and residues (estimated er 1s for the numerical

igenvalues): 1.0
[eigenvalues, eigenvectors, residues] :
umeric::eigenvectors(H)[[1.408318927, 0.1223270659, 0.0046 731401%57941 81 -4.3
natrix([[0.827044927, -0.5474484307, -0.1276593297], [0.4598639044,

0.002687340356 + 5.421010862 107 %° 1, 1.0, -1.036411156 + 8.6
L \ 1.0

ra

[ -0.8435174328 - 4.33¢

5 =

e . i I e
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0.5282902351, 0.7137468858], [0.3232984352, 0.6490066589,
-0.6886715317]]), [4.317754261e-16, 3.213231541e-16, 7.71731031e-17]]

Small residue values indicate that roundoff errors do not significantly affect
the results. To suppress the computation of the residues, use the NoResidues

[dptlépE 318927, 0.1223270658, 0.002687340356],
numeric::eigenvectors(H, NoResidues)[[1.408318927, 0.1223270659,
0.002687340356], matrix([[0.827044927, -0.5474484307, -0.1276593297],
[0.4598639044, 0.5282902351, 0.7137468858], [0.3232984352, 0.6490066589,
-0.688B B NIL]- 0.5474484307 -0.12768593287
0.4598639044 0.5282902351 0.71374688858 |, [4.31?? 54281 11

0.3232984352 0.6480066588 -0.6886715317

I'.
w

7.71731031 10”7

[1.408318927, 0.1223270658, 0.002687340356],

[ 0.827044927 -0.5474484307 -0.1276593297 | 3.919
0.4598639044 0.5282002351 0.7137468858 |, NIL
| 0.3232984352 0.6490066588 -0.6886715317
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If you want to compute only eigenvalues of a matrix, use the
numeric::eigenvalues function:
numeric::eigenvalues(H)[1.408318927, 0.1223270659, 0.002687340356]

[1.408318927, 0.1223270653, 0.002687540356]

When computing eigenvalues and eigenvectors numerically, you can use
the HardwareFloats and SoftwareFloats options to employ hardware
or software float arithmetic, respectively. For information about these
options, see the Numeric Determinant section. For more details, see the
numeric::eigenvectors and numeric::eigenvalues help pages.
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~

In this section...

“Cholesky Decomposition” on page 3-221
“LU Decomposition” on page 3-222
“QR Decomposition” on page 3-224

“Singular Value Decomposition” on page 3-229

For numeric factorization functions, you can use the HardwareFloats,
SoftwareFloats and Symbolic options. For information about these options,
see the Numeric Determinant section. For more details, see the help pages of
the numeric functions provided for each particular factorization function.

Cholesky Decomposition

The Cholesky decomposition of a Hermitean (self-adjoint) positive definite
matrix is a product of a lower triangular matrix L and its Hermitean transpose
LH: A= LLH, The Hermitean transpose of a matrix is the complex conjugate of
its transpose. For real symmetric positive definite matrices, A = LLT, where
LT is the transpose of L.

The linalg library in MuPAD does not support the symbolic Cholesky
factorization of complex matrices. You can perform the Cholesky factorization
of such matrices numerically by using the numeric::factorCholesky function.
For example, create the following 2 2 matrix:

A = matrix([[sin(1), I], [-I, exp(2)]])matrix([[sin(1), I], [-I, exp(2)]])

sin(1) i\

-

. 4
n'~.Fir§,L1, tryeto.-’compute the Cholesky decomposition of that matrix by using the

symbolic linalg::factorCholesky function. The returned error message says
that the function accepts only symmetric matrices:

L := linalg::factorCholesky(A) Error: A symmetric matrix is expected.
[linalg::factorCholesky] Although the linalg::factorCholesky does not compute

3-221



3 Mathematics

the Cholesky decomposition of that matrix, you can compute the factorization
by using the numeric::factorCholesky function. You can prevent the
conversion of data to floating-point numbers and, therefore, get the symbolic
result by using the Symbolic option:

L := numeric::factorCholesky(A, Symbolic)matrix([[sqrt(sin(1)), 0],
[-I/sqrt(sin(1)), sqrt(exp(2) - 1/sin(1))]])

[ \/ sin(1) 0 \

The piroduct ofeghe tri]angllar matrix L and its Hermitean transpose gives
\ the Grigmal imatrixsai 1) |
‘testeq(A = L*transpose(conjugate(L))) TRUE

TRUE

LU Decomposition

LU factorization expresses an m n matrix A as a product of a lower triangular
matrix L and an upper triangular matrix U: A = LU. Also, LU decomposition
can involve a row permutation matrix: PA = LU. To compute the LU
decomposition of a matrix numerically, use the numeric::factorLLU function.
For example, create the following 4 4 Toeplitz matrix:

T := linalg::toeplitz(4, [1, 2, 3, 4, 5])matrix([[3, 4, 5, 0], [2, 3, 4, 5], [1, 2, 3, 4],
[0, 1, 2, 3]D

/3 450)
3 4
123

3 0

2 )

1 4
. Uselthg nameric::factorLU function to compute the LU decomposition of the
‘matrix T numerically:
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[L, U, p] := numeric::factorLU(T)[matrix([[1.0, O, 0, 0], [0, 1.0, 0, 0],
[0.3333333333, 0.6666666667, 1.0, 0], [0.6666666667, 0.3333333333, 0, 1.0]]),
matrix([[3.0, 4.0, 5.0, 0], [0, 1.0, 2.0, 3.0], [0, O, 0, 2.0], [0, O, 0, 4.0]]), [1, 4, 3, 2]]

1.0 0 0 0% [/3.040650 0

0 1.0 0 0 ‘ 0 1.02.03.0| 1y 4
0.3333333333 0.66666666687 1.0 0 |'| 0 0O 0 2.0 PR
Instead @b B@mAY tile. BEBREROE BAtrig P, MAPAD ret@rns the lish p with |

numbers corresponding to row exchanges in a matrix T. For an n n matrix,
the list p represents the following permutation matrix with indices i and j
ranging from 1 to n:

P[(15)] = Symbol::delta[p[i], j] = piecewise([j = p[i], 1], [j <> p[i], O])

Fijzﬁp_j:{l ?fj. Pr

i 0 1if j+#p;
Using this expression, restore the permutation matrix P from the list p:
P := matrix(4, 4): for i from 1 to 4 do P[i, p[i]] := 1 end_for: Pmatrix([[1, O, O,
0], [0, O, O, 1], [O, O, 1, O], [O, 1, O, O]])

._II

" |

o
1
o
ore efficiently, compute the result of applying the permutation matrix to A
‘without restoring the permutation matrix 1tself

PT := matrix(4, 4): for i from 1 to 4 do PT[i, 1..4] := T[p[i], 1..4] end_for:
PTmatrix([[3, 4, 5, 0], [0, 1, 2, 3], [1, 2, 3, 4], [2 3, 4, 5]])

!
LY

10
Q0
00
More

3-223



3 Mathematics

Y
!

= (T Ll
B
LIk en

0
3
4
\ Withinifléating-point precision, the product of the lower triangular matrix
L and the upper triangular matrix U is the original matrix A with the rows
interchanged according to the permutation matrix P:
float(PT) = L*Umatrix([[3.0, 4.0, 5.0, 0], [0, 1.0, 2.0, 3.0], [1.0, 2.0, 3.0, 4.0],

[2.0, 3.0, 4.0, 5.0]]) = matrix([[3.0, 4.0, 5.0, 0], [0, 1.0, 2.0, 3.0], [1.0, 2.0, 3.0,
4.0], [2.0, 3.0, 4.0, 5.0]])

/3.0 4050 0Y [3.04050 04
0 1.0 2.0 3.0 0 1.0 2.0 3.0
10203940‘ ‘10203040

\ 'Qh@s@n@ohp bUHagtorization fun@ich uses adiff¢rent pivoting strategy than

“the numeric LU factorization function. Therefore, the symbolic function can
return different results for the same matrix:

linalg::factorLU(T)[matrix([[1, O, O, 0], [2/3, 1, O, 0], [1/3, 2, 1, O], [0, 3, 0, 1]]),
matrix([[3, 4, 5, 0], [0, 1/3, 2/3, 5], [0, O, 0, -6], [0, 0, 0, -12]]), [1, 2, 3, 4]]

(/1000 /34
=100 )] 31
R DdcBmpoSifioh - ©

T}@ @R@aciorlzathgp ¢xpressepan m n matrix A ag follows: A = Q*R. Here
~ Qis an m m unitary matrix, and R is an m n upper triangular matrix. If the
components of A are real numbers, Q is an orthogonal matrix. To compute

0 T
g

l'_n:l|t\_'l on

. [1,2, 3, 4]
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o

the QR decomposition of a matrix numerically, use the numeric::factorQR
function. For example, create the following 3 3 Vandermonde matrix:

V := linalg::vandermonde([2, PI, 1/3])matrix([[1, 2, 4], [1, PI, PI*2], [1, 1/3,
1/91D)

12 40

1 nn’

When cquuting the QR decomposition of that matrix symbolically, you get
t%le Folléwing long result:

[Q, R] :=linalg::factorQR(V)[matrix([[sqrt(3)/3, -(P1/3 - 11/9)/sqrt((P1/3 + 4/9)"2
+ ((2*PD)/3 - 7/9)"2 + (P1/3 - 11/9)"2), -(P1"~2/3 + (P1/3 - 11/9)*((37*PIL)/27

+ (7*P1*2)/9 - (2*PI173)/3 - 392/81))/((2*PI1*2)/3 - (14*PI)/9 + 62/27) -
71/27)/sqrt((P172/3 + (P1/3 + 4/9)*((37*PI)/27 + (7*P1~2)/9 - (2*PI"3)/3 -
392/81))/((2*P1"2)/3 - (14*PI)/9 + 62/27) + 34/27)*2 + ((2*P1"2)/3 + (((2*PI)/3 -
7/9)*((837*P1)/27 + (7*PI*2)/9 - (2*PI~3)/3 - 392/81))/((2*P1*2)/3 - (14*PI)/9 +
62/27) - 37/27)2 + (P1~2/3 + ((P1/3 - 11/9)*((37*PI)/27 + (7*P1"2)/9 - (2*PI1~3)/3
- 392/81))/((2*PI1~2)/3 - (14*PI)/9 + 62/27) - T1/27)*2)], [sqrt(3)/3, ((2*PI)/3 -
7/9)/sqrt((PL/3 + 4/9)72 + ((2*PI)/3 - 7/9)*2 + (P1/3 - 11/9)"2), ((2*PI1*2)/3 +
((@2*PD)/3 - 7/9)*((37*PI)/27 + (T*P1~2)/9 - (2*PI*3)/3 - 392/81))/((2*P1"2)/3 -
(14*PI)/9 + 62/27) - 37/27)/sqrt((P1*2/3 + (P1/3 + 4/9)*((37*PI)/27 + (T*PI1*2)/9
- (2*PI*3)/3 - 392/81))/((2*PI1~2)/3 - (14*PI)/9 + 62/27) + 34/27)"2 + ((2*PI1*2)/3
+ (((2*PI)/3 - 7/9)*((37*P1)/27 + (7T*P1~2)/9 - (2*PI*3)/3 - 392/81))/((2*PI1*2)/3 -
(14*PI)/9 + 62/27) - 37/27)*2 + (P172/3 + ((P1/3 - 11/9)*((37*PI)/27 + (7*PI*2)/9
- (2*PI*3)/3 - 392/81))/((2*P1~2)/3 - (14*PI)/9 + 62/27) - 71/27)"2)], [sqrt(3)/3,
-(PI/3 + 4/9)/sqrt((P1/3 + 4/9)*2 + ((2*PI)/3 - 7/9)*2 + (P1/3 - 11/9)"2), -(P1*2/3
+ ((PI/3 + 4/9)*((37*PI)/27 + (7*PI1~2)/9 - (2*PI*3)/3 - 392/81))/((2*PI1*2)/3 -
(14*PI)/9 + 62/27) + 34/27)/sqrt(P1*2/3 + ((P1/3 + 4/9)*((37*PI)/27 + (7*P1~2)/9
- (2*PI*3)/3 - 392/81))/((2*PI~2)/3 - (14*PI)/9 + 62/27) + 34/27)"2 + ((2*PI1*2)/3
+ (((2*PI)/3 - 7/9)*((37*P1)/27 + (7*P1*2)/9 - (2*PI~3)/3 - 392/81))/((2*P1"2)/3

- (14*PD)/9 + 62/27) - 37/27T) 2 + (P1~2/3 + ((P1/3 - 11/9)*((37*PI)/27 +
(7*PI~2)/9 - (2*P173)/3 - 392/81))/((2*P1*2)/3 - (14*PI)/9 + 62/27) - 71/27)"2)]]),
matrix([[sqrt(3), (sqrt(3)*(PI + 7/3))/3, (sqrt(3)*(PI*2 + 37/9))/3], [0, sqrt((P1/3
+ 4/9)"2 + ((2*PD)/3 - 7/9)~2 + (P1/3 - 11/9)2), -((37*PI)/27 + (7*P1*2)/9 -
(2*PI73)/3 - 392/81)/sqrt((P1/3 + 4/9)"2 + ((2*PI)/3 - 7/9)*2 + (P1/3 - 11/9)"2)],
[0, 0, sqrt(PI~2/3 + ((P1/3 + 4/9)*((37*PI)/27 + (7*P1"2)/9 - (2*PI*3)/3 -
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392/81))/((2*PI~2)/3 - (14*P1)/9 + 62/27) + 34/2T)72 + ((2*PI*2)/3 + ((2*PI)/3
- TI9)*((3T*PI)/27 + (T¥PI~2)/9 - (2*PI~3)/3 - 392/81))/(2*PI~2)/3 - (14*PT)/9
+ 62/27) - 37/2T)72 + (P172/3 + ((PU/3 - 11/9)*((37*PL)/27 + (T¥PI~2)/9 -
(2¥PI73)/3 - 392/81))/((2*PI2)/3 - (14*PT)/9 + 62/27) - T1/2T)*2)]])]

3-226



Compute Factorizations Numerically

3-227



3 Mathematics
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To get a shorter answer, approximate this result by floating-point numbers:
[Q, R] :=float([Q, R])[matrix([[0.5773502692, 0.08763169824, -0.8117803595],
[0.5773502692, 0.6592065645, 0.4817814566], [0.5773502692, -0.7468382628,
0.3299989029]]), matrix([[1.732050808, 3.160949992, 8.071769864], [0,
1.997275809, 6.773652774], [0, 0, 1.544537491]])]

( 0.5773 5@2592 0.08763169824 -0,8117803595|
i;@e rssakt dastpr by galling thespumerie é%%orizatwn

ualcfté numeéric: ai&%f%@&na%‘lgﬁg 57@3%32%%? %90%%%1'69824

-0.8117803595], [0.5773502692, 0.6592065645, 0.4817814566], [0.5773502692,

R

L. 54453?491

[ 0.5773502692 0.08763169824 -0.8117803595 |
tihary fleatingrpeint pregision themuaduct of Q andRgivesdhe 1ﬂgmal 33
VBEFPIRGIEGS* Y0.7468382628  0.3209989029 |

' 1.732050808 3.160949992 8.071769864)
f 0 1.997275809 6. ??3552??4)
0 0 1.544537491
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float(V) = Q*Rmatrix([[1.0, 2.0, 4.0], [1.0, 3.141592654, 9.869604401], [1.0,
0.3333333333, 0.1111111111]]) = matrix([[1.0, 2.0, 4.0], [1.0, 3.141592654,
9.869604401], [1.0, 0.3333333333, 0.1111111111]])

(1.0 2.0 4.0 \ 1.0 2.0 4.0
1.0 3.141592654 9.869604401 | =| 1.0 3.141592654 S5.86960:«
1.0 0.3333333333 0.1111111111/) \ 1.0 0.3333333333 0.111111

Singular Value Decomposition

The singular value decomposition expresses an m n matrix A as follows: A

= USVH, Here S is an m n diagonal matrix with singular values of A on its
diagonal. The columns of the m m matrix U are the left singular vectors

for corresponding singular values. The columns of the n n matrix V are the
right singular vectors for corresponding singular values. V¥ is the Hermitean
transpose (the complex conjugate of the transpose) of V.

To compute the singular value decomposition of a matrix, use the numeric::svd
or numeric::singularvectors function. These two functions are equivalent. For
example, compute the singular value decomposition of the following matrix:
A = matrix([[9, 4], [6, 8], [2, 7]]): svd :=
numeric::svd(A)[matrix([[0.6104993556, 0.7174382767, 0.3355187863],
[0.6645912432, -0.2336056545, -0.7097512787], [0.4308236486,
-0.6562855456, 0.6194192978]]), [14.9359164, 5.188294644],
matrix([[0.6925379522, 0.7213814419], [0.7213814419, -0.6925379522]]),
[8.704148513e-14, 8.704148513e-14, 6.039716306e-31], [4.352074257e-14,
4.352074257e-14]]
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Jogfead t "ﬁg?&%lé@a?%’?s YeddDsripyasgelist d of the
1%%@;@ 6 : g@gé%?‘cg;ﬁmf; -0.7097512787 \ [14.9359164, 5.1

C' 43@8236486 -0.6562855456 0.6194192978 |

[14.9358164, 5.188294644] .4419 \ [E.?D4148513 1D_H_. 870414851

U.iLloolasly -u.oozsoo /9022
‘ou can restore the matrix S from that list:

S := matrix(3, 2, d, Diagonal)matrix([[14.9359164, 0], [0, 5.188294644], [0, 0]])
6.039716306 10", [4.352074257 10", 4.352074257 107

/14.9359164 0
0 5.188204644 ]

“The numeric::svd function also computes the residues res;; and res,, for the
numeric singular vectors. The residues are the estimated errors for the
numerical matrices U and V-
res_U = svd[4]; res_V = svd[5]res_U = [8.704148513e-14, 8.704148513e-14,
6.039716306e-31]

resy = |8.704148513 10°1%, 8.704148513 10, 6.0397 163086 10'31]
res_V = [4.352074257e-14, 4.352074257e-14]
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resy = |4.352074257 10" 4.352074257 10°Y]

Small residue values indicate that roundoff errors do not significantly affect
the results. To suppress the computation of the residues, use the NoResidues
option:

svd := numeric::svd(A, NoResidues)[matrix([[0.6104993556, 0.7174382767,
0.3355187863], [0.6645912432, -0.2336056545, -0.7097512787],
[0.4308236486, -0.6562855456, 0.6194192978]]), [14.9359164, 5.188294644],
matrix([[0.6925379522, 0.7213814419], [0.7213814419, -0.6925379522]]),
NIL, NIL]

/0. 51048593566 0.7174382767 0.3355187863 "*,
zﬁhe‘”s%§1 lP§;p°1 Iﬂfs‘fa% %ﬁoducﬁ%@v%fg%@?Tefﬂ}l&e@%mm 5.1

ranspose o returns t e or1

U VORL IL ER5vT bapcirtclof %%&;@ﬁ&%&%@éﬁ?ﬁ)matm( 9, 4,

[6, 8], [2, 7]]) = matrix([[9.0, 4.0], [6.0, 8.0], [2.0, 7.0]])

10.6925379522 0.7213814419 j

( 0.7213814419 -0.6925379522 ) ik Nk
/9 4\ (9.0 4.0\
| 88]= (60 s D]
\2 7/ \ 2.0 7.0/
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Mathematical Constants Available in MuPAD

In this section...

“Special Real Numbers” on page 3-232
“Infinities” on page 3-233
“Boolean Constants” on page 3-233

“Special Values” on page 3-233

“Special Sets” on page 3-234

Special Real Numbers

MuPAD provides symbolic representations of the following commonly used
special real numbers. You can perform exact computations that include the
constants. Also, you can get floating-point approximations with the current
precision DIGITS by using the float function.

E

PI
EULER

CATALAN

Euler number (exponential
constant, base of natural
logarithm) exp(1) approx

2.718281828e == 2,718281828
o= 3.141592653

Euler-Mascheroni constant
limit(sum(1/i,1=1..n) - In(n), n =
infinity) approx 0.5772156649

ﬂ w
lim Z 1) in(n) =0.577215664
Catatan-e gt t

sum((-1)*1/(2*1 + 1)"2, 1 = 0..infinity)

approx 0.9159655941
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o . i
sz ~ 0.9159655941
_,'=DI:2 I+ 1]

Infinities

MuPAD provides the symbolic representations for real and complex infinities.
Many functions accept infinities as their arguments. For example, you can
use infinities when computing sums, limits, integrals, and so on. Also, you
can perform arithmetical operations with infinities. MuPAD can return
infinities as results of computations:

infinity Real positive infinity
complexInfinity Infinite point of the complex plane
RD_INF Real positive infinity used in

floating-point intervals

RD_NINF Real negative infinity used in
floating-point intervals

Boolean Constants

MuPAD uses a three-state logic with the Boolean constants TRUE, FALSE,
and UNKNOWN. You can use these constants in computations. MuPAD can
return these constants as a result of computations.

Special Values

The following objects in MuPAD represent special values. You can use these
special values in computations. MuPAD can return these values as a result
of computations:
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NIL

null()

undefined

RD_NAN

FAIL

Special Sets

Imaginary unit sqrt(-1) V- 1.

Null object of the domain DOM_NIL.
MuPAD uses this object to indicate
missing objects explicitly.

Null (void) object of the domain
DOM_NULL. This object does not
produce any visible output. MuPAD
removes this object from data
structures (such as sequences, lists,
sets, and so on).

Undefined value.

Undefined value used in
floating-point intervals. If you
use typeset mode, MuPAD displays

this value as RD_NANMNal in
output regions.

Failure object of the domain
DOM_FAIL.

MuPAD provides the following predefined sets and lets you use them in
computations. For example, you can use these predefined sets to compute
intersections, differences, and unions, or to make assumptions. MuPAD can
use these sets to return results of computations:

C

N

The set C_T of complex numbers

The set of positive integers:
Z_ intersect Dom::Interval([1],

infinity)Z N[1, @)

The set Q_{TI of rational numbers
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The set R_[R of real numbers

The set Z_4& of integers
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Special Functions Available in MuPAD

In this section...

“Dirac and Heaviside Functions” on page 3-236

“Gamma Functions” on page 3-236

“Zeta Function and Polylogarithms” on page 3-237

“Airy and Bessel Functions” on page 3-237

“Exponential and Trigonometric Integrals” on page 3-238

“Error Functions and Fresnel Functions” on page 3-238
“Hypergeometric, Meijer G, and Whittaker Functions” on page 3-238
“Elliptic Integrals” on page 3-239

“Lambert W Function (omega Function)” on page 3-239

Dirac and Heaviside Functions

The following MuPAD functions represent the Dirac §-distribution and the
Heaviside (step) function. You can use these functions as input for your
computations. MuPAD can return results in terms of these functions:

dirac Dirac §-function

heaviside Heaviside function

Gamma Functions

MuPAD provides the following functions to represent the S-function,
I'-function, and other related special functions. You can use these functions
as input for your computations. MuPAD can return results in terms of these

functions:
beta S-function
binomial Binomial expression

binomial(m,n){ ™
n
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gamma I'-function

igamma Incomplete I'-function
Ingamma Logarithmic I'-function
psi Polygamma function

Zeta Function and Polylogarithms

The following MuPAD functions represent the Riemann {-function and the
related dilogarithm and polylogarithm special functions. You can use these
functions as input for your computations. MuPAD can return results in terms
of these functions:

dilog Dilogarithm function
polylog Polylogarithm function
zeta Riemann {-function

Airy and Bessel Functions

The following MuPAD functions represent the Bessel and Airy special
functions. You can use these functions as an input for your computations.
MuPAD can return results in terms of these functions:

airyAi Airy function Ai

airyBi Airy function Bi

bessell Modified Bessel function of the first
kind

besseld Bessel function of the first kind

besselK Modified Bessel function of the

second kind

besselY Bessel function of the second kind
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Exponential and Trigonometric Integrals

The following MuPAD functions represent exponential and trigonometric
integrals. You can use these functions as an input for your computations.
MuPAD can return results in terms of these functions:

Ci Cosine integral

Chi Hyperbolic cosine integral
Ei Exponential integral

Si Sine integral

Ssi Shifted sine integral

Shi Hyperbolic sine integral

Error Functions and Fresnel Functions

The following MuPAD functions represent the error functions (integrals of
Gaussian distribution) and Fresnel functions. You can use these functions
as input for your computations. MuPAD can return results in terms of these

functions:
erf Error function
erfc Complementary error function
erfi Imaginary error function
inverf Inverse of error function
inverfc Inverse of complementary error

function

fresnelC Fresnel cosine integral function
fresnelS Fresnel sine integral function

Hypergeometric, Meijer G, and Whittaker Functions

The following MuPAD functions represent the hypergeometric function, the
more general Meijer G function, and related functions. You can use these
functions as input for your computations. MuPAD can return results in terms
of these functions:
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hypergeom

kummerU

meijerG
whittakerM
whittakerW

Elliptic Integrals

Hypergeometric function

Confluent hypergeometric
KummerU function

Meijer G function
Whittaker’s M function
Whittaker’s W function

The following MuPAD functions represent the elliptic integrals of different
kinds. You can use these functions as input for your computations. MuPAD
can return results in terms of these functions:

ellipticK

ellipticCK

ellipticF

ellipticE
ellipticCE

ellipticPi
ellipticCPi

ellipticNome

Complete elliptic integral of the first
kind

Complementary complete elliptic
integral of the first kind

Incomplete elliptic integral of the
first kind

Elliptic integral of the second kind

Complementary complete elliptic
integral of the second kind

Elliptic integral of the third kind

Complementary complete elliptic
integral of the third kind

Elliptic nome

Lambert W Function (omega Function)

The lambertW function represents the solutions of the equation ye” = x. You
can use the function as input for your computations. MuPAD can return

results in terms of this function.
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Floating-Point Arguments and Function Sensitivity

3-240

In this section...

“Use Symbolic Computations When Possible” on page 3-241
“Increase Precision” on page 3-241
“Approximate Parameters and Approximate Results” on page 3-243

“Plot Special Functions” on page 3-245

Particular choices of parameters can reduce some special functions to simpler
special functions, elementary functions, or numbers. Nevertheless, for most
parameters MuPAD returns the symbolic notation of a special function. In
such cases, you can approximate the value of a special function numerically.
To approximate a special function numerically, use the float command or call
the special function with floating-point arguments.

When approximating the value of a special function numerically, remember
that floating-point results can be extremely sensitive to numeric precision.
Also, floating-point results are prone to roundoff errors. The following
approaches can help you recognize and avoid incorrect results:

® When possible, use symbolic computations. Switch to floating-point
arithmetic only if you cannot obtain symbolic results. See “Use Symbolic
Computations When Possible” on page 3-241.

¢ Numeric computations are sensitive to the DIGITS environment variable
that determines the numeric working precision. Increase the precision of
numeric computations, and check if the result changes significantly. See
“Increase Precision” on page 3-241.

® Compute the value of a special function symbolically, and then approximate
the result numerically. Also, compute the value of a special function using
the floating-point parameters. Significant difference in these two results
indicates that one or both approximations are incorrect. See “Approximate
Parameters and Approximate Results” on page 3-243.

¢ Plot the function. See “Plot Special Functions” on page 3-245.
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Use Symbolic Computations When Possible

By default, MuPAD performs computations in exact symbolic form. For
example, standard mathematical constants have their own symbolic
representations in MuPAD. Using these representations, you can keep the
exact value of the constant throughout your computations. You always can
find a numeric approximation of a constant by using the float function:

pi := float(PI)3.141592654

3.1415582654

Avoid unnecessary conversions to floating-point numbers. A floating-point
number approximates a constant; it is not the constant itself. Using this
approximation, you can get incorrect results. For example, the heaviside
special function returns different results for the sine of m and the sine of
10-digit floating-point approximation of m:

heaviside(sin(PI)), heaviside(sin(pi))1/2, 0.0

l. 0.0
5
Increase Precision

The Riemann hypothesis states that all nontrivial zeros of the Riemann Zeta

function zeta(z)Z | Z) have the same real part Re(z) = 1/20( =) = L Tolocate
possible zeros of the Zeta function, plot its absolute value abs(zeta(1/2 +

Fy)|zi zl + 1 ¥)|- The following plot shows the first three nontrivial roots of

the Zeta function zeta(1/2 + y*Dz( L + y 1):
plot(abs(zeta(1/2 + I*y)), y = 0..30, &XesTitles =["y", "|zetal|"])
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|zeta|

Use the numeric solver to approximate the first three zeros of this Zeta
function:

numeric::solve(zeta(1/2 + I*y), y = 13..15), numeric::solve(zeta(1/2 + I*y),
y = 20..22), numeric::solve(zeta(1/2 + I*y), y = 24..26){14.13472514},
{21.02203964}, {25.01085758}

{14.13472514}, {21.02203964}, {25.01085758}

Now, consider the same function, but slightly increase the real part:

zeta(1000000001/2000000000 + T*y)r( 1090000801 , § 4. According to the
Riemann hypothesis, this function does ALATRRER zero for any real value y.
By default, MuPAD uses 10 significant decimal digits for computations that
involve floating-point numbers. When you use the numeric::solve solver with
the default number of digits, the solver finds the following (nonexisting) zero
of the Zeta function:

numeric::solve(zeta(1000000001/2000000000 + I*y), y = 14..15){14.13472514}
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{14.13472514}

Increasing the numbers of digits shows that the result is incorrect. The Zeta

function zeta(1000000001/2000000000 + I*y)r( 1000000001 , ; g does not
h . * 2000000000
ave a zero at 14 < y < 15:
DIGITS:=15: numeric::solve(zeta(1000000001/2000000000 + I*y), y = 14..15){}

delete DIGITS;

Approximate Parameters and Approximate Results

Bessel functions with half integer indices return exact symbolic expressions.
Approximating these expressions by floating-point numbers, you can get very
unstable results. For example, the exact symbolic expression for the following
Bessel function is:

B := besseld(53/2, PI)(351*sqrt(2)*(119409675/P1"4 -

20300/PI"2 - 315241542000/P1"6 + 445475704038750/PI*8 -
366812794263762000/P1*10 + 182947881139051297500/PI*12 -
55720697512636766610000/P1~14 + 10174148683695239020903125/P1*16

- 1060253389142977540073062500/P1~18 +
57306695683177936040949028125/P1"20 -
1331871030107060331702688875000/P1"22 +
8490677816932509614604641578125/P1724 + 1))/P1*2
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Use the float command to approximate this expression numerically:
float(B)-2854.225191

{351 /2 (119409675 20300 _ 315241542000 , 445475704038750
4 2

5 8
-2854.225191 7 m m

4 =00, 367 GBEHOS
dlfference in theseﬁt% appr0x1mat10ns 1nd1cates that onq-;(;r both results
are incorrect:

besdell(5342, Ao FIICFWILBOTEEBF 125

_ 106802533859142977540073062!
16

18
m m

6.900145807 10 % F?QESBD-iGQ-iQDEElEE 1331871030107060331 702

22

m
Increase the numeric workmg precision to obtain more accurate

appEFINEIPRE 1 593250961 4604641578125
DIGITS= 25 -

float(B); bessgld (5372, * 5)32 /
float(PI))0.000000000000000000000069001456077208746 ’?32766545218860103835187

! 2

3-244



Floating-Point Arguments and Function Sensitivity

6.90014560772087465857327665452188601038351877 10 >
0.000000000000000000000069001456069172794165785003948591349704494668

£.200145808917279416857850039485913497044946868 1 0_23
delete DIGITS;Now you can see that using the floating-point parameter to

compute the Bessel function produces the correct result (within working
precision). Approximation of the exact symbolic expression for that Bessel
function returns the wrong result because of numerical instability.

Plot Special Functions

Plotting the function can help you recognize incorrect floating-point
approximations. For example, the numeric approximation of the following
Bessel function returns:

B := besseld(53/2, PI): float(B)-2854.225191

-285b64.225181
Plot the function besseld(x, PI)J (1) for the values of x around 53/2. The

function plot shows that the floating-point approximation is incorrect:
plot(besseld(x, PI), x = 26..27)
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Sometimes, to see that the floating-point approximation is incorrect, you must
zoom the particular parts of the function plot. For example, the numeric
solver finds the unexpected zero of the Zeta function:
numeric::solve(zeta(1000000001/2000000000 + I*y), y = 14..15){14.13472514}

{14.13472514}

To investigate whether the Zeta function actually has a zero at that
point or whether the result appears because of the roundoff error, plot
the absolute value of Zeta function abs(zeta(1000000001/2000000000 +

I*y)) (1000000001 1000000001 . §

nk
plot(hbs GRAeE88600001/2000000000 + T*y)), y = 0..30, AxesTitles = [y",
"|zetal|"])



Floating-Point Arguments and Function Sensitivity

|zeta|

To see more details of the function plot near the possible zero, zoom the plot.
To see that the numeric result is incorrect, enlarge that part of the function
plot beyond the numeric working precision, and then reevaluate the plot.
When you zoom and reevaluate, MuPAD recalculates the part of the function
plot with the increased numeric precision.

Note When zooming, MuPAD does not automatically reevaluate the function
plot.

To get accurate results after zooming the plot, use the Recalculate button

E'] After zooming and reevaluating the plot, you can see that the function
does not have a zero at that interval.
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Integral Transforms

In this section...

“Fourier and Inverse Fourier Transforms” on page 3-249

“Laplace and Inverse Laplace Transforms” on page 3-252

Fourier and Inverse Fourier Transforms

There are several commonly used conventions for defining Fourier transforms.
MuPAD defines the Fourier transform (FT) as:
F(w) = c*int(f(t)*exp(I*s*w*t), t=(-infinity)..(infinity))

[ ]

iswt
Flw)=r¢ fit)e drt
Here ¢ and g are the parameters of the Fourier transform. By default,
¢ = 1ands = -1. Pref::fourierParameters lets you specify other values for

these parameters. For the inverse Fourier transform (IFT), MuPAD uses

the following definition:
f(t) = abs(s)/(2*PI*c)*int(F(w)*exp(‘{-1 s w t}‘), w=-infinity..infinity)

=]
|5l siswt
fit) = Fiw) e dw
To comgu?e the Fourier transform of an arithmetical expression, use the

fourier function. For example, compute the Fourier transforms of the
following exponential expression and the Dirac delta distribution:
fourier(exp(-t"2), t, w), fourier(dirac(t), t, w)sqrt(PI)*exp(-w”2/4), 1

%]
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If you know the Fourier transform of an expression, you can find the original
expression or its mathematically equivalent form by computing the inverse
Fourier transform. To compute the inverse Fourier transform, use the ifourier
function. For example, find the original exponential expression and the Dirac
delta distribution:

ifourier(PI*(1/2)*exp(-w"2/4), w, t), ifourier(l, w, t)exp(-t*2), dirac(t)

_fz
g a4t

Suppose, you compute the Fourier transform of an expression, and then
compute the inverse Fourier transform of the result. In this case, MuPAD
can return an expression that is mathematically equivalent to the original
one, but presented in a different form. For example, compute the Fourier
transforms of the following trigonometric expressions:

Cosine := fourier(cos(t), t, w); Sine := fourier(sin(t*2), t, w)PI*(dirac(w - 1) +
dirac(w + 1))

mi(dw-1)+aw+1))
(sqrt(2)*sqrt(P)*(cos(w"2/4) - sin(w"2/4)))/2

- __f f_ 2 2
v 2 vﬁ?LcosL%?}—tﬂnkﬁgj}
2

Now, compute the inverse Fourier transforms of the resulting expressions
Cosine and Sine. The results differ from the original expressions:
invCosine := ifourier(Cosine, w, t); invSine := ifourier(Sine, w, t)exp(-t*I)/2
+ exp(t*1)/2

-t i
e, e

Bqrt(2)*lsqrt(2)*sqrt(PI)*(cos(t*2) + sin(t*2)) - sqrt(2)*sqrt(PI)*(cos(t"2) -
sin(t"2))))/(4*sqrt(PI))
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v2 (V2 v (eos(t?) + sinle?) - v2 v (cosl£?) - sinl£))

Simplifying the resulting expre%ib@ invCosine and invSine gives the
original expressions:
simplify(invCosine), simplify(invSine)cos(t), sin(t"2)

(.2
cos(t), sinl¢”)

Besides arithmetical expressions, the fourier and ifourier functions also
accept matrices of arithmetical expressions. For example, compute the
Fourier transform of the following matrix:

A = matrix(2, 2, [exp(-t*2), t¥exp(-t*2), t*2¥exp(-t*2), t*3*exp(-t*2)]):
fourier(A, t, wymatrix([[sqrt(P)*exp(-w"2/4), -(sqrt(PI)*w*exp(-w"2/4)*1)/2],
[(sqrt(PI)*exp(-w”2/4))/2 - (sqrt(PD)*w”2*exp(-w”2/4))/4, -
(B*sqrt(P)*w*exp(-w”2/4)*1)/4 + (sqrt(PI)*w” 3*exp(-w”2/4)*1)/8]])

4 2

[ w _w” \
W T
ﬁ e 4 _Wmwe i
2
2 2 2 2
fouFT {urier functions lef yau evalyatethe W2 f
. T\?#Eou:tler e}}#i A 1E1r.19r un%tl‘?#sw% y@qieva atethe Bransforms of an
! o a th —evaluate the

xFourier transform of the matrix A for the valuesw = 0 andw = 2*x:
fourier(A, t, 0); fourier(A, t, 2*x)matrix([[sqrt(PI), 0], [sqrt(PI)/2, 0]])
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matrix([[sqrt(P)*exp(-x*2), -sqrt(PI)*x*exp(-x*2)*I], [(sqrt(PI)*exp(-x"2))/2
- sqrt(PD*x*2*exp(-x"2), - (3*sqrt(PI)*x*exp(-x"2)*1)/2 +
sqrt(PD)*x”3*exp(-x"2)*1]])

%]

' a,,-“‘_e —ﬁxe_xi |

\ Iﬁ“'I_t/IQlPAD gﬁ'y_.ngt‘(:(gnﬁute_ t?Iw":Fe’Lﬁfler tran ﬁrrp—%f@fexp ession, it returns
“an unresolved transform:
fourier(f(t), t, w)fourier(f(t), t, w)

fourier( £ &), &, w)

If MuPAD cannot compute the inverse Fourier transform of an expression, it
returns the result in terms of an unresolved direct Fourier transform:
ifourier(F(w), w, t)fourier(F(w), w, -t)/(2*PI)

fourier( Fiw), w, - t)
2m
Laplace and Inverse Laplace Transforms

The Laplace transform is defined as follows:
F(s) = int(f(t)*exp(‘{-s t}'), t=0..(infinity))

F(s)= [ f(t) e_Stdf

The inverse Laplace transform is defined by a contour integral in the complex
plane:
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f(t) = (1)/2*PI*1)*int(F(s)*exp(s*t), s=c-I*infinity..‘c+i*infinity)

cHleo

5t
Flit) = 1 _ Fis)je ds
where gié”a lre%l_vgalue. To compute the Laplace transform of an arithmetical
expression, use tllle laplace function. For example, compute the Laplace

transform of the following expression:
tsine := laplace(t*sin(a*t), t, s)(2*¥a*s)/(a"2 + s*2)"2

2as

- T
& ha

&

[' q'o 3ol%pute the original expression from its Laplace transform, perform the
inverse Laplace transform. To compute the inverse Laplace transform, use
the ilaplace function. For example, compute the inverse Laplace transform of
the resulting expression tsine:
ilaplace(tsine, s, t)t*sin(a*t)

t sinia )

Suppose, you compute the Laplace transform of an expression, and then
compute the inverse Laplace transform of the result. In this case, MuPAD
can return an expression that is mathematically equivalent to the original
one, but presented in a different form. For example, compute the Laplace
transforms of the following expression:

L := laplace(t*In(t), t, s)1/s"2 - EULER/s*2 - In(s)/s"2

1 EBULER _In(s)

=
& A

& &g g

b.‘l|
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Now, compute the inverse Laplace transform of the resulting expression L.
The result differs from the original expression:
invL :=ilaplace(L, s, t)t - EULER*t + t*(EULER + In(t) - 1)

t-EULER ¢+ ¢t (EULER +In(z)-1)

Simplifying the expression invL gives the original expression:
simplify(invL)t*In(t)

tlnlt)

Besides arithmetical expressions, the laplace and ilaplace functions also
accept matrices of arithmetical expressions. For example, compute the
Laplace transform of the following matrix:

A = matrix(2, 2, [1, t, t*2, t73]): laplace(A, t, s)ymatrix([[1/s, 1/s"2], [2/s"3,
6/s74]])

f
|

.-'l
- 1

A
s° 'L
. V\@e@ol puting a transform of an expression, you can use assumptions on
\. mathethatical properties of the arguments. For example, compute the Laplace
transform of the Dirac delta distribution:
d := laplace(dirac(t - t_0), t, s) assuming t_0 >=0exp(-s*t_0)

-5 f,:,
=

Restore the Dirac delta distribution from the resulting expression d:
ilaplace(d, s, t) assuming t_0 >=0dirac(t - t_0)

8l L- L)
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The laplace function provides the transforms for some special functions. For
example, compute the Laplace transforms of the following Bessel functions:
laplace(besseld(0, t), t, s); laplace(besseld(1, t), t, s); laplace(besseld(1/2, t), t,
s)1/sqrt(s”2 + 1)

_.]?FéEEFSAZ + 1)*(s + sqrt(s”2 + 1)))

Ve o+ 1

qrt(s + 1))*I)/2

x.-E( S \Wi

vE-1 e+l
L L Ed

2

The laplace and ilaplace functions let you evaluate the transforms of an
expression or a matrix at a particular point. For example, evaluate the

Laplace transform of the following expression for the value s = 10:
laplace(t*exp(-t), t, 10)1/121

1
121

Now, evaluate the inverse Laplace transform of the following expression for
the valuet = x + y:
ilaplace(1/(1 + s)*2, s, x + y)exp(- x - y)*(x + y)
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If MuPAD cannot compute the Laplace transform or the inverse Laplace
transform of an expression, it returns an unresolved transform:
laplace(f(t), t, s)laplace(f(t), t, s)

laplacei i), t, 8)
1laplace(F(s), s, t)ilaplace(F(s), s, t)

ilaplace(F(s), 8, t)
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Z-Transforms

The Z-transform of the function F(z) 1is defined as follows:
F(z) = sum(f(k)/z"k, k = 0..infinity)

=]

o k)
Fiz) = Z —
If R is affpséitise number, such that the function F(Z) is analytic on and
outside the circle |z| = R, then the inverse Z-transform is defined as follows:
| k-1
flky=— Flz2""dz, B =01.2
&

You can consider the Z-transform as a discrete equivalent of the Laplace
transform.

To compute the Z-transform of an arithmetical expression, use the ztrans

function. For example, compute the Z-transform of the following expression:
S := ztrans(sinh(n), n, z)(z*¥sinh(1))/(z"2 - 2*cosh(1)*z + 1)

z ginh(l)

&

£ If_ygqul%w éh]e ‘%-f'rel’nsform of an expression, you can find the original
expression or a mathematically equivalent form by computing the inverse
Z-transform. To compute the inverse Z-transform, use the iztrans function.
For example, compute the inverse Z-transform of the expression S:
iztrans(S, z, n)sinh(n)

sinh(n)
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Suppose, you compute the Z-transform of an expression, and then compute
the inverse Z-transform of the result. In this case, MuPAD can return

an expression that is mathematically equivalent to the original one, but
presented in a different form. For example, compute the Z-transform of the
following expression:

C := ztrans(exp(n), n, z)z/(z - exp(1))

=z

ZN oew, compute the inverse Z-transform of the resulting expression C. The
result differs from the original expression:
invC :=iztrans(C, z, n)exp(1)*(exp(-1)*exp(n) - exp(-1)*kroneckerDelta(n, 0)) +
kroneckerDelta(n, 0)

f -1 n -1

| i )
ele e -e "6, 4)+d,

Simplifying the resulting expression invC gives the original expression:
simplify(invC)exp(n)

Fri

Besides arithmetical expressions, the ztrans and iztrans functions also accept
matrices of arithmetical expressions. For example, compute the Z-transform
of the following matrix:

A ;= matrix(2, 2, [1,n, n + 1, 2*n + 1]): ZA := ztrans(A, n, z)matrix([[z/(z - 1),
z/(z - 2], [2/(z - 1) + z/(z - )2, 2/(z - 1) + (2*2)/(z - 1)"2]])

/ z =z 4
| _ 2 1
z-1 iz-1
z , =z z , 22
| 2 |
\ z-1 |z-1j|4 z-1 |z-1]" /



Z-Transforms

Computing the inverse Z-transform of ZA gives the original matrix A:
iztrans(ZA, z, nymatrix([[1, n], [n + 1, 2*n + 1]])

n+12n+1]

" The ztrans and iztrans functions let you evaluate the transforms of an
expression or a matrix at a particular point. For example, evaluate the

Z-transform of the following expression for the value z = 2:
ztrans(1/n!, n, 2)sqrt(exp(1))

(’ 1 n \

Je

Evaluate the inverse Z-transform of the following expression for the value

n=10:
iztrans(z/(z - exp(x)), z, 10)exp(10*x)

10x
=

If MuPAD cannot compute the Z-transform or the inverse Z-transform of an
expression, it returns an unresolved transform:
ztrans(f(n), n, z)ztrans(f(n), n, z)

Ztrans(f(nj, n, z)
iztrans(F(z), z, n)iztrans(F(z), z, n)

1ztrans( F(z), =z, n)
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Discrete Fourier Transforms

The discrete Fourier transform (DFT) is an equivalent of the Fourier
transform for discrete data. The one-dimensional discrete Fourier transform
of N data elements L = [L,, ..., L] is defined as the list F' = [I", ..., I',], such
that

Flk]=sum(L[j]*exp(-*2*PT*T*(-1)*(k-1)*/*N), j=1..N), k=1,Symbol::hellip,N

N
-2mif-Litk-1 /N
Fp=YL;e ™V Jk=1,.,N

The idvekse discrete Fourier transform is defined as the list L of the following
elements:

L[j]= _divide(1,N)*_outputSequence(sum(F[k]*exp(2*PI*I*(-1)*(k-1)*/*N),
k=1..N), “), j = 1,Symbol::hellip, N

N
ZmilF-Lik-L1 /AN .
LJ:%Zer L i=1,..,N

MuPAD d&ésla fast Fourier transform (FFT) algorithm to compute the discrete
and the inverse discrete Fourier transforms. For any N, the computing

costs are O(INlog,(IN)). To compute the discrete Fourier transforms, use the
following functions:

® numeric::fft to compute the Fourier transform

® numeric::invift to compute the inverse Fourier transform

These functions accept lists (domain type DOM_LIST), arrays (domain
type DOM_ARRAY), hardware floating-point arrays (domain type
DOM_HFARRAY), and matrices (category Cat::Matrix). The accepted data

structures (except for lists) can be one- or multidimensional. You can use
arbitrary arithmetical expressions as entries.
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The discrete Fourier transform is often used in signal processing. It allows
you to decompose a signal into a set of periodic signals with different
frequencies and to analyze those frequencies. Suppose, you have a discrete set
of values of a signal sampled at a fixed rate. The signal might be periodic,
but the noise effectively hides the period. For example, the following data
list represents such a signal:

f1 := 150: f2 := 300: data := [sin(f1*2*PI*t/1000) + sin(f2*2*PI*t/1000) +
10*(frandom() - 1/2) $t = 0..1000]:When you plot the data, the signal seems
random. The noise effectively hides the two main frequencies of the signal:
plot(plot::Listplot(data, t = 0..1000), AxesTitles = ["Time", "Amplitude"],
YAxisTitleOrientation = Vertical, XAxisTitleAlignment = Center,
YAxisTitleAlignment = Center)

}
5
:
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To prove that the signal has a strong periodic component and to find the main
frequencies, compute the discrete Fourier transform of the signal:
fft := abs(numeric::fft(data)):The plot of fft shows four peaks. The peaks

correspond to the two main frequencies of the original signal (f1 = 150
and f2 = 300):
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plot(plot::Listplot(fft, f = 0..1000), AxesTitles = ["Frequency", "Power"],
YAxisTitleOrientation = Vertical, XAxisTitleAlignment = Center,
YAxisTitleAlignment = Center)

T T T T T T T T T
400 + ¢ » +
300 + +
| -
o
= I J
o
o200 + -

100

0 100 200 300 400 500 600 700 800 900 1000
Frequency

The numeric::fft and numeric::invfft functions accept options. Use the
Symbolic option to prevent the conversion of your data to floating-point
numbers. For example, create a list of the following exact values:
exactData := [sin(1/3*2*PI*n/10) $n = 0..3][0, sin(PI/15), sin((2*PI)/15),
(sqrt(2)*sqrt(5 - sqrt(5)))/4]

o V2 5-45

TN, sin| 2m \ v

15/ W1b ) 4

Compute the discrete Fourier transform keeping the data in its exact symbolic
form:

fft := numeric::fft(exactData, Symbolic)[sin(P1/15) + sin((2*PI)/15) +
(sqrt(2)*sqrt(b - sqrt(5)))/4, - sin(PI/15)*I - sin((2*PI)/15) + (sqrt(2)*sqrt(5

0, sinf
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- sqrt(5))*I)/4, sin((2*PI)/15) - sin(P1/15) - (sqrt(2)*sqrt(5 - sqrt(5)))/4,
sin(PI/15)*I - sin((2*PI)/15) - (sqrt(2)*sqrt(5 - sqrt(5))*I)/4]

{ ﬂ{%’\tﬁemg 7 D‘ret%orn?m Hmﬁg}fa—gsg L?

the numeric::invfft function with the Symbolic to prevent the data’ from the
conversion to floating-point values;

@cnnyffufft ,Swfnb\ohc).[@ sm@}/wﬁsm(@ PH/lﬁ) (sqrt(:t)%qm V24
(R4 4

- ."—_
ST 2 v 2 'l,l5"'l. 5]
[C' sin| 15\1 sm( 15), 7}

Also, you can clean results by removing very small terms. To discard all entries

of the result with absolute values smaller than 10~ (1/DIGITS)1 Dl'rDIGITS

times the maximal absolute value of all operands of the result, use the Clean
option. This option also removes tiny imaginary terms that often appear as
a result of roundoff effects. For example, without the Symbolic option, the
inverse Fourier transform from the previous example returns the following
list of floating-point values:

numeric::invift(fft)[0.0, 0.2079116908 + 1.162988943e-17*1, 0.4067366431,
0.5877852523 + (- 1.162988943e-17*1)]

0.0, 0.2079116908 + 1.162988543 107" 1, 0.4067366431, 0.58778525

When you use the Clean option, the numeric::invfft function discards small
terms that appear in the second and fourth entries of the resulting list:
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numeric::invfft(fft, Clean)[0.0, 0.2079116908, 0.4067366431, 0.5877852523]

[0.0, 0.2072116308, 0.4067366431, 0.5877852523]
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Use Custom Patterns for Transforms

In this section...
“Add New Patterns” on page 3-265

“Overwrite Existing Patterns” on page 3-266

Add New Patterns

MuPAD provides common patterns for integral and Z-transform computations
and the corresponding inverse transforms computations. Also, the system lets
you add your own patterns for the transforms.

Note Note MuPAD does not save custom patterns permanently. To use a
custom pattern, add it in the current MuPAD session.

The following example demonstrates how to add the pattern for the Fourier
transform of the function f(t). By default, there is no pattern for f(t). The
fourier function returns the unresolved transform:

fourier(f(t), t, s)fourier(f(t), t, s)

fourier( f(t), t, 8)

Suppose, you want to add the pattern F(s) for the Fourier transform of
the function f(t). To add a new pattern for the Fourier transform, use the
fourier::addpattern function:

fourier::addpattern(f(t), t, s, F(s)):Now, when you compute the Fourier
transform of f(t), MuPAD returns F(s):

fourier(f(t), t, s)F(s)

Fi(g)
MuPAD can use the new pattern indirectly:

fourier(sin(t"2) + f(10*t + 33), t, s)(F(s/10)*exp((33*s*1)/10))/10 +
(sqrt(2)*sqrt(PI)*(cos(s"2/4) - sin(s”2/4)))/2
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EEER _ PR ;g
Fl)e ¥ v 2 m LCOSL%:] - sinl| %\ﬂ
+

10 2
When you add a pattern for the Fourier transform, MuPAD does not
automatically add the pattern for the inverse Fourier transform:
ifourier(F(s), s, t)fourier(F(s), s, -t)/(2*PI)

fourier(Fis), s, - t)

To add tl%e Tc'rorresponding pattern for the inverse Fourier transform, use the
ifourier::addpattern function. For example, add the pattern f (t) for the
inverse Fourier transform of F(s):

ifourier::addpattern(F(s), s, t, f(t)): ifourier(F(s), s, t)f(t)

Fit)
Using the same method, you can add your own patterns for the Laplace
transform, inverse Laplace transform, Z-transform, and inverse Z-transform.
Use the following functions to add patterns for computing these transforms:

¢ laplace::addpattern to add a pattern for computing the Laplace transform

¢ ilaplace::addpattern to add a pattern for computing the inverse Laplace
transform

® ztrans::addpattern to add a pattern for computing the Z-transform

¢ iztrans::addpattern to add a pattern for computing the inverse Z-transform

Overwrite Existing Patterns

You can introduce a new transform pattern for the expression for which
MuPAD already has a pattern. In this case, the system replaces the standard
existing pattern with the new one. For example, the Laplace transform of the
hyperbolic sine function has a standard pattern implemented in MuPAD:
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laplace(sinh(t), t, s)1/(s*2 - 1)

1

SSﬁ}Jpose, you want to change this pattern. Use the laplace::addpattern
function to replace the existing standard pattern with your custom pattern:
laplace::addpattern(sinh(t), t, s, 1/2*(1/(s - 1) - 1/(s + 1))): laplace(sinh(t), t,
8)1/(2*(s - 1)) - 1/(2*%(s + 1))

1 1

g ’fﬁls_ c]h'iemgé? is '%eﬁu%o‘lrary, it only affects the current MuPAD session.
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MuPAD supports standard continuous and discrete distributions. The system
associates the following routines with each implemented distribution:

¢ A probability density function (PDF) for continuous distributions or
probability function (PF) for discrete distributions

e A cumulative distribution function (CDF)

® An inverse cumulative distribution function (quantile function)

¢ A random number generator

The following continuous distributions are available in MuPAD.

Random
Name PDF CDF Quantile Generator
p-distribution | stats::betaPDF stats::betaCDF stats::betaQuardtdds::betaRandom
Cauchy stats::cauchyPDdfats::cauchy Q¥Fats::cauchyQuetatidecauchyRandom
distribution
x2-distribution| stats::chisquane®B::chisquaneRXE::chisquareQatmidhésquareRandom
Erlang stats::erlangPDétats::erlangCDd&tats::erlangQuatstide:erlangRandom
distribution
Exponential | stats::exponentistitBlexponentistiiBéxponentistifdsaentplenentialRandom
distribution
F-distribution| stats::fPDF stats::fCDF stats::fQuantilestats::fRandom
y-distribution | stats::gammaRI3thts::gamma(Btats::;gammaQebatislmammaRandom
Logistic stats::logisticB¥3Fats::logisticGD3Fats::logisticQuatstdogisticRandom
distribution
Lognormal stats::lognormp PR :lognormaktdd§ :lognormpatantoknormalRandom
distribution
Normal stats::normalHBRFats::normal QI3t4ats::normal QudatstenormalRandom
distribution
Student’s stats::tPDF stats::tCDF stats::tQuantilestats::tRandom

t-distribution
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Random
Name PDF CDF Quantile Generator
Uniform stats::uniformPEtREts::uniform CRAts: :uniformQstansilaniformRandom
distribution
Weibull stats::weibullRI3tats::weibull(3tats::weibull QuaattslsveibullRandom
distribution

The following discrete distributions are available in MuPAD.

Random
Name PF CDF Quantile Generator
Binomial stats::binomial RFats::binomial GB3s::binomia]l @tatstibénomialRandom
distribution
Empirical stats::empiricgl Bits::empiricd]l €BIS::empiricglEpassitelapirical Random
distribution
Distribution | stats::finitePF| stats::finiteCDEtats::finiteQuiasttaks::finiteRandom
of a Finite
Sample
Space
Geometric stats::geometricdthts::geometricEBE::geometricQatmigbometricRandom
Distribution
Hypergeometristats::hypergeostetiar R¥pergeostetischypérgeostethar QppargbemetricRanc
Distribution
Poisson stats::poissonPEtats::poisson(I3tats::poissonQebattsipoissonRandom
Distribution
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Import Data

If you have an external data set and want to analyze it in MuPAD, import
the data to the MuPAD session. To import an ASCII data file to the MuPAD
session, use the import::readdata function. Suppose, you want to analyze the
world population growth and compare it to the US population growth between
1970 and 2000. The text file "WorldPopulation" contains the required data.
To be able to work with the data in MuPAD, import the contents of the file
line-by-line by using the import::readdata function. The function returns the
following nested list:

data := import::readdata("WorldPopulation")[[year, world(thousands),
US(thousands), AnnualRateWorld, AnnualRateUS], [1970, 3711962, 205052,
2.07, 1.26], [1971, 3789539, 207661, 1.99, 1.07], [1972, 3865804, 209896,
1.94, 0.95], [1973, 3941551, 211909, 1.87, 0.91], [1974, 4016056, 213854,
1.79, 0.99], [1975, 4088612, 215973, 1.73, 0.95], [1976, 4159763, 218035,
1.71, 1.01], [1977, 4231510, 220239, 1.68, 1.1], [1978, 4303134, 222585,
1.71, 1.18], [1979, 4377497, 225055, 1.7, 0.98], [1980, 4452548, 227726,

1.7, 0.96], [1981, 4528882, 229966, 1.75, 0.91], [1982, 4608682, 232188,
1.75, 0.87], [1983, 4690278, 234307, 1.7, 0.89], [1984, 4770468, 236348, 1.7,
0.91], [1985, 4852052, 238466, 1.71, 0.89], [1986, 4935874, 240651, 1.73,
0.91], [1987, 5022023, 242804, 1.71, 0.94], [1988, 5108860, 245021, 1.69,
1.12], [1989, 5195713, 247342, 1.68, 1.33], [1990, 5283687, 250132, 1.57,
1.33], [1991, 5367185, 253493, 1.56, 1.3], [1992, 5451672, 256894, 1.5, 1.21],
[1993, 5534138, 260255, 1.46, 1.18], [1994, 5615311, 263436, 1.44, 1.16],
[1995, 5696677, 266557, 1.4, 1.2], [1996, 5776857, 269667, 1.35, 1.17], [1997,
5855087, 272912, 1.31, 1.15], [1998, 5932091, 276115, 1.28, 1.02], [1999,
6008255, 279295, 1.25, 1.01], [2000, 6083550, 282172, 1.24, 0.94]]
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You can convert the resulting nested list to other data structures, For
example, represent the imported data as a sample. A sample is a collection of
statistical data in the form of a matrix. To convert the nested list of imported
data to a sample, use the stats::sample function:

weastatsidamiietdatanybar, whEld(thousandds UStheusanBsl teWorld, AnnualRate
9@%@%@%@%@5@%1@@ %791@ 2[%@?52 Z0BLAHBYT 07661, 1.99,

e

ﬂlﬂ?% 1817728 83241299689.75-0.91 ﬂgéﬂedé&% 9sA8H 745082 268355, 1.7, 0

fi680208 93430HHE 0.839 T984E 7104682365481 2001 4938 4859052.2584685, 1.75, O,

1173 B84 98EEBISTAZA0EBE, 1 U5/ G9 V1997 5022023 247001 78034307, 1.7, O

19885108860 24521 286342 1989 5195713 J473¢%1. @REIHEIN0 52836895, 1, ?‘1 D.

EP@)@% 1553 38790 1PA61H 8] 293493 1@69 ? 02845 16TR 20689 hobRhy, |
éz

e e 2?3%5?%%??%% -
S fop 3493 1. 551
Firdt row it '
s B ety 115 1 B ey e 1
1996, 5776857, 269667, 1.35, 1. 1?]_ [199?_ 5855087, 272912, 1.31,
1998, 5932091, 276115, 1.28, 1.02], [1999, 6008255, 279285 4,25,

2000, 6083550, 282172, 1.24, 0.24]]
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statistical functions cannot work with the text. Before you start analyzing
the data, delete the first row:

s := stats::sample::delRow(s, 1) 1970 3711962 205052 2.07 1.26 1971 3789539
207661 1.99 1.07 1972 3865804 209896 1.94 0.95 1973 3941551 211909 1.87
0.91 1974 4016056 213854 1.79 0.99 1975 4088612 215973 1.73 0.95 1976
4159763 218035 1.71 1.01 1977 4231510 220239 1.68 1.1 1978 4303134
222585 1.71 1.18 1979 4377497 225055 1.7 0.98 1980 4452548 227726 1.7
0.96 1981 4528882 229966 1.75 0.91 1982 4608682 232188 1.75 0.87 1983
4690278 234307 1.7 0.89 1984 4770468 236348 1.7 0.91 1985 4852052 238466
1.71 0.89 1986 4935874 240651 1.73 0.91 1987 5022023 242804 1.71 0.94
1988 5108860 245021 1.69 1.12 1989 5195713 247342 1.68 1.33 1990 5283687
250132 1.57 1.33 1991 5367185 253493 1.56 1.3 1992 5451672 256894 1.5 1.21
1993 5534138 260255 1.46 1.18 1994 5615311 263436 1.44 1.16 1995 5696677
266557 1.4 1.2 1996 5776857 269667 1.35 1.17 1997 5855087 272912 1.31 1.15
1998 5932091 276115 1.28 1.02 1999 6008255 279295 1.25 1.01 2000 6083550
282172 1.24 0.94 The MuPAD statistical functions accept the resulting sample
because it contains only numeric data. Now, you can analyze the sample. For
example, compute the correlation between the US population and total world
population stored in the second and third columns of the sample. Use the float
function to approximate the result:

float(stats::correlation(s, 2, 3))0.9972426119

0.9972426118

The correlation coefficient is close to 1. Therefore, the world population

data and the US population data are linearly related. Now, compute the
correlation coefficient for the population growth rates stored in the fourth and
fifth columns of the sample. In this case, you can omit the float function.
MuPAD returns a floating-point result because the input data contains
floating-point numbers:

stats::correlation(s, 4, 5)-0.2127844699

-0.2127844688

The correlation coefficient indicates that the data for the world population
growth rates and the data for the US population growth rates are not linearly
related.
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Store Statistical Data

MuPAD offers various data containers, such as lists, arrays, tables, and so
on, to store and organize data. For details about the MuPAD data structures,
see Working with Data Structures. Although, you can use any of these data
containers to store statistical data, the following containers serve best. The
reason is that many functions of the “Statistics” library accept these data
containers as input parameters:

e Lists

e Statistical samples (stats::sample). This data structure is specifically
designed for statistical data.

Using sets, tables, arrays, vectors, and matrices is less convenient. You
cannot use these data containers as input parameters for most functions of
the “Statistics” library. To use these functions on data stored in sets, tables,
arrays, vectors, or matrices, transfer the data to lists or statistical samples.
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Compute Measures of Central Tendency

Measures of central tendency locate a distribution of data along an appropriate
scale. There are several standard measures of central tendency. Knowing
the properties of a particular data sample (such as the origin of the data
sample and possible outliers and their values) can help you choose the most
useful measure of central tendency for that data sample. MuPAD provides
the following functions for calculating the measures of central tendency:

® The stats::modal function returns the most frequent value of a data sample
and the number of occurrences of that value.

® The stats::mean function calculates the arithmetic mean

n

(1)/(n) * sum(x[i],i=1..n) 1 (T‘ a X.r‘) of a data sample x,, x,, ..., x
n

Lej=1

® The stats::quadraticMean function calculates the quadratic mean

I
sqrt(1/(n)*sum(x[i]*2, i = 1..n)) H. 1 (‘3“ a 1XI.2) of a data sample x,,

Laj=
Koy ooy X0

® The stats:median function returns the element x, of a sorted data sample

Xpy Xogy weny Xg,.

¢ The stats::geometricMean function calculates the geometric mean

x[A]7*x[2]* “. *x[nD (A/n)(xq X5 ... X q) 1/a of a data sample x, x,, ..., x

n

e The stats::harmonicMean function calculates the harmonic mean

(I/m*sum(1/x[i], 1))~ (-1) 1 of a data sample x,, x,, ..., x,.

1 e 1
The arithmetic average is & sg_rﬁ'ﬁrlé' an popular measure of central tendency.
It serves best for data samples that do not have significant outliers.
Unfortunately, outliers (for example, data-entry errors or glitches) exist in
almost all real data. The arithmetic average and quadratic mean are sensitive
to these problems. One bad data value can move the average away from the
center of the rest of the data by an arbitrarily large distance. For example,
create the following two lists of entries that contain only one outlier. The
outlier is equal to 100 in the first list and to 1 in the second list:
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L:=11,1,1,1,1, 100.0]: S:=[100, 100, 100, 100, 100, 1.0]:The stats::modal
function shows that the most frequent entry of the first list 1s 1. The most
frequent entry of the second list is 100. A most frequent entry appears in
each list five times:

modalL = stats::modal(L); modalS = stats::modal(S)modalL = ([1], 5)

modall. = ([1], 5)
modalS = ([100], 5)

modalS = ([100], 5)

If the value of the outlier is large, the outlier can significantly move the mean
and the quadratic mean away from the center:

meanlL = stats::mean(L); quadraticMeanL = stats::quadraticMean(L)meanL =
17.5

meanlL = 17.5

quadraticMeanL = 40.83503398

quadraticMeanL. = 40.83503398

Large outliers affect the geometric mean and the harmonic mean less than
they affect the simple arithmetic average. Nevertheless, both geometric and
harmonic means are also not completely resistant to outliers:
geometricMeanL. = stats::geometricMean(L); harmonicMeanL =
stats::harmonicMean(L)geometricMeanL = 2.15443469

geometricMeanL = 2.15443469
harmonicMeanL. = 1.19760479

harmonicMeanl. = 1.197680479
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If the value of the outlier is small, the impact on the mean of a data set is
less noticeable. Quadratic mean can effectively mitigate the impact of a few
small outliers:

meanS = stats::mean(S); quadraticMeanS = stats::quadraticMean(S)meanS =
83.5

meanS = 83.5
quadraticMeanS = 91.28800578

quadraticMeanS = 91.28800578

The small outlier significantly affects the geometric and harmonic means
computed for the list S:

geometricMeanS = stats::geometricMean(S); harmonicMeanS =
stats::harmonicMean(S)geometricMeanS = 46.41588834

geometricMeansS = 46.41 588834
harmonicMeanS = 5.714285714

harmonicMeanS = 5.714285714

The median is usually resistant to both large and small outliers:
medianL = stats::median(L); medianS = stats::median(S)medianL = 1

medianL = 1
medianS = 100

mediansS = 100

For data samples that contain an even number of elements, MuPAD can use
two definitions of the median. By default, stats::median returns the n/2-th
element of a sorted data sample:

z:=[1, 1, 1, 100, 100, 100]: medianZ = stats::median(z)medianZ = 1
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median? = 1

When you use the Averaged option, stats::median returns the arithmetic
average of the two central elements of a sorted data sample:

z:=[1, 1, 1, 100, 100, 100]: medianZ = stats::median(z, Averaged)medianZ
=101/2

median? = 12&

Nevertheless, the median is not always the best choice for measuring
central tendency of a data sample. For example, the following data sample

distribution has a step in the middle:
z:=[1, 1,1, 2, 100, 100, 100]: medianZ = stats::median(z)medianZ = 2

median? = 2
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Compute Measures of Dispersion

The measures of dispersion summarize how spread out (or scattered) the data
values are on the number line. MuPAD provides the following functions for
calculating the measures of dispersion. These functions describe the deviation
from the arithmetic average (mean) of a data sample:

® The stats::variance function calculates the variance

Loj=1

1(n-1)*sum((x[i]-x&OverBar;)*2,i=1.m)_1_ (7% (% .3 2), where
‘«&OverBar;'¥ is the arithmetic mean of t‘?l_eldata sample x,, x,, ..., X

ne

e The stats::stdev function calculates the standard deviation

sqrt(1/(n-1)*sum((x[1]-x&OverBar;)"2, i=1..n)) I.-'r 1 ET‘ a (x; - f]g ,
where ‘x&OverBar; X is the arithmetic average (ofkhb a
ey X

ata sample x,, x,,
-

e The stats::meandev function calculates the mean deviation

1/m * sum(abs(x[(i)]-x&OverBar;), i=1.n) 1 [ 5=~ 1|X.r' - f| , where
2o

‘x&OverBar; ¥ is the arithmetic average of the data sample x,, x,, ..., X,,.
The standard deviation and the variance are popular measures of dispersion.
The standard deviation is the square root of the variance and has the
desirable property of being in the same units as the data. For example, if the
data is in meters, the standard deviation is also in meters. Both the standard
deviation and the variance are sensitive to outliers. A data value that is
separate from the body of the data can increase the value of the statistics by
an arbitrarily large amount. For example, compute the variance and the
standard deviation of the list x that contains one outlier:

L:=10[1,1,1,1,1,1, 1,1, 100.0]: variance = stats::variance(L); stdev =
stats::stdev(L)variance = 1089.0

variance = 1089.0
stdev = 33.0
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stdev = 33.0

The mean deviation is also sensitive to outliers. Nevertheless, the large
outlier in the list x affects the mean deviation less than it affects the variance
and the standard deviation:

meandev = stats::meandev(L)meandev = 19.55555556

meandev = 19.555555E68

Now, compute the variance, the standard deviation, and the mean deviation
of the list y that contains one small outlier. Again, the mean deviation is less
sensitive to the outlier than the other two measures:

S :=[100, 100, 100, 100, 100, 100, 100, 100, 1.0]: variance = stats::variance(S);
stdev = stats::stdev(S); meandev = stats::meandev(S)variance = 1089.0

variance = 1089.0
stdev = 33.0

stdev = 33.0
meandev = 19.55555556

meandev = 19.555555568
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The measures of shape indicate the symmetry and flatness of the distribution
of a data sample. MuPAD provides the following functions for calculating
the measures of shape:

® The stats::moment function that calculates the k-th moment
(1)/(n) * sum(fenced(x[(1)]-X)"(k), 1=1..n) 1 ( “ -X) ) of the data
n i= l
sample x,, x,, ..., x, centered around X.
® The stats::obliquity function that calculates the obliquity (skewness)
(I/n*sum( (x[1]-’x&OverBar;)"3, i=1..n))/(I/m*sum( (x[i]-x&OverBar;)"2,

1 (2 3 —
i=1.0)"3/2)) 7 (L-j 1%5%) ) where ‘x&OverBar;¥ is the
arithmetic aveﬂaie (ppean) ol th g’agta sample x,, x5, ..., X

-T) "
¢ The stats::kurtds ﬂdnc%lon that'calculates the kurtosis (excess)
1/m*sum( (x[i]-x&OverBar;) "4, i=1..n)/(1/n*sum( (x[1]-‘’x&OverBar;)"2,

1" 3t —
i=1.n)"2)-3 & (_—;—1'*"1 T) ) , where ‘x&OverBar;X is the
arithmetic avgrfgezémean) o.f;f}Jé ddta sample x,, x,, ..., X,.

I

The stats::moment function enables you to compute the kth moment of a data
sample centered around an arbitrary value X. One of the popular measures in
descriptive statistics is a central moment. The kth central moment of a data
sample is the kth moment centered around the arithmetic average (mean) of
that data sample. The following statements are valid for any data sample:

® The zero central moment is always 1.

¢ The first central moment is always O.

® The second central moment is equal to the variance computed by using
a divisor n, rather than n - 1 (available via the Population option of
stats::variance).
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For example, create the lists L and S as follows:
L:.=[1,1,1,1,1,1,1,1,100.0]: S:=[100, 100, 100, 100, 100, 100, 100, 100,
1.0]:Calculate the arithmetic average of each list by using the stats::mean
function:

meanL := stats::mean(L); meanS := stats::mean(S)12.0

12.0

89.0

g88.0

Calculate the first four central moments of the list L:
stats::moment(0, meanL, L), stats::moment(1, meanL, L), stats::moment(2,
meanL, L), stats::moment(3, meanL, L.)1.0, 0.0, 968.0, 74536.0

0, 0.0, 968.0, 74536.0

The zero and first central moments are the same for any data sample. The
second central moment is the variance computed with the divisor n:
stats::variance(L, Population)968.0

968.0

Now, calculate the first four central moments of the list S:
stats::moment(0, meanS, S), stats::moment(1, meanS, S), stats::moment(2,
meanS, S), stats::moment(3, meanS, S)1.0, 0.0, 968.0, -74536.0

1.0, 0.0, 868.0, -74536.0

Again, the zero central moment is 1, the first central moment is 0, and the
second central moment is the variance computed with the divisor n:
stats::variance(S, Population)968.0
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968.0

The obliquity (skewness) is a measure of the symmetry of a distribution. If the
distribution is close to symmetrical around its mean, the value of obliquity

1s close to zero. Positive values of obliquity indicate that the distribution
function has a longer tail to the right of the mean. Negative values indicate
that the distribution function has a longer tail to the left of the mean. For
example, calculate the obliquity of the lists L and S:

stats::obliquity(L); stats::obliquity(S)2.474873734

2.474873734

-2.474873734

-2.474873734

The kurtosis measures the flatness of a distribution. For normally distributed
data, the kurtosis is zero. Negative kurtosis indicates that the distribution
function has a flatter top than the normal distribution. Positive kurtosis
indicates that the peak of the distribution function is sharper than it is for the
normal distribution:

stats::kurtosis(-2, -1, -0.5, 0, 0.5, 1, 2), stats::kurtosis(-1, 0.5, 0, 0, 0, 0, 0.5,
1)-0.8333333333, 0.1606648199

-0.8333333333, 0.1606648155
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Compute Covariance and Correlation

If you have two or more data samples with an equal number of elements, you
can estimate how similar these data samples are. The most common measures
of similarity of two data samples are the covariance and the correlation.
MuPAD provides the following functions for computing the covariance and
the correlation of two data samples:

e The stats::covariance function calculates the covariance

1/(n-1)*sum((x[i]-x&OverBar;")*(y[i]-‘y&OverBar;’),

o n . —_ . J— 13 K

i=1..n) 11 5 _q(Xi- X)i(vi-7) ) Here x&OverBar; X is the_
arithm@&fic average of the data sample %, x,, ..., x,, and ‘y&OverBar; ¥ is
the arithmetic average of the data sample y,, y,, ..., ¥,

® The stats::correlation function calculates the linear (Bravais-Pearson)
correlation coefficient

sum((x[i]-x&OverBar;")(y[i]-'y&OverBar;), 1) /
sqrt(sum((x[i]-‘’x&OverBar;)*2, 1)*sum((y[i]-‘y&OverBar;)"2,

1)) T E;iFi-F)-ETF;-FN . Here x&OverBar;'X is the arithmetic

aver ge of the @ tga;sampl ) X5 ...y X, and ‘y&OverBar;y is the
aril‘thﬁ-ﬁe {'g‘é}\]/%e]rjg ‘of‘r‘é}}{é c?zjg]sample Yo Vos vos Ve

Create the lists x and y:

x:=[1, 1, 0.1]: y := [1, 2, 0.1]:To estimate the similarity of these lists,
compute their covariance. For completely uncorrelated (nonsimilar) data, the
covariance is a small value. A positive covariance indicates that the data
change in the same direction (increases or decreases together). A negative
covariance indicates the data change in opposite directions. There are two
common definitions of the covariance. By default, the stats::covariance
function uses the definition with the divisor n - 1. To switch to the
alternative definition, use the Population option:

stats::covariance(x, y), stats::covariance(x, y, Population)0.42, 0.28

0.42, 0.28
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The covariance of a data sample with itself is the variance of that data sample:
stats::covariance(x, x) = stats::variance(x)0.27 = 0.27

o

7 =0.27

The correlation of data samples indicates the degree of similarity of these
data samples. For completely uncorrelated data, the value of the correlation
(as well as the covariance) tends to 0. For correlated data that change in the
same direction, the correlation tends to 1. For correlated data that change in
the opposite directions, the correlation tends to -1. Compute the correlation of
x and y:

stats::correlation(x, y), stats::correlation(x, x), stats::correlation(x,
-x)0.8504394349, 1.0, -1.0

0.8504354345, 1.0, -1.0
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Handle Outliers

The outliers are data points located far outside the range of the majority
of the data. Glitches, data-entry errors, and inaccurate measurements can
produce outliers in real data samples. The outliers can significantly affect
the analysis of data samples. If you suspect that the data that you want to
analyze contains outliers, you can discard the outliers or replace them with
the values typical for that data sample.

Before you discard or replace the outliers, try to verify that they are actual
errors. The outliers can be a part of the correct data sample, and discarding
them can lead you to incorrect conclusions. If you cannot determine whether
the outliers are correct data or errors, the recommended strategy is to analyze
the data with the outliers and without them.

To discard outliers, use the stats::cutoff function. For example, discard the
outliers with the values smaller than the 1/10 quantile (10th percentile) and
larger than 9/10 quantile of the list x:

x :=[1/100, 1, 2, 3, 4, 5, 6, 7, 8, 9, 100]: stats::cutoff(x, 1/10)[1, 2, 3, 4, 5, 6, 7,
8, 9]

[1,2,3,4,5, 67,8, 9]
To replace the outliers with the value of a k-th quantile, use the
stats::winsorize function. In the list x, replace the values of the outliers with

the 10th and 90th percentiles:
stats::winsorize(x, 1/10)[1, 1, 2, 3, 4, 5,6, 7, 8, 9, 9]

[1,1,2,3,4,56,7,8,8, 9]
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The stats::frequency function categorizes the numerical data into a number of
bins given by semiopen intervals (a,, b;]. This function returns a table with
the entries (rows) corresponding to the bins. Each entry shows the following
information:

® The number of the bin
¢ The interval defining the bin
® The number of data in the bin

e The data contained in the bin

The stats::frequency function enables you to specify the number of bins. By
default, stats::frequency categorizes the data into 10 bins. For example,
categorize the following data into 10 bins:

x := [-10.1, -1, 1.1, 8.5, 13, 0, -5.5, 0.5, 7.9, 15, 0.15, 6.7, 2, 9]:
stats::frequency(x)table(10 = [[12.49, 15.0], 2, [13, 15]], 9 =[[9.98, 12.49], 0O, []],
8 =1[7.47,9.98], 2, [7.9, 9]], 7 =[[4.96, 7.47], 1, [6.7]], 6 = [[2.45, 4.96], 1, [3.5]],
5 =[[-0.06, 2.45], 5, [0, 0.15, 0.5, 1.1, 2]], 4 = [[-2.57, -0.06], 1, [-1]], 3 = [[-5.08,
-2.57], 0, 11, 2 = [[-7.59, -5.08], 1, [-5.5]], 1 = [[-infinity, -7.59], 1, [-10.1]])

=

[[-e, -7.59], 1, [-10.1]]
[[-7.59, -5.08], 1, [-5.5]]
[[-5.08, -2.57], 0, []]

[[-2.57, -0.086], 1, [-1]]

Ji- qategorige the semedats info phinsy 1 o)
[[2.45, 4.96], 1, [3.5]]

[[4.98, 7.47], 1, [B.7]]

[[7.47, 9.98], 2, [7.9, 9]]

[[9.98, 12.48], 0, []]

rr
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stats::frequency(x, 5)table(5 = [[9.98, 15.0], 2, [13, 15]], 4 = [[4.96, 9.98], 3,
[6.7, 7.9, 9]], 3 = [[-0.06, 4.96], 6, [0, 0.15, 0.5, 1.1, 2, 3.5]], 2 = [[-5.08, -0.06], 1,
[-1]], 1 = [[-infinity, -5.08], 2, [-10.1, -5.5]])

[[-e -5.08], 2, [-10.1, -5.5]]

[[-5.08, -0.068], 1, [-1]]

Wheb dvéatihgthé, bing, Jol chin spécify thé intergaks]]|For example, divide
4”?[341@8 1r%oggj) ans[Boq;e b?ngo@ﬂlns the numbers that are less or equal to

4610, an e other bin contains the numbers that are greater than zero:

545%%%(1&&@1 % Mfﬁm}ﬁi}l 0, infinity]])table(2 = [[0, infinity], 10, [0.15,

0.5,1.1, 2, 3.5, 6.7, 7.9, 9, 13, 15]], 1 = [[-infinity, 0], 4, [-10.1, -5.5, -1, 0]])

[ I T e

1|[[- e, O, 4, [-10.1, - 5.5, - 1, 0O]]

gregjhitdl inferpretatibn df theidafh binfiilyg, $e& | Gredte BasCharts,
Histograms, and Pie Charts” on page 3-292.
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Create Scatter and List Plots

Scatter plots can help you identify the relationship between two data samples.
A scatter plot is a simple plot of one variable against another. For two discrete
data samples x,, x,, ..., x, and y,, y,, ..., ¥,, a scatter plot is a collection of
points with coordinates [x,, y,], [*s ¥5l, ..., [x,, ¥,]. To create a scatter plot in
MuPAD, use the plot::Scatterplot function. For example, create the scatter
plot for the following data samples x and y:

x = [0.25, 0.295, 0.473, 0.476, 0.512, 0.588, 0.629, 0.648, 0.722, 0.844]: y
:=[0.00102, 0.271, 0.378, 0.478, 0.495, 0.663, 0.68, 0.778, 0.948, 0.975]:
plot(plot::Scatterplot(x, y))

1.0 -
0.9 -

0.8 -
0.7 ~8

0.6 e

0.5
0.4 .
0.3 —~

0.2 Py

0.1

By default, the plot::Scatterplot function also displays a regression line. This
line shows the linear dependency that best fits the two data samples. To hide
the regression line, use the LinesVisible option:
plot(plot::Scatterplot(x, y, LinesVisible = FALSE))
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Another plot that can help you identify the relationship between two discrete
data samples is a list plot. List plots are convenient for plotting one data
sample with equidistant x-values. They are also convenient for plotting
combined data samples, such as [[x,, y,], [x,, ¥Jl, ..., [x,, ,]]. If you have two
separate data samples, you can combine the data of these samples pairwise:
xy := [[x[i], y[i]] $ 1= 1..10]:To create a list plot, use the plot::Listplot function:
plot(plot::Listplot(xy), AxesTitles = ["x", "y"])
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By default, the plot::Listplot function connects adjacent points on the plot by
straight lines. To hide these connections, use the LinesVisible option:
plot(plot::Listplot(xy), AxesTitles = ["x", "y"], LinesVisible = FALSE)
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Create Bar Charts, Histograms, and Pie Charts

In this section...
“Bar Charts” on page 3-292

“Histograms” on page 3-294
“Pie Charts” on page 3-295

Bar charts, histograms, and pie charts help you compare different data
samples, categorize data, and see the distribution of data values across a
sample. These types of plots are very useful for communicating results of
data analysis. Bar charts, histograms, and pie charts can help your audience
understand your ideas, results, and conclusions quickly and clearly.

Bar Charts

To compare different data samples or to show how individual elements
contribute to an aggregate amount, use bar charts. A bar chart represents
each element of a data sample as one bar. Bars are distributed along the
horizontal or vertical axis, with each data element at a different location.
To compare data samples, create a bar chart for two or more data samples.
In this case, MuPAD accesses elements with the same index and plots the
bars for these elements next to each other. For example, create three lists
of random numbers:

= [frandom() $ 1 = 1..10]; y := [frandom() $ 1 = 1..10]; z := [frandom()
$ 1=1..10][0.2703581656, 0.8310371787, 0.153156516, 0.9948127808,
0.2662729021, 0.1801642277, 0.452083055, 0.6787819563, 0.3549849261,
0.6818588132]

[Or6: 7549 iE5 51 6.4 738207 7! 6. 78508 12970, (3 5dnds 5k Ui 5esy{ 548, U-266272
boﬁ@é%@%@%@ﬁ%ﬁ%ﬁé '8 90ohs s ke 4505 Paba ) (7l 5 2599007 2]

[0.7219186551, 0.4738287742, 0.7885814522, 0.2115258358, 0.8556E
0.87891601269, 0.9153848473, 0.7350574234, 0.7875450269]
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[0.9371484273, 0.2953238727, 0.9334772314, 0.9362730734, 0.5910800883,
0.6358075032, 0.4285065377, 0.2939293408, 0.1940618534, 0.4678382754]

[0.9371484273, 0.2953238727, 0.9334772314, 0.9362730734, 0.5910€
Poerodtd4HB by Mart) ASE/the BIOT:Brdfdtifttion Trhe Crak HpRed 541

data from the data samples x, y, and z. The resulting plot shows the elements
with the same index clustered together. Small gaps separate each group of
elements from the previous and the next group:

plot(plot::Bars2d(x, y, z))

Y

To create a 3-D bar chart, use the plot::Bars3d function. This function accepts
matrices and arrays. The function also accepts nested lists with flat inner
lists. The plot::Bars3d function draws each element as a separate 3-D block.
The elements of each row of an array or a matrix (or the elements of each flat
list) appear along one horizontal axis. Bars that represent elements in the
first column of an array or a matrix appear along the other horizontal axis. If

y A
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you use a nested list, the elements of the inner lists with the same indices
appear along the other horizontal axis. By default, the plot::Bars3d function
does not display gaps between the groups of elements. Use the Gap option
to create gaps and specify their size:

plot(plot::Bars3d([x, y, z], Gap = [0.5, 0.8]))

Histograms

Histograms show the distribution of data values across a data range. They
divide the data range into a certain number of intervals (bins), tabulate the
number of values that fall into each bin, and plot these numbers using bars of
varying height. To create a histogram, use the plot::Histogram2d function. By
default, this function divides the data range into seven bins. To specify the
number of bins, use the Cells option. For example, create the histogram of
the following data sample categorizing the data into 10 bins:

data := [-10.1, -1, 1.1, 3.5, 13, 0, -5.5, 0.5, 7.9, 15, 0.15, 6.7, 2, 9]:
plot(plot::Histogram2d(data, Cells = 10))
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Pie Charts

Pie charts can help you effectively communicate a portion (or percentage) that
each element of a data sample contributes to the total number of all elements.
To create a 2-D pie chart, use the plot::Piechart2d function. To create a 3-D
pie chart, use the plot::Piechart3d function. A 3-D pie chart does not show any
additional information. The 3-D view simply adds depth to the presentation
by plotting the chart on top of a cylindrical base and lets you rotate the plot.

Suppose, you need to analyze the following list of numbers:

data :=[-10.1, -1, 1.1, 3.5, 13, 0, -5.5, 0.5, 7.9, 15, 0.15, 6.7, 2, 9]:First, use the
stats::frequency function to categorize the data into bins. (See Data Binning
for more details.)

T .= stats: frequency(data)table(lo =[[12.49, 15.0], 2, [13, 15]], 9 = [[9.98,
12.49], 0, (1], 8 = [[7.47, 9.98], 2, [7.9, 9]], 7 = [[4.96, 7.47], 1, [6.7]], 6 = [[2.45,
4.96], 1 [3 5]], 5 = [[-0.06, 2.45], 5, [0, 0.15, 0.5, 1.1, 2]], 4 = [[-2.57, -0.06],

1, [-1]], 3 = [[-5.08, -2.57], 0, []], 2 = [[-7.59, -5.08], 1, [-5.5]], 1 = [[-infinity,
-7.59], 1, [-10.1]])
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[

[-w, -7.59], 1, [- 10.1]]
[[-7.59, -5.08], 1, [- 5.5]]
[[-5.08, -2.57], 0 []]
[[-2.57, - 0.06],

’g} ﬁl rest 615 ﬁ%%i t[;ﬁhws_l_ %w Iﬂq%er\ialfb ) number of elements

ose bins, a ata ‘elements 1n éach he plot::Piechart2d and

E; 3’1‘ﬂf&aﬂt@@ﬂ1n&m({§& aa]not accept tables as arguments. They accept

histy.avestors ap;dlb rraysswith one row or one column. Before creating a pie
e gt e

Bolitts=E mhp(E 9p, 2); Bihs := map(T, op, 1)table(10=2,9=0,8=2,7=1,6

ins and mber of elements in them into two separate
B PHed et P

152 2.24 35879273, 4B

MO B O |
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(10 =[12.49, 15.0], 9 =[9.98, 12.49], 8 = [7.47, 9.98], 7 = [4.96, 7.47], 6 =
, 4.96], 5 = [-0.06, 2.45], 4 = [-2.57, -0.06], 3 = [-5.08, -2.57], 2 = [-7.59,
] 1 = [-infinity, -7.59])
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[

O R MEvEE 0 0

[-e, -7.59]
[-7.59, -5.08]
[-5.08, -2.87]
[-2.57, -0.08]
, c tries from the Bins and Counts tables and create the
gc@i@tﬁhﬁﬁ?j

se entries:
et £FCSE]] $ 1= 1..10]: titles := [expr2text(Bins[i]) $ i = 1..10]:Create a
q.@_igg}a?‘t_ by Hlsing the plot::Piechart2d function. The slices list specifies
iﬁogi;?n t]%%fach bin contributes to the total number of all elements of the
$ 1. titles list specifies the titles for each piece on the pie chart:

t@lottPlechditdd(slices, Titles = titles))
[12.49, 15.0]
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[-2.57, -0.06]
[-5.08, -2.57]

[-7.59, -5.08]

[-0.06, 2.45]

[-infinity, -7.59]

[12.49, 15.0]

[2.45, 4.96]
[2.98, 12.49]

[4.96, 7.47] [7.47, 9.98]

Create a 3-D pie chart from the same data by using the plot::Piechart3d
function. To rotate the resulting 3-D chart, click any place on the chart, hold
the mouse button and move the cursor:

plot(plot::Piechart3d(slices, Titles = titles, Radius = 0.3))
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[-5.08, -2.57]
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Create Box Plots
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¥

Box plots reduce data samples to a number of descriptive parameters. Box
plots are very useful for a quick overview and comparison of discrete data
samples. To create a box plot, use the plot::Boxplot function. For example,
create a box plot for the data samples data1l and data2 that contain random
floating-point numbers from the interval [0.0, 1.0) and the value 2 (the
outlier):

datal := [frandom() $ i = 1..10]: datal := append(datal, 2); data2 :=
[frandom() $ 1 = 1..10]: data2 := append(data2, 2); p := plot::Boxplot(datal,
data2): plot(p)[0.9505346935, 0.7671696761, 0.3879781556, 0.6800823524,
0.09165554125, 0.6105917364, 0.6165219703, 0.08539849696, 0.8255921764,
0.1102019865, 2]

14, 0.0916¢
g)llﬁgGE 2]

[0.9646255764, 0.89636463557, 0.6686584004, 0.07436058118, 0.423¢

]
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Create Box Plots

This plot demonstrate the following features:

® The tops and bottoms of each box are the 25th and 75th percentiles of the
data samples, respectively. The distances between the tops and bottoms
are the interquartile ranges.

® The line in the middle of each box is the sample median. A median is not
always in the center of the box. The median shows the sample obliquity
(skewness) of the sample distribution.

¢ The lines extending above and below each box are the whiskers. Whiskers
extend from the ends of the interquartile ranges to the furthest observations
within the maximum whisker length. The maximum whisker length is 3/2
of the height of the central box measured from the top or bottom of the box.

® The data points that lay beyond the whisker lengths are the outliers.
Outliers are values that are more than 3/2 times the interquartile range
away from the top or bottom of the box.

The Notched option enables you to create a box plot with notches. Notches
display the variability of the median between samples:
p := plot::Boxplot(datal, data2, Notched = TRUE): plot(p)

¥, d ] -
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Create Quantile-Quantile Plots
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Quantile-quantile plots help you determine whether two samples come from
the same distribution family. Quantile-quantile plots are scatter plots of
quantiles computed from each sample together with a reference line along the
diagonal of the plot. If the data forms the line, it is reasonable to assume that
the two samples come from the same distribution family. If the data falls
near the reference line, you also can assume that the two samples have the
same mean and the same variance.

To create a quantile-quantile plot, use the plot::QQplot function. For example,
create the data samples datal and data2 that contain random floating-point
numbers from the interval [0.0, 1.0). Use the frandom function to create

the datail sample. Use the stats::uniformRandom function to create the
data2 sample. Both functions produce uniformly distributed numbers. The
quantile-quantile plot of these two data samples confirms that the samples
come from the same distribution family. The plot is close to the line with

a slope of 1:

datal := [frandom() $ 1 = 1..100]: data2 := [stats::uniformRandom(0, 1)() $ k
= 1..100]: p := plot::QQplot(datal, data2): plot(p)
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The following quantile-quantile plot clearly shows that these two data
samples come from different distribution families:

datal := [stats::uniformRandom(0, 1)() $ k = 1..100]: data2 :=
[stats::exponentialRandom(0, 1)() $ k = 1..100]: p := plot::QQplot(datal,
data2): plot(p)
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Univariate Linear Regression

Regression is the process of fitting models to data. Linear regression assumes
that the relationship between the dependent variable y, and the independent
variable x; is linear: y, = a + bx,. Here a is the offset and b is the slope of

the linear relationship.

For linear regression of a data sample with one independent variable, MuPAD
provides the stats::linReg function. This function uses the least-squares
approach for computing the linear regression. stats::linReg chooses the
parameters a and b by minimizing the quadratic error:
Symbol::chi*2=sum(abs(y[i] - a - b*x[1])"2, 1)

2 2
=Y lyi-a-b x4

The flinction also can perform weighted least-squares linear regression that
minimizes

Symbol::chi*2=sum(w[i]*abs(y[i] - a - b*x[i])"2, 1)

2 2

X=> w;lyi-a-b x4
with the positive weight w,. By default, the weights are equal to 1.
Besides the slope a and the offset b of a fitted linear model, stats::linReg also
returns the value of the quadratic deviation y2. For example, fit the linear
model to the following data:

reset(Ox :=[1, 2, 3,4, 5,6, 7, 8,9, 10]: y :=[11, 13, 15, 17, 19, 21, 23, 25, 27,
29]: stats::linReg(x, y)[[9, 2], 0]

[[=, 2], 0]

The linear model y, = 9 + 2x; fits this data perfectly. The quadratic error for
this model is zero. To visualize the data and the resulting model, plot the data
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by using the plot::Scatterplot function. The plot shows the regression line y,
=9 + 2x, computed by stats::linReg:
plot(plot::Scatterplot(x, y))
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When you work with experimental data samples, the data almost never
completely fits any linear model. The value of the quadratic error indicates
how far the actual data deviate from the fitted model. For example, modify
the data from the previous example by adding small random floating-point
values to the entries of the list y. Then, perform linear regression for the
entries of the lists x and y1 and plot the data:

y1l:=y+ [10*frandom() $1=1..10]: stats::linReg(x, y1); plot(plot::Scatterplot(x,
y1))[[13.43518739, 2.077876934], 76.568789632]

[[13.43518739, 2.077876534], 76.58783632]
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The fact that stats::linReg finds a linear model to fit your data does not
guarantee that the linear model is a good fit. For example, you can find a
linear model to fit the following uniformly distributed random data points:
x := [frandom() $1=1..100]: y := [frandom() $ 1 = 1..100]: stats::linReg(x, y);
plot(plot::Scatterplot(x, y))[[0.4005452605, 0.2002242944], 8.272613418]

[[0.4005452605, 0.2002242944], 8.272613418]
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The large value of the quadratic error indicates that the linear model is a
poor fit for these data.
delete x, y, y1
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Univariate Nonlinear Regression

Nonlinear regression can assume any type of relationship between the
dependent variable y and independent variables x;. For nonlinear regression,
MuPAD provides the stats::reg function. This function uses the least-squares
approach for computing the regression. stats::reg chooses the parameters p,,
..., 0, by trying to minimize the quadratic error:

_outputSequence( Symbol::chi*2, fenced (p[1], Symbol::hellip,
p[n]))=sum(abs(y[i]-f(x[(11)], Symbol::hellip, x[(im)], p[1], Symbol::hellip ,p[n]
N2, i=1..k)

k
2, . 2
X 10 - pﬂ] = Z |_1J-‘r.f - f'-xilJ v Kime P10 -ee pﬂ]|
Here X is the ith iredsurement of the independent variable X;. The stats::reg
function also can perform weighted least-squares nonlinear regression. By
default, weights are equal to 1.

stats:reg returns a list of optimized parameters [p, ..., p,] and the minimized
value of the quadratic error for the specified model. Suppose, you want to
find a model for the following data:

sampleX :=[1, 2, 3, 4, 5, 6, 7, 8, 9]: sampleY := [36.97666099, 54.14911101,
131.3852077, 30.43939553, 202.2004454, 129.5801972, 321.0663718,
411.3959961, 929.597986]:Plotting the data can help you choose the model:
plotl := plot::Scatterplot(sampleX, sampleY, LinesVisible = FALSE):
plot(plot1)
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The scatter plot clearly shows that linear models do not fit the data. The
dependency looks similar to exponential. Therefore you can try to fit the data
to different models involving exponential functions. Suppose, you want to try

2 =1
fitting the data to the expression a + b*2*exp(x1)/x1 g + b e .
fit := stats::reg(sampleX, sampleY, pl + p2~2*exp(x1)/x1, [)}Z'}], [p1,

p2))[[87.35956975, 0.9696856368], 26612.78899]

[[87.35956875, 0.96396856368], 2661 2.78855]

The stats::reg function returns the parameters of the model and the quadratic
error as a nested list. To access the parameters separately, use the following
commands:

a = fit[1][1]; b := fit[1][2]; chi2 := fit[2]87.35956975

87.35856975

3-310



Univariate Nonlinear Regression
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Now, plot the data and expression that you used to fit the data on the same
plot. This plot shows how the model expression fits the data:

plot2 := plot::Function2d(a + b 2*exp(x)/x, x = 1..9): plot(plot1, plot2)
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Multivariate Regression
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The stats::reg function also performs linear and nonlinear regressions with
two or more independent variables. The following example demonstrates how
to perform regression and fit the data to a function of two variables. Suppose,
you have three data lists that contain coordinates x, y, and z of discrete points:
sampleX := [ -0.9612553839, -0.329576986, 0.7544749248, 0.7339191669,
-0.294101483, -0.9809519422, -0.6251624775, -0.1885706545, 0.4729466504,
0.4402179092, -0.1883574567, -0.6260246367, -0.0274947885,
-0.01843922645, -0.02687538212, -0.03682895886, -0.009212115975,
-0.04956242636]: sampleY := [ -0.02185415496, -0.9146217269,
-0.5792023459, 0.5440822742, 0.8848317212, -0.03925037966,
-0.02360776024, -0.5657632266, -0.3461422332, 0.3429495709, 0.5113552882,
-0.02089004809, -0.03700165982, -0.0226531849, -0.004897297126,
-0.03063832565, -0.03469956571, -0.01391540741]: sampleZ := |
0.2755344332, 0.272077192, 0.2682296712, 0.2915713541, 0.2737466882,
0.3060314064, 0.7624231851, 0.8013891042, 0.7755723041, 0.7631156115,
0.7816602999, 0.7807856826, 0.9679031724, 0.9661527172, 0.9632260164,
0.986479402, 0.9554368723, 0.9768285979]:Suppose, you want to find

the surface that fits these points. Start with plotting the data. The
plot::PointList3d function, which plots a finite number of discrete points,
requires the coordinates of each point to be grouped together. The following
commands create separate lists for the coordinates of each point: [x, y,, z,] and
put these lists into one nested list:

points := [[sampleX[i], sampleY[i], sampleZ[i]] $ 1= 1..nops(sampleX)]:Now,
use the plot::PointList3d function to visualize the data:

plotl := plot::PointList3d(points, PointSize = 2.5): plot(plot1)



Multivariate Regression

Rotating the plot can help you guess which surface can possibly fit the data.
This plot shows that the data can belong to the upper half of a sphere. Thus,
try to fit the data to a sphere with an unknown radius r. The stats::reg
function searches for the best fitting value for the parameter r:

fit := stats::reg(sampleX, sampleY, sampleZ, sqrt(r"2 - x1°2 - y1°2), [x1, y1],
[r])[[0.9977031578], 0.0519038156]

[[0.2977031578], 0.0512038156]

The stats::reg function also accepts the nested list points:
fit := stats::reg(points, sqrt(r"2 - x1°2 - y1°2), [x1, y1], [¥])[[0.9977031578],
0.0519038156]

[[0.2877031578], 0.0512038156]
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The stats::reg function returns the parameters of the model and the quadratic
error in a form of a nested list. To access the parameters separately, use the
following commands:

R := op(fit)[1][1]; chi2 := op(fit)[2]0.9977031578

0.9977031578
0.0519038156

0.0515038156

Now, plot the data and sphere that you used to fit the data on the same plot.
Rotate the plot to see how the sphere fits the data:

plot2 := plot::Function3d(sqrt(R*2 - x*2 - y*2), x =-1..1, y = -1..1): plot(plot1,
plot2)
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Principles of Hypothesis Testing

Hypothesis (goodness-of-fit) testing is a common method that uses statistical
evidence from a sample to draw a conclusion about a population. In
hypothesis testing, you assert a particular statement (a null hypothesis) and
try to find evidence to support or reject that statement. A null hypothesis 1s
an assumption about a population that you would like to test. It is “null” in
the sense that it often represents a status-quo belief, such as the absence of a
characteristic or the lack of an effect. You can formalize it by asserting that
a population parameter, or a combination of population parameters, has a
certain value. MuPAD enables you to test the following null hypotheses:

® The data has the distribution function f. If f is a cumulative distribution
function (CDF), you can use the classical chi-square goodness-of-fit test or
the Kolmogorov-Smirnov test. If f is probability density function (PDF),
a discrete probability function (PF), or an arbitrary distribution function,
use the classical chi-square goodness-of-fit test.

® The data has a normal distribution function with a particular mean and a
particular variance. For cumulative distribution functions, use the classical
chi-square goodness-of-fit test or the Kolmogorov-Smirnov test. For other
distribution functions, use the classical chi-square goodness-of-fit test.

® The data has a normal distribution function (with unknown mean and
variance). Use the Shapiro-Wilk goodness-of-fit test for this hypothesis.

¢ The mean of the data is larger than some particular value. Use the t-Test
for this hypothesis.

The main result returned by the hypothesis tests is the p-value (PValue).
The p-value of a test indicates the probability, under the null hypothesis, of
obtaining a value of the test statistic as extreme or more extreme than the
value computed from the sample. If the p-value is larger than the significance
level (stated and agreed upon before the test), the null hypothesis passes

the test. A typical value of a significance level is 0.05. P-values below a
significance level provide strong evidence for rejecting the null hypothesis.
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For the classical chi-square goodness-of-fit test, MuPAD provides the
stats::csGOFT function. This function enables you to test the data against
an arbitrary function f. For example, you can define f by using any of the
cumulative distribution functions, probability density functions, and discrete
probability functions available in the MuPAD “Statistics” library. You also
can define f by using your own distribution function. For example, create the
data sequence x that contains a thousand random entries:

reset(f := stats::normalRandom(0, 1/2): x := () $ k = 1..1000:Suppose, you
want to test whether the entries of that sequence are normally distributed
with the mean equal to 0 and the variance equal to 1/2. The classical
chi-square test uses the following three-step approach:

1 Divide the line of real values into several intervals (also called bins or cells).
2 Compute the number of data elements in each interval.

3 Compare those numbers with the numbers expected for the specified
distribution.

When you use the stats::csGOFT function, specify the cell boundaries as
an argument. You must specify at least three cells. The recommended

25
minimum number of cells for a sample of n data elements is 2*n”(2/5)2 11 ! .

The recommended method for defining the cells is to use the
stats::equiprobableCells function. This function creates equiprobable cells
when the underlying distribution is continuous:

q := stats::normalQuantile(0, 1/2): cells := stats::equiprobableCells(40, q):Now,
call the stats::csGOFT function to test the data sequence x. For example,
compare X with the cumulative normal distribution function with the same
mean and variance. The stats::csGOFT returns a large p-value for this test.
Therefore, the null hypothesis (x is normally distributed with the mean equal
to 0 and the variance equal to 1/2) passes this test. Besides the p-value,
stats::csGOFT returns the observed value of the chi-square statistics and the
minimum of the expected cell frequencies:

stats::csGOFT(x, cells, CDF = stats::normalCDF(0, 1/2))[PValue =
0.7728609833, StatValue = 32.16, MinimalExpectedCellFrequency = 25.0]
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[PValue = 0.7728609833, StatValue = 32,16, MinimalExpectedCellFreq

The stats::csGOFT enables you to test the data against any distribution
function. For example, testing the sequence x against the probability density
function gives the same result:

stats::csGOFT(x, cells, PDF = stats::normalPDF(0, 1/2))[PValue =
0.7728609833, StatValue = 32.16, MinimalExpectedCellFrequency = 25.0]

[FValue = 0.77286089833, StatValue = 32.16, MinimalExpectedCellFreq

If you test the same data sequence x against the normal distribution function
with different values of the mean and the variance, stats::csGOFT returns the
p-value that is below the typical significance level 0.05. The null hypothesis
does not pass the test:

stats::csGOFT(x, cells, CDF = stats::normalCDF(0, 1))[PValue =
9.164721121e-21, StatValue = 184.3794698, Minimal ExpectedCellFrequency
=17.68346079]

FValue = 8.164721121 1D_21_. StatValue = 184.3754688,

MinimalExpectedCellFrequency = 17.6834607 9]
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For the Kolmogorov-Smirnov goodness-of-fit test, MuPAD provides the
stats::ksGOFT function. This function enables you to test the data against
any cumulative distribution available in the MuPAD “Statistics” library. The
Kolmogorov-Smirnov test returns two p-values. The null hypothesis passes
the test only if both values are larger than the significance level. For example,
create the following data sequence x which contains a thousand entries:

:= stats::normalRandom(1, 1/3): x :=f() $ k = 1..1000:Use the function
stats::ksGOFT to test whether the sequence x has a normal distribution with
the mean 1 and the variance 1/3. Suppose, you apply the typical significance
level 0.05. Since both p-values are larger than the significance level, the
sequence passes the test:
stats::ksGOFT(x, CDF = stats::normalCDF(1, 1/3))[PValuel = 0.06518463285,
StatValuel = 1.163141302, PValue2 = 0.8735153294, StatValue2 =
0.2548375105]Test the same sequence, but this time compare it to the normal
distribution with the variance 1. Both p-values are much smaller than the
significance level. The null hypothesis states that the sequence x has a
normal distribution with the mean 1 and the variance 1. This hypothesis
must be rejected:
stats:: ksGOFT(x, CDF = stats::normalCDF(1, 1))[PValuel = 1.7315647e-17,
StatValuel = 4.377042911, PValue2 = 2.761005529¢e-14, StatValue2 =
3.938439155]
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Perform Shapiro-Wilk Test

The Shapiro-Wilk goodness-of-fit test asserts the hypothesis that the data has
a normal distribution. For the Shapiro-Wilk goodness-of-fit test, MuPAD
provides the stats::swGOFT function. For example, create the normally
distributed data sequence x by using the stats::normalRandom function:

fx := stats::normalRandom(0, 1/2): x :=fx() $ k = 1..1000:Also, create the
data sequence y by using the stats::poissonRandom function. This function
generates random numbers according to the Poisson distribution:

fy := stats::poissonRandom(10): y := fy() $ k = 1..1000:Now, use the
stats::swGOFT function to test whether these two sequences are normally
distributed. Suppose, you use the typical significance level 0.05. For the first
sequence (x), the resulting p-value is above the significance level. The entries
of the sequence x can have a normal distribution. For the second sequence
(y), the resulting p-value is below the significance level. Therefore, reject the
hypothesis that the entries of this sequence are normally distributed:
stats::swGOFT(x); stats::swGOFT(y)[PValue = 0.4388845871, StatValue

= 0.9983128403]

[FWalue = 0.4588845871, StatValue = 0.9983128403]
[PValue = 0.0000000004748026729, StatValue = 0.9812478768]
[FWValue = 0.0000000004748026729, StatValue = 0.9812478768]
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The t-Test compares the actual mean value of a data sample with the specified
value m. The null hypothesis for this test states that the actual mean value
is larger than m. For the t-Test, MuPAD provides the stats::tTest function.
For example, create the normally distributed data sequence of 1000 entries by
using the stats::normalRandom function:

= stats::normalRandom(1, 2): x :=f() $ k = 1..1000:Now, use the stats::tTest
function to test whether the actual mean value of x is larger than 1. Use the
significance level 0.05. The returned p-value indicates that the hypothesis
passes the t-Test:
stats::tTest(x, 1)[PValue = 0.1353274218, StatValue = -1.102166281]With the
same significance level 0.05, the hypothesis that the actual mean value is
larger than 2 does not pass the t-Test:
stats::tTest(x, 2)[PValue = 6.722832021e-98, StatValue = -23.50521869]
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In this section...

“Compute Divisors and Number of Divisors” on page 3-321
“Compute Greatest Common Divisors” on page 3-322

“Compute Least Common Multiples” on page 3-323

Compute Divisors and Number of Divisors

Studying divisibility of integers by other integers is a common task in number
theory. The MuPAD numlib library contains the functions that support this
task. These functions return all divisors, the sum of all divisors, the number
of divisors, and the number of prime divisors. For example, to find all positive
integer divisors of an integer number, use the numlib::divisors function:
numlib::divisors(12345)[1, 3, 5, 15, 823, 2469, 4115, 12345]

[1,3, 5, 15, 823, 2469, 4115, 12345]

To find only prime divisors of an integer, use the numlib::primedivisors
function:
numlib::primedivisors(12345)[3, 5, 823]

[3, 5, 823]

To compute the number of all divisors of an integer, use the
numlib::numdivisors function. To compute the number of prime divisors,
use the numlib::numprimedivisors function. For example, the number
123456789987654321 has 192 divisors. Only seven of these divisors are
prime numbers:

numlib::numdivisors(123456789987654321),
numlib::numprimedivisors(123456789987654321)192, 7

182, 7
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The numlib::numprimedivisors function does not take into account
multiplicities of prime divisors. This function counts a prime divisor with
multiplicity as one prime divisor. To compute the sum of multiplicities of
prime divisors, use the numlib::Omega function. For example, the number
27648 has 44 divisors, and 2 of them are prime numbers. The prime divisors
of 27648 have multiplicities; the total sum of these multiplicities is 13:
numlib::numdivisors(27648), numlib::numprimedivisors(27648),
numlib::Omega(27648)44, 2, 13

44, 2,13

You can factor the number 27648 into prime numbers to reveal the
multiplicities. To factor an integer into primes, use the ifactor function:
ifactor(27648)2710*3"3

10 .3
3

To compute the sum of all positive integer divisors of an integer number, use
the numlib::sumdivisors function. For example, compute the sum of positive
divisors of the number 12345:

numlib::sumdivisors(12345)19776

18776

Compute Greatest Common Divisors

The largest nonnegative integer that divides all the integers of a sequence
exactly (without remainders) is called the greatest common divisor of a
sequence. To compute the greatest common divisor of a sequence of integers,
use the iged function. For example, compute the greatest common divisor of
the following numbers:

iged(12345, 23451, 34512, 45123, 51234)3



Divisors

The icontent function computes the greatest common divisor of the coefficients
of a polynomial. All coefficients must be integers:
icontent(12*x"2 + 16*x + 24)4

4
Compute Least Common Multiples
The smallest integer that is exactly divisible (without remainders) by all
integers of a sequence is called the least common multiple of a sequence. To
compute the least common multiple of a sequence of integers, use the ilem
function. For example, compute the least common multiple of the following
numbers:
ilem(12, 5, 2, 21)420

420
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In this section...

“Operate on Primes” on page 3-324

“Factorizations” on page 3-326

“Prove Primality” on page 3-326

Operate on Primes

Prime numbers are positive integers larger than 1 that have only two positive
integer divisors: 1 and the number itself. In MuPAD, you can check whether
the number is prime by using the isprime function. For example, 809 is a

prime number while 888 and 1 are not primes:
1isprime(809), isprime(888), isprime(1)TRUE, FALSE, FALSE

TRUE, FALSE, FALSE

In rare cases, the isprime function can return a false positive result. The
function performs the Miller-Rabin primality test and uses 10 independent
random bases. For a more accurate (and also slower) method, see Proving
Primality.

The sequence of prime numbers is infinite. It starts with 2, 3, 5, 7, 11, 13, 17,
and goes on. The ithprime function lets you quickly find and display any
entry of this sequence. For example, to find the 100th prime number, enter
ithprime(100):

1ithprime(100)541

041

To find the prime number that appears in the sequence before a particular
value, use the prevprime function. To find the prime number that appears
after a particular value, use the nextprime function. For example, find the
prime numbers that precede and follow the number 1000:
prevprime(1000), nextprime(1000)997, 1009
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Note Note prevprime and nextprime use the probabilistic primality test
(the Miller-Rabin test). In rare cases, these functions can return nonprime
numbers.

MuPAD stores a precalculated table of the prime numbers up to a certain
value. The ifactor function with the PrimeLimit option returns that value:
ifactor(PrimeLimit)1000000

The ithprime function with the PrimeLimit option returns the number of
primes in that table:
ithprime(PrimeLimit)78498

784398

The ithprime function extracts the prime number from this table. To compute
larger prime numbers (which MuPAD does not store in the table), ithprime
chooses some number as a starting point, and then recursively calls the
nextprime function. Although the internal algorithm tries to reduce the
number of computation steps, computing huge prime numbers can be very

slow:
1ithprime(100000000)2038074743

2038074743

Suppose, you want to display a sequence of prime numbers. For the numbers
that MuPAD stores in the table, call the ithprime function to find each
number in the sequence:

ithprime(i) $ 1 = 1000..10107919, 7927, 7933, 7937, 7949, 7951, 7963, 7993,
8009, 8011, 8017
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7919, 7927, 7933, 7937, 7948, 7951, 7963, 7953, 8005, 8011, 8017

If the numbers exceed the value returned by ifactor(PrimeLimit), MuPAD
does not store them. In this case, calling ithprime for each number can be very
slow. More efficiently, use ithprime to find the first number in the sequence,
and then use nextprime to find all following numbers:

(n := ithprime(3*1027)), (n := nextprime(n + 1)) $1 = 1..10573259391,
573259433, 573259439, 573259483, 573259523, 573259529, 573259573,
573259627, 573259637, 573259651, 573259679

573259391, 573259433, 573259439, 573259483, 573259523, 5732595
B/ e 0S Amany printethithbers 0o Act-excebd & particar value, use the

numlib::pi function:
numlib::pi(2), numlib::pi(3), numlib::pi(20), numlib::pi1(1000),
numlib::pi(15.789)1, 2, 8, 168, 6

1,2, 8 168, 6

Factorizations

You can represent any integer number as a product of primes. This process is
called factoring an integer. To factor an integer, use the ifactor function. For
example, factor the number 362880:

ifactor(362880)2/7*3/4*5*7

2" 3%57

Prove Primality

The function numlib::proveprime implements the
Atkin-Goldwasser-Kilian-Morain algorithm for proving primality. For

3-326



Primes and Factorizations

information about primality proving and this particular algorithm, see
the following papers:

e Atkin, A. O., and F. Morain. “Elliptic curves and primality proving.”
Mathematics of Computation. Vol. 61, Number 203, 1993.

® Goldwasser, S., and J. Kilian. “Almost all primes can be quickly certified”.
Proceedings of the 18th annual ACM symposium on theory of computing.
Berkeley, CA, US, 1986, pp. 316-329.

For small prime numbers, numlib::proveprime returns the value TRUE. For
composite numbers, the function returns FALSE:
numlib::proveprime(541), numlib::proveprime(243)TRUE, FALSE

TRUE, FALSE

For larger prime numbers, numlib::proveprime returns a certificate of
primality:

certificate := numlib::proveprime(1979)[1979, 8, [2, 3, 3, 107], 954, 1272, 0,
937, [107]]

(1979, 8, [2, 3, 3, L07], 954, 1272, 0, 937, [107]]

Generated certificates provide all data that you need for proving primality
of a number by the Atkin-Goldwasser-Kilian-Morain algorithm. You can
substitute the numbers into the algorithm and verify the primality of a
number. The numlib::checkPrimalityCertificate function can verify the
certificate for you:

numlib::checkPrimalityCertificate(certificate) TRUE

TRUE

Also, you can print the primality proving routine step-by-step by increasing
the information level. Increasing the information level lets you expose more
details, such as algorithms and intermediate steps that the function uses. To
control the information level, use the setuserinfo function. The first argument
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of setuserinfo specifies the name of a procedure or a domain for which you
want increase the information level. The second argument specifies the level
itself. (Typically, setting this value to 1 or 2 exposes the most important
details.)

certificate:= numlib::proveprime(1979); setuserinfo(Any, 2):
numlib::checkPrimalityCertificate(certificate)[1979, 8, [2, 3, 3, 107], 954,
1272, 0, 937, [107]]

[1979, 8, [2, 3, 3, L07], 954, 1272, 0, 937, [107]]

Info: The proof is based on the following theorem due to Gold- wasser and
Kilian, see article "Almost all primes can be quickly certified", Proc. 18th
STOC, ACM, 1986: Theorem GK: Let N be an integer prime to 6, E an elliptic
curve over Z/NZ, together with a point P on E and m and s two integers

with s dividing m. For each prime divisor q of s, we put (m/q)P = (xq:yq:zq).
We assume that mP is the zero of E and ged(zq,N)=1 for all q. Then, if
s>(N*(1/4)+1)~2, N is prime. Info: N=1979 D=8 m=1926 Info: a=954 b=1272
P=(0:937: 1) Info: m*P=(0: 1:0) Info: 107 > (N~(1/4)+1)"2 = 58.82551098
Info: Theorem GK applies for N=1979 E(954,1272) P=(0:937:1) m=1926 s=107,
therefore: Info: 1979 is prime if 107 is prime TRUE

TRUE

For further computations, restore the information level to its default value.
setuserinfo(NIL):
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Modular Arithmetic

In this section...

“Quotients and Remainders” on page 3-329

“Common Modular Arithmetic Operations” on page 3-331

“Residue Class Rings and Fields” on page 3-332

Quotients and Remainders

Computing the quotient and the remainder of the division of two integers is a
common operation in number theory. The MuPAD standard library provides
the div function for computing the quotient of a division. The standard library
also provides the modulo operator mod for computing the remainder of a
division:

17 div 3, 17 mod 35, 2

5, 2

MuPAD supports two definitions of the remainder of a division. The first
definition states that the remainder is always a nonnegative number. To
compute the remainder by this definition, use the positive modulo function
modp or the default modulo operator mod:

123 mod 5, modp(123, 5)3, 3

3,3

The symmetric modulo function mods implements the alternative definition
of the remainder of a division. This definition allows the remainder to be
negative. The symmetric modulo function compares the absolute values of
the negative and the positive remainders, and returns the remainder that
has the least absolute value:

mods(122, 5), mods(123, 5)2, -2

2, -2
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You can redefine the modulo operator mod by assigning mods or modp to mod:
123 mod 5; _mod := mods: 123 mod 53

-2

Redefining the modulo operator mod does not affect the div function that
computes the quotient. The div function always computes the quotient by
assuming that the remainder must be nonnegative:

123 div 5, 123 mod 524, -2

24, -2

For further computations, restore the default behavior of the modulo operator:
_mod := modp:Now, suppose that the number is represented as a?, where a
and b are integers. Suppose, you want to compute the modular power of a®
over ¢, which is the remainder of the division of a® by an integer c¢. You can
compute the modular power by using the modulo operator mod:

9877124 mod 129

When you use the mod operator to compute the modular power, MuPAD
performs computations in two steps. First, the system computes the power
of an integer, and then it divides the result and finds the remainder. This
approach works if both the number and its power are small. However, if the
numbers are large, the first step (computing the power of an integer) can be
extremely slow. To avoid this step, use the powermod function. This function
computes the modular power more efficiently, especially for large numbers:
powermod(987, 124, 12), powermod(987, 123456789, 12)9, 3

8,3
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Common Modular Arithmetic Operations

MuPAD implements a large number of algorithms that enable you to perform
various modular arithmetic operations. For example, you can quickly compute
primitive roots, orders of residue classes, and the Euler’s totient function.

If g is a primitive root modulo n, then for any integer a there exists an integer
k such that g¢ a(mod n). This congruence has solutions (primitive roots
exist) only if igcd(a, n) = 1. To compute the least primitive root modulo

n, use the numlib::primroot function. For example, compute the primitive
roots modulo 19, 23, 191, and 311:

numlib::primroot(19), numlib::primroot(23), numlib::primroot(191),
numlib::primroot(311)2, 5, 19, 17

2,5, 18,17

The numlib::order function computes the order of a residue class. For an
integer a and a positive integer n, this function returns the least number
k, such that a* 1(mod n). For example, compute the order of the residue
class of 3 in the unit group modulo 7:

numlib::order(3, 7)6

The Euler’s totient function of an integer n counts all positive integers that
satisfy the following two conditions:

® The integer is coprime to n.

® The integer is smaller or equal to n.

The Euler’s totient function returns the number of such integers. To compute
the Euler’s totient function in MuPAD, use the numlib::phi function:
numlib::phii) $i=1..201, 1,2, 2, 4, 2, 6, 4, 6, 4, 10, 4, 12, 6, 8, 8, 16, 6, 18, 8

1,1,2,2, 4, 2,6,4,6,4,10,4,12,6,8,8, 16,6, 18, 8

3-331



3 Mathematics

For other modular arithmetic functions available in MuPAD, see the numlib
library.

Residue Class Rings and Fields

For the two integers a and m, all integers b, such thata  b(mod m), construct
a residue class. The MuPAD domain Dom::IntegerMod lets you create a ring
that consists of all residue classes modulo some integer m. For example, create
a residue class ring of integers modulo 11:

7Z11:= Dom::IntegerMod(11)Dom::IntegerMod(11)

Dom:IntegerMod(11)

Now, create the elements a and b of this ring. Then, compute the sum of
a and b:
a:=7Z11(1); b:=Z11(6); a + bl mod 11

lmodll
6 mod 11

Emodll
7 mod 11

Tmodll

You can use Dom::IntegerMod to specify polynomials over a coefficient ring.
When computing the coefficients of a polynomial, Dom::IntegerMod (7) uses
the positive modulo function modp:

poly([[9, 3], [13, 1]], [x], Dom::IntegerMod(11))poly(9*x"3 + 2*x, [x],
Dom::IntegerMod(11))

poly[g IS + 2 x, [x], Dom:IntegerModi 11 ]?I
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For specifying polynomials over a residue class ring ,, the poly function also
provides the IntMod option. This option enables you to create a polynomial
with the coefficients that belong to the IntMod(n) ring. Here n is an integer
greater than 1. Mathematically, this ring coincides with Dom::IntegerMod (n).
However, MuPAD operates differently on the polynomials created over
IntMod(n) and the polynomials created over Dom::IntegerMod (n). In
particular, MuPAD performs arithmetic operations for polynomials over the
IntMod ring faster. Also, if you use IntMod(n), MuPAD uses the symmetric
modulo function mods:

poly([[9, 3], [13, 1]], [x], IntMod(11))poly(- 2*x*3 + 2*x, [x], IntMod(11))

poly(-2 x° + 2 x, [x], IntMod(11))

The domain Dom::GaloisField enables you to create the residue class field

_outputSequence(Z_p, [X]/<f>)Z [ ¥]/<f>, which is a finite field with p"
elements. If you do not specify 'F MuPAD randomly chooses f from all
irreducible polynomials of the degree n. For more information, see the
Dom::GaloisField help page.
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In this section...

“Linear Congruences” on page 3-334
“Systems of Linear Congruences” on page 3-335

“Modular Square Roots” on page 3-336

“General Solver for Congruences” on page 3-339

Linear Congruences

If a, b, and m are integers, and (a - b)/mis also an integer, then the numbers
a and b are congruent modulo m. The remainder of the division a/m is equal to
the remainder of the division of b/m. For example, 11 5(mod 3):

5 mod 3 =11 mod 32 =2

=2

For known integers a and m, all integers b, such that a b(mod m), form a
residue class. Thus, the numbers 5 and 11 belong to the same residue class
modulo 3. The numbers 5 + 3n, where n is an integer, also belong to this

residue class.

Suppose, you want to solve an equation ax  b(mod m), where a, b, and

m are integers and x is an unknown integer. Such equations are called
linear congruence equations. To solve a linear congruence equation, use the
numlib::lincongruence function. This function returns only the solutions x <
m. For example, solve the linear congruence equation 56x  77(mod 49):
numlib::lincongruence(56, 77, 49)[4, 11, 18, 25, 32, 39, 46]

(4,11, 18, 25, 32, 39, 46]

A linear congruence equation ax  b(mod m) has at least one solution if
and only if the parameters a, b, and m satisfy the following condition: b
0(mod gcd(a, m)). If the parameters of a linear congruence equation do not
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satisfy this condition, the equation does not have a solution. In this case,

numlib::lincongruence returns FAIL:
numlib::lincongruence(56, 77, 48)FAIL

FAIL

You can divide a rational number u/v modulo an integer m, and compute the
remainder of such a division. Here u and v are nonzero coprime integers. The
modulo operator computes an integral solution r of the linear congruence

vr u(mod m). For example, compute the remainder of the division of the
rational number 3/7 modulo 1231:

r := 3/7 mod 1231528

528

To reconstruct a linear congruence from the modulus m and the remainder
r, use the numlib: :reconstructRational(r, m) function call. Form =
1231 and r = 528, the numlib::reconstructRational function returns the
coefficients of the linear congruence 7r  3(mod 1231):
numlib::reconstructRational(528, 1231)3, 7

Systems of Linear Congruences

The Chinese remainder theorem states that if the integersm, (i = 1, ...,
n) are pairwise coprime, the system of n linear congruences x  a, (mod
m,) has a solution. The numbersm,(i = 1, ..., n) are pairwise coprime

if the greatest common divisor of any pair of numbers m,, m; i  j)is1.
The solution is unique up to multiples of the least common multiple (ilcm)
of m,, m,, ..., m,. To solve a system of linear congruence equations, use the
numlib::ichrem function:

numlib::ichrem([3, 1, 10], [6, 5, 13])231

231
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The Chinese remainder theorem does not state that the system of linear
congruences is solvable only if numbers m ,,... m, are pairwise coprime. If
these numbers are not pairwise coprime, the system still can have a solution.
Even if the numbers are not pairwise coprime, the solution is still unique up
to multiples of the least common multiple (ilem) of m,, m,, ..., m:
numlib::ichrem([5, 7, 9, 6], [10, 11, 12, 13])3945

3945

If the numbers are not pairwise coprime, a system of linear congruences does
not always have a solution. For unsolvable systems, numlib::ichrem returns
FAIL:

numlib::ichrem([5, 1, 9, 6], [10, 15, 12, 13])FAIL

EAIL
Modular Square Roots

Compute Modular Square Roots

To compute modular square roots x < m of the equation x> a(mod m), use
the numlib::msqrts function. Here the integers a and m must be coprime. For
example, solve the congruence equation x> 13(mod 17):

numlib::msqrts(13, 17)[8, 9]

[8, 9]
If the congruence does not have any solutions, numlib::msqrts returns an

empty set:
numlib::msqrts(10, 17)[]

[1

If a and m are not coprime, numlib::msqrts errors:
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numlib::msqrts(17, 17) Error: Arguments must be relative prime.
[numlib::msqrts] If numlib::msqrts cannot solve a congruence, try using
the numlib::mroots function. For more information, see General Solver for
Congruences.

Use Solvability Tests: Legendre and Jacobi Symbols

The Legendre symbol determines the solvability of the congruence x2 a(mod
m), where m is a prime. You can compute the Legendre symbol only if the
modulus is a prime number. The following table demonstrates the dependency
between the value of the Legendre symbol and solvability of the congruence:

If the Legendre number is... The congruence...
1 Has one or more solutions
0 Cannot be solved by numlib::msqrts.

Try numlib::mroots.

-1 Has no solution

MuPAD implements the Legendre symbol as the numlib::legendre function.
If, and only if, the congruence x> a(mod m) is solvable, the Legendre symbol
1s equal to 1:

numlib::legendre(12, 13)1

numlib::msqrts(12, 13)[5, 8]

[5, 8]
If, and only if, the congruence x2 a(mod m) does not have any solutions,

the Legendre symbol is equal to -1:
numlib::legendre(11, 13)-1

numlib::msqrts(11, 13)[]
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If a and m are not coprime, the Legendre symbol is equal to 0. In this case,
numlib::legendre function returns 0, and numlib::msqrts errors:
numlib::legendre(13, 13)0

numlib::msqrts(13, 13) Error: Arguments must be relative prime.
[numlib::msqrts] You can compute the Legendre symbol only if the modulus
is a prime number. If a congruence has a nonprime odd modulus, you can
compute the Jacobi symbol. The Jacobi symbol determines the unsolvable
congruences x> a(mod m). You cannot compute the Jacobi symbol if the
modulus is an even number. The following table demonstrates the dependency
between the value of the Jacobi symbol and the solvability of the congruence:

If the Jacobi number is... The congruence...
1 Might have solutions
0 Cannot be solved by numlib::msqrts.

Try numlib::mroots.

-1 Has no solutions

MuPAD implements the Jacobi symbol as the numlib::jacobi function. If the
Jacobi symbol is equal to -1, the congruence does not have a solution:
numlib::jacobi(19, 21)-1

-1
numlib::msqrts(19, 21)(]

[1

If Jacobi symbol is equal to 1, the congruence might have solutions:
numlib::jacobi(16, 21)1
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1
numlib::msqrts(16, 21)[4, 10, 11, 17]

(4,10, 11, 17]

However, the value 1 of the Jacobi symbol does not guarantee that the
congruence has solutions. For example, the following congruence does not
have any solutions:

numlib::jacobi(20, 21)1

1
numlib::msqrts(20, 21)[]

[1

If a and m are not coprime, the Jacobi symbol is equal to 0. In this case,
numlib::jacobi function returns 0, and numlib::msqrts errors:
numlib::jacobi(18, 21)0

]
numlib::msqrts(18, 21) Error: Arguments must be relative prime.
[numlib::msqrts]

General Solver for Congruences

Besides solving a linear congruence or computing modular square roots,

MuPAD also enables you to solve congruences of a more general type of P (x)
0(mod m). Here P(x) is a univariate or multivariate polynomial. To solve

such congruences, use the numlib::mroots function. For example, solve the

congruence x3+ x%+ x + 1 0(mod 3). First, define the left side of the

congruence as a polynomial by using the poly function:

p := poly(x"3 + x*2 + x + 1)poly(x*3 + x*"2 + x + 1, [x])
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polylx’ + x° + x + 1, [x])

Now, use the numlib::mroots function to solve the congruence:
numlib::mroots(p, 299)[229, 252, 298]

[229, 252, 298]

Using the numlib::mroots function, you also can solve the congruence for a
multivariate polynomial. For a multivariate polynomial P( x,, ..., Xx.),
numlib::mroots returns a nested list as a result. Each inner list contains

one solution x;, ..., x,. For example, find modular roots of the following
multivariate polynomial:

p := poly(x"3*y~2 + x"2*y + x + y + 1): numlib::mroots(p, 11)[[0, 10], [3, 2], [3,
71, [7, 381, [7, 51, [8, 5], [8, 81, [9, 5], [9, 8], [10, 0], [10, 2]]

[[C, 10], [3, 2], [3, 71, [7, 3], [7, B], [8, 5], [8, 8], [&, B], [, 8], [10, 0], [10,
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Sequences of Numbers

In this section...

“Fibonacci Numbers” on page 3-341

“Mersenne Primes” on page 3-341

“Continued Fractions” on page 3-342

Fibonacci Numbers

The Fibonacci numbers are a sequence of integers. The following recursion
formula defines the nth Fibonacci number:
F[0]=0, F[1]=1, _outputSequence(F[(n+2)]=F[n]+F[(n+1)], ‘.9

Fo=0,F1=1,F__=F,+F

n+2 n+1

To compute the Fibonacci numbers, use the numlib::fibonacci function. For
example, the first 10 Fibonacci numbers are:
numlib::fibonacci(n) $n =0..90, 1, 1, 2, 3, 5, 8, 13, 21, 34

0,1,1,2, 3,5 8,13, 21, 34

Mersenne Primes

The Mersenne numbers are the prime numbers 2° - 1. Here p is also a prime.
The numlib::mersenne function returns the list that contains the following
currently known Mersenne numbers:

numlib::mersenne()[2, 3, 5, 7, 13, 17, 19, 31, 61, 89, 107, 127, 521, 607, 1279,
2203, 2281, 3217, 4253, 4423, 9689, 9941, 11213, 19937, 21701, 23209, 44497,
86243, 110503, 132049, 216091, 756839, 859433, 1257787, 1398269, 2976221,
3021377, 6972593, 13466917, 20996011, 24036583, 25964951, 30402457,
32582657, 37156667, 42643801, 43112609]
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[2,3,5 7,13,17, 1%, 31, €1, 89, 107, 127, 521, 607, 1278, 2203, 2281

Eontinuéd Eradion§o37, 21701, 23209, 44497, 86243, 110503, 13

B chilinrd nadidh appotmatorel aSed huma i fn Bphasion. 10205717

2
SEEARRLnSR&R2 457, 32582657, 37156667, 43643801, 43112609]

a[1]+1/(a[2] + 1/(a[3] + 1/(Symbol::hellip + a[k-1] + 1/(a[k] + Symbol::hellip))))

1

a9 +
her%ag ds_the integek Eloor‘( r), and a2, a3, ... are positive integers.

63+

To create a contirfiied ff@ti%v approximation of a real number, use

the numlib::contfrac functn. For example, approximate the number
123456/123456789 by a continued fraction:
numlib::contfrac(123456/123456789)1/(1000 + 1/(156 + 1/(2 + 1/(8 + 1/(3 + 1/(1
+ 1/(3 + ‘&dots;)))))))

more general contfrac function. This function

1‘5‘@&1gs—€e—bhe—&ba—rgd-ail¢d—}i-b¥ﬂ-w. While numlib::contfrac accept only real

number&%J'pfl—lmme eTs, contfrac also accepts symbolic expressions. When
1
g+ -
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working with real numbers, contfrac internally calls numlib::contfrac, and
returns the result of the domain type numlib::contfrac:

a := contfrac(123456/123456789); domtype(a)1/(1000 + 1/(156 + 1/(2 + 1/(8 +
/(8 + 1/(1 + 1/(3 + ‘&dots;)))))))

‘numlib::contfiac‘

N 1
1000 T

numlib::contfrac 11—

. . 1 . . .
Since contfrac inteft: numlib::contfrac, calling the numlib::contfrac
directly can speed up your,computations.

3-343



3 Mathematics

3-344



Programming
Fundamentals

¢ “Data Type Definition” on page 4-3

® “Choose Appropriate Data Structures” on page 4-6
e “Convert Data Types” on page 4-8

¢ “Define Your Own Data Types” on page 4-15

® “Access Arguments of a Procedure” on page 4-18

® “Test Arguments” on page 4-20

o “Verify Options” on page 4-24

® “Trace Procedures, Domains, Methods, and Function Environments” on
page 4-27

e “Display Progress” on page 4-30

® “Use Assertions” on page 4-34

o “Write Error and Warning Messages” on page 4-35

e “Handle Errors” on page 4-37

® “When to Analyze Performance” on page 4-39

* “Measure Time” on page 4-40

® “Profile Your Code” on page 4-42

¢ “Techniques for Improving Performance” on page 4-46
* “Display Memory Usage” on page 4-48

® “Remember Mechanism” on page 4-52
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“History Mechanism” on page 4-59

“Why Test Your Code” on page 4-64

“Write Single Tests” on page 4-66

“Write Test Scripts” on page 4-68

“Code Verification” on page 4-70

“Protect Function and Option Names” on page 4-71
“Create and Extend Libraries” on page 4-73

“Data Collection” on page 4-81

“Visualize Expression Trees” on page 4-87

“Modify Subexpressions” on page 4-89

“Variables Inside Procedures” on page 4-95

“Utility Functions” on page 4-99

“Private Methods” on page 4-102

“Calls by Reference and Calls by Value” on page 4-103
“Integrate Custom Functions into MuPAD” on page 4-108

For details about differences between the MuPAD and MATLAB programming
languages, see Integration of MuPAD and MATLAB on www.mathworks.com.
This information is also available in the Symbolic Math Toolbox™
documentation.


http://www.mathworks.com/help/toolbox/symbolic/brs6v40.html

Data Type Definition

Data Type Definition

In this section...

“Domain Types” on page 4-3
“Expression Types” on page 4-3

Domain Types

MuPAD stores all objects as elements of particular domains. There are two
types of domains in MuPAD: basic domains and library domains. The system
includes the basic domains written in C++. The names of the basic domains
start with DOM_. For example, the domain of integers DOM_INT, the domain
of rational numbers DOM_RAT, and the domain of identifiers DOM_IDENT
are basic domains. Most of the basic domains available in MuPAD are listed
in “Basic Domains”.

The system also includes library domains, such as the domain Dom: :Matrix()
of matrices, the domain Dom::ArithmeticalExpression of arithmetical
expressions, the domain Dom::Interval of floating-point intervals, and the
domain stats::sample of statistical samples. Many library domains are listed
in “Library Domains”. Other library domains are listed in the corresponding
libraries. For example, you can find the library domain solvelib::BasicSet

of the basic infinite sets under the “Utilities for the Solver” category. The
library domains are written in the MuPAD programming language. You also
can create your own library domains.

Overloading works differently for the basic domains and the library domains.
The system can overload any method of a library domain. For basic domains,
the system overloads only some methods.

Expression Types

The basic domain DOM_EXPR includes MuPAD expressions, such as
expressions created by arithmetical or indexed operators, statements, and
function calls. MuPAD classifies the elements of the domain DOM_EXPR
further by defining expression types. Expression types provide more detailed
information about a particular expression. For example, you might want to
know whether the expression is an arithmetical expression, such as a sum
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”_plLlS"_.

or a product, a Boolean expression, a function call, or some other type of
expression. For these expressions, the domtype function returns their domain
type DOM_EXPR:

domtype(a + b), domtype(a*b), domtype(a and b), domtype(sin(a)), domtype(a
=b)DOM_EXPR, DOM_EXPR, DOM_EXPR, DOM_EXPR, DOM_EXPR

DOM _EXPR, DOM _EXFR, DOM _EXPR, DOM _EXFR, DOM EXFR

To find the expression types of these expressions, use the type function:
type(a + b), type(a*b), type(a and b), type(sin(a)), type(a = b)"_plus", "_mult",
"_and", "sin", "_equal"

non
’

_mult", " and", "sin", " _equal”

If an operator or a function has a “type” slot, the type function returns the
string value stored in that slot. For example, the “type” slot of the addition
operator contains the string value “_plus”, the “type” slot of the multiplication
operator contains “ mult”, the “type” slot of the sine function contains “sin”,
and so on.

An expression can include more than one operator. Typically, MuPAD
associates the expression type of such expressions with the lowest precedence
operator. If you visualize an expression as an expression tree, the lowest
precedence operator appears at the root of that tree. See Visualizing
Expression Trees for more information. For example, consider the
expression a + b*c. When evaluating this expression, the system performs
multiplication, and then performs addition. Therefore, the addition operator
is the lowest precedence operator in the expression. This operator determines
the expression type:

type(a + b*c)"_plus"

Il_plusll

If the lowest precedence operator in the expression does not have a “type” slot,
the type function returns the string “function”:
type(f(a*2 + a + 2))"function"
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"function"

The domtype and type functions return the same results for elements of most
MuPAD domains:

domtype(5/7), type(5/7); domtype(1.2345), type(1.2345); domtype(a),
type(a);DOM_RAT, DOM_RAT

DOM EAT, DOM RAT
DOM_FLOAT, DOM_FLOAT

DOM FLOAT, DOM FLOAT
DOM_IDENT, DOM_IDENT

DOM IDENT, DOM_IDENT

If your code relies on the assumption that an object belongs to a particular
domain type or expression type, verify that assumption before executing the
code. To test whether a MuPAD object belongs to a particular type, use the
testtype function. Use this function to test both domain types and expression

types:
testtype(a + b, DOM_EXPR), testtype(a + b, "_plus")TRUE, TRUE

TRUE, TRUE
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Choose Appropriate Data Structures

When you create a new MuPAD object, you choose the domain type of that
object either explicitly or implicitly. Typically, MuPAD does not require
you to declare domain types of simple objects, such as numbers, identifiers,
or expressions. The system associates an object with a particular domain
during run time.

When you create more complicated data structures, such as sets, lists, arrays,
matrices, procedures, and so on, the syntax that you use to create these
structures is a shortcut to the domain constructors. For example, matrix

is a shortcut for the domain constructor Dom::Matrix with the default ring
Dom: :ExpressionField().

Also, when defining your own procedure, you can specify the types of
arguments accepted by that procedure. In this case, for every call to that
procedure, MuPAD automatically checks the types of provided arguments.
For more information, see Checking Types of Arguments.

The domtype function returns the name of a domain to which an object
belongs:
domtype([a, b, c]) DOM_LIST

DOM LIST

When choosing a data structure for a new object, try to answer these
questions:

® Which features are essential to the new object? For example, some
structures keep the initial order of elements, while other structures can
change the order. Another example is that you can create multidimensional
arrays, but you cannot create MuPAD matrices with more than two
dimensions.

® Which functions do you want to use on that object? Each MuPAD
function accepts only objects of particular domain types. If an object that
you pass to a function is not one of the acceptable domain types for that
function, the function issues an error. To determine the domain types
acceptable for a particular function, see the help page for that function. For
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example, you cannot use standard mathematical operations for MuPAD
arrays.

If you already created an object, and then realized that it must belong to

another domain type, try to convert the domain type of the object. See
Converting Data Types.
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Convert Data Types

In this section...

“Use the coerce Function” on page 4-9
“Use the expr Function” on page 4-10

“Use Constructors” on page 4-13

When creating new objects in MuPAD, the best practice is to consider which
domain the object must belong to. Choosing the correct data type from the
beginning helps you avoid unnecessary conversions. Nevertheless, some
computation tasks require data types conversions. For such tasks, MuPAD
enables you to convert the elements of some domains to elements of other
domains.

To convert an object to a different domain type, use one of the following
alternatives. Some of the alternatives do not work for conversions between
particular domains.

e “Use the coerce Function” on page 4-9. Call the coerce function to convert
an object to an element of a specified domain. The coerce function can call
the convert, convert_to, and coerce domain methods. If the conversion
1s not possible or if none of these methods is implemented for the domains
participating in conversion, the coerce function returns FAIL.

e “Use the expr Function” on page 4-10. Call the expr function to convert
an object to an element of a basic domain. The expr function calls the
expr method. If the conversion is not possible or if the expr method is not
implemented for the specified domains, the expr function returns FAIL.

e “Use Constructors” on page 4-13. Call the domain constructor of the
domain to which you want to convert an object. This approach typically
works, but it can fail in some cases.

¢ (Calling the conversion methods of a domain directly. To use this approach,
you must know which conversion methods are implemented for the
participating domains. This alternative is not recommended. Use the
coerce or expr function instead.
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Note Note If you implement a new domain, consider implementing the
conversion methods for that domain.

Use the coerce Function

To convert a MuPAD object to an element of a specified domain, use the
coerce function. For example, convert the following element of the domain
DOM_LIST to an element of the domain DOM_SET:

L:=11, 2, 3, 4, 5, 6]; S :=coerce(L, DOM_SET)[1, 2, 3, 4, 5, 6]

[1,2, 3, 4,5, 6]
(1,2, 34,5, 6

{1, 2,3, 4, 5,
" domtype(d), doméype(S)DOM LIST, DOM_SET

DOM _LIST, DOM_SET

Results of the conversion can depend on the original domain type. For
example, create an array and a matrix with the same number of elements
and equal dimensions:

M := matrix(2, 3, [1, 2, 3, 4, 5, 6]); A := array(1..2, 1..3, [1, 2, 3, 4, 5,
6])matrix([[1, 2, 3], [4, 5, 6]])

(123

\ drray@.2, 1.3, [[1, 2, 3], [4, 5, 6]])

(123)
L4 5 B8
Verify that matrix M belongs to the domain Dom: :Matrix (), and array A

belongs to the domain DOM_ARRAY:
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domtype(M), domtype(A)Dom::Matrix(), DOM_ARRAY

Dom:Matrix(), DOM_ARRAY

Use the coerce function to convert both objects to elements of the domain
DOM_LIST. The coerce function converts matrix M to a nested list, where
the inner lists represent the rows of the original matrix. At the same time,

coerce converts the array A to a flat list:
LM := coerce(M, DOM_LIST); LA := coerce(A, DOM_LIST)[[1, 2, 3], [4, 5, 6]]

[1, 2,3, 4, 5, 6]

Both new objects belong to the basic domain of lists DOM_LIST:
domtype(LM), domtype(LA)DOM_LIST, DOM_LIST

DoOM LIST, DOM_LIST

For further computations, delete the identifiers L, S, M, A, LM, and LA:
delete L, S, M, A, LM, LA

Use the expr Function

To convert an element of a library domain to an element of a basic kernel
domain, use the expr function. This function does not allow you to select the
basic domain to which it converts an object. If the conversion to basic domains
is not possible, the function returns FAIL.

The expr function tries to find the simplest basic domain to which it can
convert a given object. The function also can convert an element of a more
complicated basic domain to the simpler basic domain. For example, it
converts the polynomial represented by a single variable x to the identifier x:

y = poly(x); expr(y)poly(x, [x])
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poly(x, [x])
X

X

The original object y belongs to the domain of polynomials. The result of
conversion belongs to the domain of identifiers DOM_IDENT:
domtype(y), domtype(expr(y)) DOM_POLY, DOM_IDENT

DOM FOLY, DOM IDENT

If you call the expr function for a more complicated polynomial, the function
converts that polynomial to the expression:
p := poly(x"2 + x + 2); expr(p)poly(x*2 + x + 2, [x])

polylx® + x + 2, [x])

x"2+x+ 2

-

X +x+ 2

Again, the original polynomial belongs to the domain of polynomials. This
time, the result of the conversion belongs to the domain of expressions:
domtype(p), domtype(expr(p)) DOM_POLY, DOM_EXPR

DOM FOLY, DOM_EXPR

MuPAD can apply the expr function to an object recursively. If an object
contains terms that belong to library domains or complicated basic domains,
expr also tries to convert those terms elements of simpler basic domains. For
example, if the polynomial p is an element of a list, applying the expr function
to the list converts the polynomial p to the expression:
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matrix(2, 2, [p, 0, 0, 1]); expr(matrix(2, 2, [p, 0, 0, 1]))matrix([[poly(x"2 +
x + 2, [x]), 0], [0, 1]])

[ polylx® + x + 2, [x]) 0)
\ array(1..2, ]@2’ [[x*2 + x -Ilg', 0], [0, 11D

i 2 l"'.

II' X +x+2 Dll

"The expr function converts a matrix of the library domain Dom: :Matrix() to
an array of the basic kernel domain DOM_ARRAY:
M := matrix(2, 3, [1, 2, 3, 4, 5, 6])matrix([[1, 2, 3], [4, 5, 6]])

123
\ '&orﬁty@e{M), domtype(expr(M))Dom::Matrix(), DOM_ARRAY

Dom:Matrix(), DOM _ARRAY

The expr function converts an element of the series domain to the expression
of a basic domain DOM_EXPR. Typically, the order of terms in the resulting
expression changes:

s := series(exp(x), x); expr(s)1 + x + x*2/2 + x"3/6 + x"4/24 + x*5/120 + O(x"6)

2 3 4 B
1 +x X X . X X o
X

+ 2 ¢ 2 =+ = + ._T'i'ﬁj
x75/120% x74/24 + X2 8/6 + k2212 + 1
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domtype(s), domtype(expr(s))‘Series::Puiseux’, DOM_EXPR

Series::Puiseux, DOM_EXPR

For further computations, delete the identifiers y, p, M, and s:
delete y, p, M, s

Use Constructors

Instead of calling the conversion functions, you can use the constructor of a
domain to which you want to convert an object. This approach works for most
conversions, but it can fail in some cases.

Calling the constructor of the required domain is often the simplest way to
convert an object to the element of that domain. Suppose you want to convert
the following list L to a matrix:

L:=11, 2, 3, 4, 5, 6][1, 2, 3, 4, 5, 6]

[1,2,3, 4,5, 6]

To convert a list to a matrix, call the matrix constructor matrix. Use the
arguments of the matrix constructor to specify the dimensions of the required
matrix and the list L of the elements of a matrix. The resulting object is the 2
3 matrix of the domain Dom: :Matrix():

matrix(2, 3, L); domtype(%)matrix([[1, 2, 3], [4, 5, 6]])

_

12 3‘\|
Eo%::@latrix()

-~

Dom:Matrix()

Alternatively, you can convert a list to a matrix by using Dom: :Matrix():
Dom::Matrix()(2, 3, L); domtype(%)matrix([[1, 2, 3], [4, 5, 6]])
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1 2 3‘\|
b ﬁo&::@latrix()

Dom:Matrix()

For further computations, delete the identifier L:
delete L
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Define Your Own Data Types

MuPAD provides many predefined domains for a wide variety of symbolic
and numeric computations. The system is also extensible. If the predefined
MuPAD domains do not satisfy your needs, you can create your own domains
and define operations on their elements. Also, MuPAD allows you to change
the existing library domains, although this approach is not recommended. To
create a new domain, use the newDomain function. For example, create the
domain TempF that represents the Fahrenheit temperature scale:

TempF := newDomain("TempF"):Currently the new domain does not have
any elements. To create an element of a domain, use the new function. For
example, create the new element x of the domain TempF:

x := new(TempF, 15)new(TempF, 15)

new(TempF, 15)

To verify that the object x belongs to the domain TempF, use the testtype
function. You can also use the domtype or type function:
testtype(x, TempF), domtype(x), type(x) TRUE, TempF, TempF

TRUE, TempF, TempF

To check the internal representation of x, use the extop function:
extop(x)15

15

Suppose you want the new method of the domain TempF to check whether an
input argument is a valid temperature measurement. In this case, redefine
the new method for your domain TempF:

TempF::new := t -> if testtype(t, Type::Real) then if t >= -459.67 then
new(dom, t); else error("Temperature is below absolute zero."); end_if; else
error("Expecting a real number above absolute zero."); end_if:The redefined
method checks that an input argument is a number. It also checks that the
provided temperature is not below absolute zero. Absolute zero is zero degrees
on the Kelvin temperature scale, which is equivalent to -459.67 degrees on
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the Fahrenheit scale. The redefined method creates new elements in degrees
Fahrenheit. Call the method TempF: :new directly or use the shorter syntax
TempF (newElement):

TempF::new(0), TempF(32)new(TempkF, 0), new(TempF, 32)

new(TempF, 0), new{TempF, 32)

The TempF: :new method also ensures that all new elements represent valid
temperatures:

TempF(-500) Error: Temperature is below absolute zero. [TempF::new] The
TempF: :new method requires new elements to be real numbers:

TempF(x + 2) Error: Expecting a real number above absolute zero.
[TempF::new] TempF(1 + 2*I) Error: Expecting a real number above absolute
zero. [TempF::new] As a next step, improve the output format for the
elements of your new domain. To change the format that MuPAD uses for
displaying the elements of a domain, redefine the print method for that
domain. For example, when displaying elements of the domain TempF: :new,
show temperature measurements followed by the units of measurements
(degrees Fahrenheit):

TempF::print := proc(TempF) begin expr2text(extop(TempF,
1)).Symbol::deg."F" end_proc:Now, MuPAD displays the elements of the
domain TempF: :new as follows:

TempF(32), TempF(72), TempF(90), TempF(104.8)'32&deg;F*, ‘72&deg;F",
‘90&deg;F*, ‘104.8&deg;F"

32eF, T2eF, 50eF, 104.8:F

Suppose you want to perform additions for the elements of the new domain.
By default, arithmetical operations treat the elements of a new domain as
identifiers:

TempF(75) + TempF(10)‘10&deg;F* + ‘75&deg;F*

10eF + TheF
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You can implement arithmetical operations for your domain. For example,
define addition for the domain TempF. The result of addition must also belong
to the domain TempF

TempF::_plus := proc() local elements; begin elements:= map([args()], op, 1);
new(TempF, _plus(op(elements))) end_proc:The system add the elements of
your new domain the same way as it adds numbers. The system also displays
the degrees Fahrenheit unit for the resulting sum:

TempF(75) + TempF(10)‘85&deg;F*

g85eF

For further computations, delete the identifier x:
delete x

4-17



4 Programming Fundamentals

4-18

Access Arguments of a Procedure

The terms parameters and arguments are often used interchangeably.
Strictly speaking, the term parameters means object names that you specify
while defining a procedure. The term arguments means objects that you use
while calling a procedure. This documentation also uses the term formal
parameters for parameters and the term actual parameters for arguments.

Many programming languages require the number of parameters to be
equal to the number of arguments. MuPAD does not have this requirement.
Therefore, you can call a procedure with the number of arguments different
from the number of specified parameters. If you call a procedure using fewer
arguments than parameters, the system treats additional parameters as
additional local variables without specified values. If you call a procedure
using more arguments than parameters, the system does not disregard these
additional parameters, but enables you to access them.

The args function lets you access the arguments of a current procedure call.
The call args (i), where i is a positive integer, returns the ith argument

of the current procedure call. The call args(0) returns the total number

of arguments in the current procedure call. For example, the following
procedure computes the sum of its arguments in each procedure call:

f := proc() begin _plus(args(i) $ 1 = 1..args(0)): end_proc:The procedure works
for any number of arguments:

(0, £f(100), f(1, 2, 38, 4, 5), f(a, b, ¢), f(x $ x = 1..1000)0, 100, 15, a + b + ¢, 500500

0, 100, 15, & + b + ¢, 500500

Also, you can access the whole sequence of arguments or any subsequence of
that sequence. For example, the following procedure prints all arguments
used in the current call. If the current call uses three or more arguments, the
procedure also prints its first three arguments:

g := proc() begin print(Unquoted, "all arguments" = args()): if args(0) > 2 then
print(Unquoted, "first three arguments" = args(1..3)): else print(Unquoted,
"not enough arguments"): end_if end_proc:Call the procedure g with five
arguments:

g(10, 20, 30, 40, 50) all arguments = (10, 20, 30, 40, 50) first three arguments
= (10, 20, 30) When you pass arguments to a procedure, MuPAD evaluates
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these arguments. Then the system creates a local variable for each formal
parameter specified in the procedure definition. The system assigns evaluated
arguments to these local variables. Parameters outside the procedure do
not change. For example, assign a new value to a formal parameter inside
the procedure:

h := proc(a) begin a := b; print(args()): end_proc:Assigning a new value to a
formal parameter inside a procedure does not affect the parameter itself.
This assignment affects the result returned by args. For example, if you pass
any argument to the procedure h, that argument changes to a variable b
inside the procedure:

h(100)b

b

The formal parameter a does not change its value outside the procedure:
aa

d

For further computations, delete the procedures f, g, and h:
delete f, g, h
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Test Arguments

In this section...

“Check Types of Arguments” on page 4-20

“Check Arguments of Individual Procedures” on page 4-21

Check Types of Arguments

When writing a MuPAD procedure, you can specify the type of arguments
accepted by the procedure. To define a procedure that accepts only particular
types of arguments, specify the expected types when defining the formal
parameters of a procedure. For example, the formal parameter of the following
procedure accepts only those arguments that belong to the domain DOM_INT:
f:= proc(k:DOM_INT) begin sin(PI*k/4) end_proc:Therefore, only an integer
number is a valid first argument for this procedure:

f(1)sqrt(2)/2

v
2

The system compares the type of the formal parameter k and the type of an
argument passed to the procedure. If the first argument that you pass to the
procedure f is not an integer, MuPAD issues an error:

f(2/3) Error: The type of argument number 1 must be ' DOM_INT’. The
object '2/8’ is incorrect. Evaluating: f During a typical procedure call, for
example a call to the solve or int function, MuPAD internally calls many
other procedures. Testing argument types for each internal procedure call is
computationally expensive. To provide better performance, MuPAD reduces
the amount of type checks in the running code. By default, the system checks
the types of arguments only in those procedures that you call interactively.

If one procedure internally calls another procedure, MuPAD does not check
types of the arguments of the internally called procedure. For example, create
the following procedure g as a wrapper for the procedure f:

g := proc(n:Type::Numeric) begin f(n) end_proc:MuPAD performs type checks
only for the arguments of the procedure g, which you call interactively. It does
not perform type checks for the arguments of the procedure f:

g(2/3)1/2
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o]

The Pref::typeCheck function enables you to control type checking of
procedure arguments. This function affects all procedures. It does not allow
you to control type checking for individual procedures. The default setting
of Pref::typeCheck is Interactive:

Pref::typeCheck()Interactive

Interactive

To perform type checks in all procedure calls, including internal calls, set the
value of Pref::typeCheck to Always:

Pref::typeCheck(Always):Now, the system realizes that 2/3 is not a valid
argument of the internally called procedure f:

g(2/3) Error: The type of argument number 1 must be ' DOM_INT’. The object
’2/3’ 1s incorrect. Evaluating: f To disable type checks in all procedure calls,
including interactive calls, set the value of Pref::typeCheck to None:
Pref::typeCheck(None):Now, the system does not check argument types in
any procedure calls:

g(2/3), 1(2/3)1/2, 1/2

11

2' 2

To restore the default setting of Pref::typeCheck, use the NIL option:
Pref::typeCheck(NIL):

Check Arguments of Individual Procedures

When writing a procedure in MuPAD, you can include your own tests for the
procedure arguments inside the procedure itself. You can test types, values,
or any other properties of the arguments of a procedure. For example, create
the procedure that calculates the arcsine function of a real number. Suppose,
you want to limit possible results of this procedure to real numbers. In this
case, an input argument of the procedure must belong to the interval [-1,1].
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To ensure that the procedure accepts only the values from this interval, test
the value of an input argument inside the procedure:

p := proc(x:Dom::Real) begin if abs(x) > 1 then error("invalid number. Choose
a value from the interval [-1,1]."); end_if; arcsin(x) end_proc:Typically,

when you call one MuPAD procedure, that procedure internally calls other
MuPAD procedures. Some of these internal calls are multiple calls to the
same procedure with different sets of arguments. Testing arguments for each
internal procedure call can become computationally expensive. By default,
the system uses the following general principle for testing arguments of a
typical MuPAD procedure:

e If you call a procedure interactively, the procedure performs all argument
checks.

e If one procedure internally calls another procedure, the second procedure
skips argument checks.

Currently, the procedure p always checks whether the value of its argument
belongs to the interval [-1,1]. To follow the general principle for testing
arguments, the procedure must be able to recognize internal and interactive
calls, and skip argument checking when a call is internal. For this task,
MuPAD provides the testargs function. When you call testargs inside an
interactive procedure call, testargs returns the value TRUE. For internal
procedure calls, testargs returns the value FALSE by default. For example,
rewrite your procedure p as follows:

p := proc(x) begin if testargs() then if abs(x) > 1 then error("invalid
number. Choose a value from the interval [-1,1]."); end_if; end_if; arcsin(x)
end_proc:When you call the procedure p, it checks whether the input
argument belongs to the specified interval:

p(1/2), p(1), p(0)Pl/6, P1/2, 0

™ n

Ep(@) Error: invalid number. Choose a value from the interval [-1,1]. [p] Now,

write the simple wrapper procedure f that calls the procedure p:

f := proc(x) begin p(x) end_proc:When the wrapper procedure f calls p, the
procedure p does not check its arguments because testargs returns the value
FALSE:

f(10)arcsin(10)
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arcsin(10)

The testargs function also allows you to switch to the argument checking
mode. In this mode, MuPAD checks arguments of all procedures, regardless of
how a procedure is called. This mode can slow down your computations. Use
this mode only for debugging your code. To switch to the argument checking
mode, set the value of testargs to TRUE:

testargs(TRUE):In the argument checking mode, the procedure p checks its
argument during interactive and internal calls:

p(10) Error: invalid number. Choose a value from the interval [-1,1]. [p] f(10)
Error: invalid number. Choose a value from the interval [-1,1]. [p] Always
restore testargs to its default value FALSE after you finish debugging:
testargs(FALSE):
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Verify Options

For many standard MuPAD procedures, you can use different options. If

a MuPAD procedure accepts options, it has an embedded mechanism for
collecting and verifying these options. For example, the solve function accepts
the Real option. The option indicates that the solver must return only real
solutions and accepts the values TRUE and FALSE. If an option accepts
only TRUE and FALSE values, you can provide the option name without
specifying its value:

solve(x™4 - 1 =0, x, Real){-1, 1}

{-1, 1}

L

I
L

If you do not specify the Real option, the solver uses the default option value
FALSE, and returns all complex solutions of the equation:
solve(x™4 -1 =0, x){-1, 1, -1, I}

{-1,1, -1, i}

You can explicitly specify the option-value pair, for example, Real = TRUE
or Real = FALSE:
solve(x™4 - 1 =0, x, Real = TRUE); solve(x*4 - 1 =0, x, Real = FALSE){-1, 1}

-1. 11

1,111

I 1 11
{-1,1, -1, 1}

If you provide an unexpected option (for example, if you spell the option name
incorrectly), MuPAD issues an error indicating the wrong option. If there are
several wrong options, MuPAD indicates the first wrong option:

solve(x"4 - 1 =0, x, Rea, Rel) Error: The argument number 3 is invalid.
Evaluating: solvelib::getOptions You can embed the same option checking
mechanism in your own procedures. For this task, MuPAD provides the
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prog::getOptions function, which collects and verifies options used during a
procedure call. When a user calls your procedure, prog::getOptions scans all
arguments and returns a table that contains all expected options and their
values. It also returns a list of all unexpected options.

When you pass arguments to prog::getOptions, always use the following
order. The first argument of prog::getOptions is the number n + 1, where n
1s the number of required (non-optional) arguments of the procedure. Then
you must provide the list of all actual arguments followed by the table of
all acceptable options and their default values. To access a sequence of all
arguments of a procedure call, including required arguments and options,
use the args function.

The following example demonstrates the procedure that accepts the numeric
coefficients a, b, and ¢ and solves the quadratic equation ax? + bx + ¢ = 0 using
these coefficients. The procedure solveQuadraticEqn requires the user to
provide three numeric values. Therefore, if you embed prog::getOptions into
this procedure, the first parameter of prog::getOptions must be the number

4. The procedure also accepts the optional argument PositiveOnly. If the
value of PositiveOnly is TRUE, the procedure returns only positive solutions
of the quadratic equation. If the value 1s FALSE, the procedure returns all
solutions. The following function call to prog::getOptions sets the default
option value PositiveOnly = FALSE:

solveQuadraticEqn := proc(a:Type::Numeric, b:Type::Numeric,
c:Type::Numeric) local options, S; begin options := prog::getOptions(4,
[args()], table(PositiveOnly = FALSE)); S := solve(a*x"2 + b*x + ¢ = 0, x); if
options[1][PositiveOnly] = TRUE then S := select(S, testtype, Type::Positive)
end_if: return(S) end_proc:If you call solveQuadraticEgn without the
PositiveOnly option, the procedure returns all solutions of the quadratic
equation:

solveQuadraticEqn(2, 3, -9){-3, 3/2}

[-3 31

Sy
If you use the PositiveOnly option, the procedure returns only positive
solutions:
solveQuadraticEqn(2, 3, -9, PositiveOnly){3/2}
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/
L

1
]
y default, prog::getOptions does not error when it finds an unexpected
option (an option that is not listed in the table of accepted options). Instead,
it collects all unexpected options and returns them in a separate list. Thus,
the procedure solveQuadraticEqgn does not issue an error when you spell

the option name incorrectly:
solveQuadraticEqn(2, 3, -9, Positive){-3, 3/2}

-3, 31

2
The prog::getOptions function can issue an error when it finds an unexpected
option. In a function call to prog::getOptions, the fourth argument indicates
whether prog::getOptions must silently collect unexpected options or issue
an error. This argument is optional. By default, it is set to FALSE. To issue
an error instead of listing unexpected arguments, use TRUE as the fourth
argument of prog::getOptions:
solveQuadraticEqn := proc(a:Type::Numeric, b:Type::Numeric,
c:Type::Numeric) local options, S; begin options := prog::getOptions(4, [args()],
table(PositiveOnly = FALSE), TRUE); S := solve(a*x"2 + b*x + ¢ = 0, x); if
options[1][PositiveOnly] = TRUE then S := select(S, testtype, Type::Positive)
end_if: return(S) end_proc:Now, the procedure solveQuadraticEqn issues an
error. The error message indicates the wrong option:
solveQuadraticEqn(2, 3, -9, Positive) Error: The argument number 4 is
invalid. Evaluating: solveQuadraticEqn
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Trace Procedures, Domains, Methods, and Function
Environments

MuPAD provides two alternatives for debugging your code. First, you can
use the MuPAD GUI debugger to debug your code interactively, observing
execution of the code step by step. Another alternative is to generate a report
showing the steps that were taken while executing your code. The mode in
which MuPAD generates a report while executing a procedure, domain,
method, or function environment is called the tracing mode. This mode is
helpful for multistep procedures that require a long time to execute. Use
this approach to debug a particular procedure, domain, method, or function
environment, for which you want to print a report.

When debugging, you also can use the print and fprint functions for printing
intermediate results produced by your code.

Suppose, you want to create a procedure that computes the Lucas numbers.
The Lucas numbers are a sequence of integers. The recursion formula that
defines the nth Lucas number is similar to the definition of the Fibonacci
numbers:

L[0]=1, L[1]=3, _outputSequence(L[(n+2)]=L[n]+L[(n+1)], ‘.9

Lo=1,L1=3,L . =L,+L

n+2 n+l

Although MuPAD does not provide a function that computes the Lucas
numbers, writing your own procedure for this task is easy:

lucas:= proc(n:Type::PosInt) begin if n = 1 then 1 elif n = 2 then 3 else lucas(n
- 1) + lucas(n - 2) end_if end_proc:The procedure call lucas(n) returns the nth
Lucas number. For example, display the first 10 Lucas numbers:

lucas(n) $ n=1..101, 3, 4, 7, 11, 18, 29, 47, 76, 123

1,3, 4,7,11,18, 28, 47, 78, 123
Suppose you want to trace this procedure. To switch execution of a particular

procedure, domain, method, or function environment to the tracing mode, use
the prog::trace function. For example, to trace the lucas procedure, enter:
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prog::trace(lucas):Now, if you call the lucas procedure, the trace mechanism

observes every step of the procedure call and generates the report for that call:
lucas(5)enter lucas(5) enter lucas(4) enter lucas(3) enter lucas(2) computed 3

enter lucas(l) computed 1 computed 4 enter lucas(2) computed 3 computed 7

enter lucas(3) enter lucas(2) computed 3 enter lucas(l) computed 1 computed

4 computed 11 11

11

The prog: :traced() function call returns the names of all currently traced
procedures, domains, methods, and function environments:
prog::traced()[lucas]

[lucas]

By using different options of the prog::trace function, you can customize
generated reports. Most of these options are independent of a particular
procedure call. They affect all reports generated after you use an option. See
the prog::trace help page for more details.

If a procedure uses many nested procedure calls, the generated report for that
procedure can be very long. To limit the number of nested procedure calls in a
report, use the Depth option of prog::trace:

prog::trace(Depth = 2):lucas(5)enter lucas(5) enter lucas(4) computed 7 enter
lucas(3) computed 4 computed 11 11

11

The Depth option affects all reports generated for further calls to procedures,
domains, methods, and function environments. If you do not want to use
this option for further calls, set its value to 0. The value 0 indicates that
prog::trace must display all nested calls:

prog::trace(Depth = 0):To display memory usage in each step of the procedure
call, use the Mem option:

prog::trace(Mem):lucas(5)enter lucas(5) [mem: 5636064] enter lucas(4) [mem:
5636544] enter lucas(3) [mem: 5636944] enter lucas(2) [mem: 5637344]



Trace Procedures, Domains, Methods, and Function Environments

computed 3 [mem: 5637060] enter lucas(l) [mem: 5637424] computed 1
[mem: 5637140] computed 4 [mem: 5636756] enter lucas(2) [mem: 5637120]
computed 3 [mem: 5636836] computed 7 [mem: 5636356] enter lucas(3) [mem:
5636720] enter lucas(2) [mem: 5637120] computed 3 [mem: 5636836] enter
lucas(1l) [mem: 5637200] computed 1 [mem: 5636916] computed 4 [mem:
5636532] computed 11 [mem: 5636052] 11

11

To stop using the Mem option for further calls, set its value to FALSE:
prog::trace(Mem = FALSE):To stop tracing calls to the lucas procedure, use
the prog::untrace function:

prog::untrace():

4-29



4 Programming Fundamentals

4-30

Display Progress

In this section...

“Embed Status Messages in Procedures” on page 4-30

“Display Status Messages” on page 4-31

Embed Status Messages in Procedures

By default, MuPAD procedures do not show progress information or comments
on run time. For example, create the following procedure that returns the
sign of an input number. (MuPAD provides the standard function sign for
this task.)

S := proc(z:Type::Numeric) begin if not(testtype(z, Dom::Real)) then z/abs(z)
elif z > 0 then 1 elif z < 0 then -1 else 0 end_if end_proc:When you execute this
procedure, it returns only the final result:

S(10)1

Typically, the final result is all that your users want to see. However,

if executing a procedure takes a long time or if users can benefit from

the comments on some procedure steps, you can extend the procedure to
include additional information. To embed the progress information into your
procedure, use the userinfo function. This function enables you to specify the
information level for each message. The information level setting allows your
users to control the level of details printed while the procedure executes. To
specify the information level of a particular message, use a positive integer as
a first parameter of userinfo. For basic information about the progress of a
procedure, set information levels to lower values. For more detailed progress
information, specify higher information levels.

Note Note If you use an invalid argument, such as any negative number
or zero, to specify the information level of a particular message, MuPAD
automatically sets the information level to 1.
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For example, modify the procedure S so it reports its progress. Using three
information levels allows your users to control the level of details printed
while this procedure executes:

:= proc(z:Type::Numeric) begin userinfo(3, "Is ".expr2text(z)." a real
number?"); if not(testtype(z, Dom::Real)) then userinfo(1, expr2text(z)."
1s a complex number. Computing the sign of ".expr2text(z)." as z/|z|");
z/abs(z); else userinfo(2, expr2text(z)." is a real number"); userinfo(3, "Is
".expr2text(z)." a positive number?"); if z > 0 then userinfo(1, expr2text(z)." is a
positive number"); 1 else userinfo(2, expr2text(z)." is not a positive number");
userinfo(3, "Is ".expr2text(z)." a negative number?"); if z < 0 then userinfo(1,
expr2text(z)." is a negative number"); -1 else userinfo(2, expr2text(z)." is not
a negative number"); userinfo(l, expr2text(z)." is zero."); 0 end_if end_if
end_if end_proc:

Display Status Messages

The default information level 1s 0. MuPAD does not print any messages

specified by the userinfo function:
S(-6)-1

-1

To change the information level, use the setuserinfo function. The first
argument of setuserinfo specifies a procedure for which you want to change
the information level. The second argument specifies the required information
level. For example, increase the information level for the procedure S to 1:
setuserinfo(S, 1): S(0)Info: 0 is zero. 0

Increase the information level for the procedure S to 2. Now, the procedure
call displays more status messages that describe each step of the procedure:
setuserinfo(S, 2): S(0)Info: 0 is a real number Info: 0 is not a positive number
Info: 0 is not a negative number Info: 0 is zero. 0
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3
5

If you increase the information level to 3, the procedure S displays all status
messages. Increasing the information level further does not change the result:
setuserinfo(S, 100): S(0)Info: Is 0 a real number? Info: 0 is a real number
Info: Is 0 a positive number? Info: 0 is not a positive number Info: Is 0 a
negative number? Info: 0 is not a negative number Info: 0 is zero. 0

By default, each status message starts with the word “Info”. To suppress “Info”
at the beginning of status messages, call setuserinfo with the Quiet option:
setuserinfo(S, 3, Quiet): S(3 + 4*I)Is 3 + 4*] a real number? 3 + 4*I is a
complex number. Computing the sign of 3 + 4*I as z/|z| 3/5 + (4/5)*1

41
+ —
5
The setuserinfo function can also increase the information level for all
procedures calls, including calls to all predefined MuPAD functions and
your own procedures and functions. To increase the information level for
all procedure calls, use the argument Any instead of specifying a particular
procedure. For example, increase the information level to 100, and then call
the solve function:
setuserinfo(Any, 100): solve(sin(x) = 1, x)Info: solving sin(x) = 1 for x Info:
Solving for x Info: solve_eq called with equation sin(x) - 1 Info: trying to
isolate x in sin(x) - 1 = 0 Info: Iteration 1 Info: Equation transformed by
solvelib::constantsToRhs to sin(x) = 1 Info: Iteration 2 Info: Constructing
domain Dom::ImageSet Info: Results of homogenous operation: [Z_] Info:
Trying binary operation for operands Z_ and PI Info: set global for rectform:
{X, _Y} Info: Results of homogenous operation: [Dom::ImageSet(PI*k, k,
Z_)] Info: Trying binary operation for operands Dom::ImageSet(PI*k, k,
Z_) and 2 Info: Results of homogenous operation: [Dom::ImageSet(2*PI*k,
k, Z_)] Info: Trying binary operation for operands Dom::ImageSet(2*PI*k,
k, Z_) and PI/2 Info: Results of homogenous operation: [Z_] Info: Trying
binary operation for operands Z_ and PI Info: Results of homogenous
operation: [Dom::ImageSet(PI*k, k, Z_)] Info: Trying binary operation for
operands Dom::ImageSet(PI*k, k, Z_) and 2 Info: Results of homogenous
operation: [Dom::ImageSet(2*PI*k, k, Z_)] Info: Trying binary operation
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for operands Dom::ImageSet(2*PI*k, k, Z_) and PI/2 Info: Equation
transformed by solvelib::isolateStep to x in Dom::ImageSet(PI/2 + 2*PI*k, k,
Z_) Dom::ImageSet(Pl/2 + 2*PI*k, k, Z_)

mo, | g
{ @etusgerglfg(blﬁ):e Z}
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Use Assertions

If you rely on correctness of particular statements for your code, then consider
including these statements in the code. Such statements are called assertions.
Assertions help you remember specific conditions under which you expected
to execute your code. They can also help other developers who might need to
review or update your code.

MuPAD lets you use checked assertions. If you switch to a special mode of
executing your code, the system evaluates assertions during run time. If
an assertion does not evaluate to TRUE, the system stops code execution
and throws an error.

For example, this procedure solves the equation sin(x) + cos(x) = a2. Suppose
you get the parameter a as a result of some computations, and you expect

the condition a*2 <= sqrt(2)a2 = 4/ 2 to be always valid. Relying on this
condition, you expect the solutions to be real. Specify this condition as an
assertion by using assert:

:= proc(a) begin assert(a”2 <= sqrt(2)); s := solve(sin(x) + cos(x) = a*2)
end:Assertions are checked only when you run your code in a special mode
called the argument checking mode. Otherwise, the system ignores all
assertions. For example, in this procedure call, MuPAD skips the assertion
and returns the following complex result:
f(4/3)matrix([[x]]) in Dom::ImageSet(matrix([[- In(8/9 - ((-1)*(1/4)*sqrt(47))/9
+ (8/9)*D)*I + 2*PI*k]]), k, Z_) union Dom::ImageSet(matrix([[-
In(((-1)~(1/4)*sqrt(47))/9 + 8/9 + (8/9)*I)*1 + 2*PI*k]]), k, Z_)To switch to the
argument checking mode, set the value of testargs to TRUE:
testargs(TRUE):Now when you call the procedure f, MuPAD checks the
assertion. For a = 4/3, the assertion evaluates to FALSE, and the procedure
execution stops with the error:

f(4/3) Error: Assertion ’a”2 <= sqrt(2)’ has failed. [f] For a = 1, the assertion
evaluates to TRUE. The procedure call runs to completion, and returns the
following set of real solutions:

f(1)matrix([[x]]) in Dom::ImageSet(matrix([[2*PI*k]]), k, Z_) union
Dom::ImageSet(matrix([[PI/2 + 2*PI*k]]), k, Z_)The argument checking mode
can slow down your computations. Use this mode only for debugging your
code. Always restore testargs to its default value FALSE after you finish
debugging:

testargs(FALSE):
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Write Error and Warning Messages

When writing a procedure in MuPAD, you can include error and warning
messages in your procedure. If the system encounters an error while
executing a procedure, it terminates execution of the procedure and displays
an error message. If the system encounters a warning, it prints the warning
message and continues executing the procedure. You can specify your own
error and warning messages.

The error function terminates execution of a current procedure with an error.
For example, the following procedure converts the number of a month to the
name of a month. The procedure checks the type of its argument and accepts
only positive integer numbers. Since there are only 12 months in a year,

the procedure must also ensure that the number does not exceed 12. The
error function lets you terminate the procedure call with an appropriate error
message if the number is greater than 12:

monthNumberToName := proc(n:Type::PosInt) begin if n > 12 then
error("Invalid number. The number must not exceed 12.") end_if; case n of

1 do return(January) of 2 do return(February) of 3 do return(March) of 4 do
return(April) of 5 do return(May) of 6 do return(June) of 7 do return(July) of 8
do return(August) of 9 do return(September) of 10 do return(October) of 11
do return(November) of 12 do return(December) end_case: end:If you call
monthNumberToName with any integer from 1 to 12, the procedure returns
the name of a month:

monthNumberToName(12)December

December

If you call monthNumberToName with an integer greater than 12, the procedure
terminates with the specified error:

monthNumberToName(13) Error: Invalid number. The number must not
exceed 12. [monthNumberToName] Warning messages help you inform your
users about potential problems in the algorithm. These problems are typically
minor and do not interfere with the execution of a procedure. For example,
you can warn your users about limited functionality of a procedure or about
implicit assumptions made by a procedure.
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The following procedure uses the simplify function to simplify the fraction.
The function implicitly assumes that the variable x is not equal to a. If your
procedure uses the simplify function, you can add the following warning for
your users:

simplifyW := proc(a) begin warning("Assuming x <> ".expr2text(a));
simplify((x*2 - a*2)/(x - a)) end:Now, your procedure informs its users about
the assumption:

simplifyW(10) Warning: Assuming x <> 10 [simplifyW] x + 10

x+10
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k

Typically, when a MuPAD procedure encounters an error caused by evaluation
of an object, the procedure terminates, the system returns to an interactive
level and displays an error message. If you want to avoid terminating a
procedure, use the traperror function to catch an error.

The traperror function returns the error number instead of the error itself.
Later, you can reproduce the error by using the lasterror function. This
function produces the last error that occurred in the current MuPAD session.
If you call lasterror inside a statement or a procedure, it terminates that
statement or procedure. If you want to display the error message without
throwing the error itself, save the error number returned by traperror, and
then retrieve the message by using the getlasterror function.

For example, the function f throws an error when sin(nk) is equal to zero:
f:= (k) -> 1/sin(PI*k)k -> 1/sin(PI*k)

. 1
f(1) M?:ﬁ ]_gl:yision by zero. [_invert] Evaluating: f Suppose you want to

compute T for the values - n < k < increasing the value of k by PI/4™ in each
step. To call the function f for all required values, create the for loop‘l. When
you try to execute this statement, it terminates as soon as the function f
encounters division by zero for the first time. To avoid terminating the for
statement, use the traperror function to catch the error. To display the text
of that error message without interrupting execution of the for statement,
use getlasterror():

for k from -1 to 1 step 1/4 do err := traperror(f(k)): if err = 0 then
print(Unquoted, "k = ".expr2text(k), "f = ".expr2text(f(k))) else print(Unquoted,
"k = ".expr2text(k), getlasterror()) end_if end_for k = -1, 1025, Error: Division
by zero. [_invert] [ Evaluating: f]1 k =-3/4,f=-27(1/2) k=-1/2,f=-1k =-1/4, f
=.-27(1/2) k = 0, 1025, Error: Division by zero. [_invert] [ Evaluating: f]1 k =
1/4,f=2~1/2) k=1/2,f=1k = 3/4, f = 27(1/2) k = 1, 1025, Error: Division
by zero. [_invert] [ Evaluating: f] For errors created with the error function,
including your custom error messages, traperror always returns the error
code 1028. If an error message with the code 1028 is the last error message
that occurred in a MuPAD session, you can retrieve that error message by
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using lasterror or getlasterror. For example, create the procedure g that
computes the factorial of any number less than 10. If you pass a number
greater than 10 to this procedure, the procedure reduces the number to 10,
and then computes the factorial:

:= proc(n:Type::PosInt) local test; begin test := proc() begin if n > 10 then
error("The number must not exceed 10.") end_if end_proc: if traperror(test(n))
<> 0 then g(n - 1) else n! end_if; end_proc:Call the procedure with the number
100. During run time, the procedure encounters the error, but does not
terminate. It also does not display the error message. Instead, it returns
the result:

2(100)3628800

3628800

To retrieve and display the error message caught during execution of the
procedure g, use the lasterror function:

lasterror() Error: The number must not exceed 10. [test] To display the error
code and the text of that message, use the getlasterror function:

g(100): getlasterror()[1028, "Error: The number must not exceed 10. [test]"]

[1028, "Error: The number must not exceed 10. [test]"]
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When to Analyze Performance

Symbolic computations can be very time consuming. For many tasks, MuPAD
provides its own, optimized functions. When you use these functions, the
system typically chooses algorithms that provide the best performance for
your task.

However, in some cases you might want to measure and investigate your
code performance. This task is also called profiling. For example, profiling
is helpful when you:

¢ Feel that your code runs too slowly.

* Want to estimate the performance of a particular computation algorithm.
e Want to compare performances of different algorithms.

® Define and use your own data types and methods.

MuPAD provides tools to measure the running time of a particular code

snippet or the whole MuPAD session. The system also provides the profiling
tool to help you find and eliminate performance bottlenecks in your code.

4-39



4 Programming Fundamentals

4-40

Measure Time

In this section...
“Calls to MuPAD Processes” on page 4-40

“Calls to External Processes” on page 4-41

Calls to MuPAD Processes

The simplest tool you can use to estimate code performance is the time
function. This function measures the running time of your code snippet. The
time function does not count the time spent outside of MuPAD processes:
external function calls or processes running in the background do not affect
the results of time. The function returns results measured in milliseconds.

The following example demonstrates different algorithms implemented for
the same task. The task is to check whether each integer from 1 to 1000
appears in a 1000 1000 matrix of random integers. To create a 1000 1000
matrix of random integers, use linalg::randomMatrix:

matrixSize := 1000: M := linalg::randomMatrix(matrixSize, matrixSize,
Dom::Integer):The direct approach is to write a procedure that checks every
element of a matrix proceeding row by row and column by column:

f .= proc(M, n, x) begin for j from 1 to n do for k from 1 to n do if M[j, k] = x
then return(TRUE) end_if end_for end_for; return(FALSE) end_proc:Call the
procedure f 1000 times to check if each number from 1 to 1000 appears in
that matrix:

g := proc() begin f(M, matrixSize, 1) $ 1 = 1..1000 end_proc:This algorithm is
very inefficient for the specified task. The function f performs 10* computation
steps to find out that an integer does not occur in the matrix M. Since you call
the function f 1000 times, executing this algorithm takes a long time:
time(g()) 62435.902 In this example, the bottleneck of the chosen approach

1s obviously the algorithm that accesses each matrix element. To accelerate
the computation, rewrite the procedure f using the bisection method. Before
using this method, convert the matrix M to a list and sort the list. Then select
the first and last elements of the sorted list as initial points. Each step in this
algorithm divides the list of elements at the midpoint:

f .= proc(M, n, x) begin if (M[1] - x)*(M[n] - x) > 0 then return(FALSE) elif
M][1] - x)*(M[n] - x) =0 then return(TRUE); else a:=1: b :=n: while (b-a>1)
do ifis(b - a, Type::0dd) thenc:=a+ (b -a + 1)/2 else c:=a + (b - a)/2 end_if; if
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M]c] - x = 0 then return(TRUE) elif (M[a] - x)*(M|[c] - x) <0 then b :=c: else a
:= ¢: end_if; end_while; end_if; return(FALSE) end_proc:Use the op function
to access all elements of the matrix M. This function returns a sequence of
elements. Use brackets to convert this sequence to a list. Then use the sort
function to sort the list in ascending order. Finally, call the procedure f for
each integer from 1 to 1000:

:= proc() local M1; begin M1 := sort([op(M)]): f{M1, matrixSize”2,1) $ 1=
1..1000 end_proc:Using the bisection method instead of accessing each matrix
element significantly improves the performance of the example:
time(g()) 3724.233 Typically, the best approach is to use the appropriate
MuPAD functions whenever possible. For example, to improve performance
further, rewrite the code using the MuPAD function has. Also, converting
a matrix to a set can reduce the number of elements. (MuPAD removes
duplicate elements of a set.) In addition to speed up, this approach makes
your code significantly shorter and easier to read:

g = proc() local M1; begin M1 := {op(M)}: has(M1, 1) $1=1..1000 end_proc:In
this case, execution time is even shorter than for the code that implements
the bisectional method:

time(g()) 1508.094

Calls to External Processes

Results returned by the time function exclude the time spent on calls to
external programs. If your code uses external programs, you can measure
the total time spent by that code, including calls to external processes. To
measure the total time, use the rtime function instead of time. For example,
the function call rtime () returns the elapsed time of the current MuPAD
session. This time includes idle time of the current session:

t := rtime(): print(Unquoted, "This session runtime is
".stringlib::formatTime(t))This session runtime is 5 minutes,

25.579 secondsWhen measuring code performance using rtime, avoid running
other processes in the background. Also ensure that enough memory is
available. The rtime function counts the total time, including idle time during
which some other process uses the CPU or your computer swaps data between
different types of memory.
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Profile Your Code

Profiling 1s a way to measure where a program spends time. MuPAD provides
the prog::profile function to help you identify performance bottlenecks in
your code. Use this function to analyze performance of complicated nested
procedure calls. For simpler code snippets, measuring execution times is more
convenient and can give you enough information to identify performance
bottlenecks.

The prog::profile function evaluates the code that you want to profile, and
returns the profiling report. The report contains:

® A table showing the time your code spent on each function (total and
averaged per one call), number of calls to that function, children of that
function, and so on. Information for the most heavily used functions
appear on the top of the table. The first row in this table represents the
total execution time.

® A dependence graph showing a function itself, the functions it calls
(children), and the functions that call this function. The graph also shows
the timing and number of calls for each function.

Note Note By default, prog::profile does not measure performance of single
calls to kernel functions.

However, when prog::profile measures the performance of library functions, it
also prints the accumulated time the system spends in kernel functions. To
measure the performance of a single call to a kernel function, use prog::trace
to trace that kernel function.

Suppose you want to write a procedure that checks whether each integer
from 1 to 1000 appears in a 1000 1000 matrix of random integers. The direct
approach is to write a procedure that checks every element of a matrix
proceeding row by row and column by column:

f := proc(M, n, x) begin for j from 1 to n do for k from 1 to n do if M[j, k] = x
then return(TRUE) end_if end_for end_for; return(FALSE) end_proc:Use the
linalg::randomMatrix to create a 1000 1000 matrix of random integers:
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matrixSize := 1000: M := linalg::randomMatrix(matrixSize, matrixSize,
Dom::Integer):Then call the procedure f 1000 times to check if each number
from 1 to 1000 appears in that matrix:

:= proc() begin f(M, matrixSize, 1) $ 1 = 1..1000 end_proc:Measuring the time
needed to run the procedure g shows that the procedure requires optimization.
Although the performance bottleneck in this procedure is obvious, it is
not always easy to identify performance bottlenecks in more complicated
procedures. The time function does not indicate where the procedure spends
most of its execution time:
time(g()) 62023.876 To obtain the complete profiling report that shows timings
for all inner function calls, use prog::profile:
prog::profile(g()): percent usage of all | time self per single call | |

time self | | | time children per single call | | | | time children |

| | | | calls/normal exit | | | | | | calls/remember exit

[ I I | ||| callsferrors | | | | | | | | [index] function

072 0 =

45.9 . 50467.2 . 27149.6 3019825 . . [1]
(Dom::Matrix(Dom::Integer))::_index_intern 19.7 . 21689.3 . 5460.3
3019825 . . [2] Dom::Integer::coerce 16.7 . 18373.1 . 77616.9
3019825 . . [3] (Dom::Matrix(Dom::Integer))::_index 12.7

14.0 13984.8 96.0 95990.0 1000 . . [4] £5.0 . 5460.3 . . 3019825 . .
[6] Dom::Integer::convert . 8.0 8.0 109974.9 1099749 1. . [6] g

50467.24 27149.65 3019825 [3] (Dom::Matrix(Dom::Integer))::_index

[1] 45.9 50467.24 27149.65 3019825

(Dom::Matrix(Dom::Integer))::_index_intern 21689.30 5460.346 3019825 [2]
Dom::Integer::Coerce--------mnmmmmmmm e
21689.30 5460.346 3019825 [1] (Dom::Matrix(Dom::Integer))::_index_intern

[2] 19.7 21689.30 5460.346 3019825

Dom::Integer::coerce 5460.346 0 3019825 [5]

Dom::Integer::Convert----nm-mmmmm e
18373.13 77616.89 3019825 [4] f [3] 16.7 18373.13 77616.89 3019825
(Dom::Matrix(Dom::Integer))::_index 50467.24 27149.65 3019825 [1]
(Dom::Matrix(Dom::Integer))::_index_Intern----------msmm e
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13984.84 95990.02 1000 [6] g [4] 12.7 13984.84

95990.02 1000 f 18373.13 77616.89 3019825 [3]
(Dom::Matrix(Dom::Integer))::_Index-------=nmmmrmmmmm oo
5460.346 0 3019825 [2] Dom::Integer::coerce [5] 5.0 5460.346 0 3019825
Dom::Integer::ConVert--- -
[6] 0.0 8.0 109974.8 1 g 13984.84 95990.02 1000 [4]
P Time

sum: 109982.873 msTop rows of the profiling report indicate that the

procedure spends most of its time accessing each matrix element. To improve
performance, rewrite the procedure so that it can access fewer elements

of a matrix in each call to the procedure f. For example, use the

algorithm based on the bisection method:

:= proc(M, n, x) begin if (M[1] - x)*(M[n] - x) > 0 then return(FALSE) elif
M[1] - x)*(M[n] - x) = 0 then return(TRUE); else a := 1: b :=n: while (b -a > 1)
do ifis(b - a, Type::Odd) thenc:=a+ (b-a+ 1)/2 elsec:=a + (b - a)/2 end_if; if
M]c] - x = 0 then return(TRUE) elif M[a] - x)*(M|c] - x) <0 then b :=c: else a
:= ¢: end_if; end_while; end_if; return(FALSE) end_proc:Before calling the
procedure f, you must convert the matrix M to a list and sort that list. Sorting
the list that contains 10% entries is an expensive operation. Depending on the
number of calls to the procedure f, this operation can potentially eliminate
the increase in performance that you gain by improving the procedure f itself:

:= proc() local M1; begin M1 := sort([op(M)]): f{(M1, matrixSize”2, 1) $ 1
= 1..1000 end_proc:For these particular matrix size and number of calls to
f, implementing the bisectional algorithm is still efficient despite the time
required to sort the list:
time(g()) 3840.24 The profiling report shows that the procedure spends
most of the time executing the op and g function calls. This is because
implementation of the bisection algorithm added new expensive operations
in g (conversion of a matrix to a list and then sorting the list). The profiling
report generated for the procedure call g () is very long. This example shows
only the top of the report:
prog::profile(g()): percent usage of all | time self per single call

| | time self | | | time children per single call | | | | time

children | | | | | calls/mormal exit | | | | | | calls/remember

exit | | | | | | | callslerrors | | | | | | | | [index] function

0 LS
100.0 3884.2 3884.2 . 1 [0] procedure entry point

2180.1 2180.1 1704.1 1704.1 1. . [1] g 33.0 1280.1 1280.1 188.0 188.01. .
[2] (Dom::Matrix(Dom::Integer))::op 6.1 0.2 236.0 . . 1000 . . [3] £ 3.2 0.1
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124.0. . 1000 . . [4] ‘p -> [coeff(p, Al])][2..-1]° 1.5 0.1 60.0 . . 1000 . . [5]
1->1.[Rzero $ r - nops)]°0.1 2.0 4.0. . 2. . [6] Dom::Integer::hasProp
..... 2 . . [7] DomainConstructor::hasProp . . . . . . 9981 . [8] is

recommended approach for improving performance of your code is to use

the MuPAD functions when possible. For example, MuPAD provides the

has function for checking whether one MuPAD object contains another
MuPAD object. Rewrite your code using the has function and combining the
procedures f and g:

g := proc() local M1; begin M1 := {op(M)}: has(M1, 1) $1=1..1000 end_proc:This
procedure also converts the matrix M to a set. Converting a matrix to a set can
reduce the number of elements. (MuPAD removes duplicate elements of a set.)

The execution time for the procedure call g() is the shortest among the three
implementations:

time(g()) 1520.095 The profiling report shows that the procedure spends most
of its execution time accessing the 1000 1000 matrix of random integers and
converting it to a set. This example shows only the top of the profiling report:
prog::profile(g()): percent usage of all | time self per single call

| | time self | | | time children per single call | | | | time

children | | | | | calls/normal exit | | | | | | calls/remember

exit | | | | | | | callsferrors | | | | | | | | [index] function

0 T2 L
100.0 1556.1 1556.1 . 1 [0] procedure entry point

---------------------------------------------------------------------------------------------- 78.9
1228.1 1228.1 188.0 188.0 1 . . [1] (Dom::Matrix(Dom::Integer))::op 9.0 140.0
140.0 1416.1 1416.1 1. . [2] 8.2 0.1 128.0. . 1000 . . [3] ‘p -> [coeff(p,
AlD][2..-1]° 3.9 0.1 60.0. . 1000 . . [4] 1->1.[Rzero $ r - nops(D]*. . . .. 2.

. [56] Dom::Integer::hasProp . . . . . 2. . [6] DomainConstructor::hasProp
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Techniques for Improving Performance

For most symbolic and numeric computation tasks, MuPAD implements

the fastest and most reliable currently known algorithms. Among these
algorithms, the system always tries to find the best algorithm for your
particular computation task. Often, the system also allows you to choose an
algorithm explicitly or implicitly. For example, you can create a sequence by
using the sequence generator $ or the for loop. Also, you can choose particular
solvers, and simplification functions. Such choices can affect the performance
of computations.

These techniques can accelerate your computations in MuPAD:

¢ Use built-in MuPAD data types and functions when possible. Typically,
these functions are optimized to handle your computation tasks faster
and smoother.

® Set assumptions on parameters when possible. Use the assumptions of
variables sparingly or avoid them completely. For details about how
assumptions affect performance, see When to Use Assumptions.

e (Call special solvers directly instead of using general solvers. If you can
determine the type of an equation or system that you want to solve, calling
the special solver for that equation or system type is more efficient. See
Choosing a Solver.

¢ Call numeric solvers directly if you know that a particular problem cannot
be solved symbolically. This technique has a significant disadvantage: for
nonpolynomial equations numeric solvers return only the first solution
that they find.

® Try using options. Many MuPAD functions accept options that let the
system reduce computation efforts. For information about the options of
a particular MuPAD function, see the “Options” section of the function
help page.

¢ Limit complexity of the expressions that you use.

e Use shorter data structures when possible. For example, converting a
sequence with 108 entries to a list takes longer than converting 1000
sequences with 1000 entries each.
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Avoid creating large symbolic matrices and dense matrices when possible.
For details about improving performance when working with matrices, see
Using Sparse and Dense Matrices.

Avoid using for loops to create a sequence, a flat list, a string and similar
data structures by appending new entries. Instead, use the sequence
generator $.

Use for loops as outer loops when creating deep nested structures. Use the
sequence generator $ for inner loops.

Use the remember mechanism if you call a procedure with the same
arguments more than once. The remember mechanism lets you avoid
unnecessary reevaluations. See Remember Mechanism. At the same time,
avoid using the remember mechanism for nonrecurring procedure calls,
especially if the arguments are numerical.

Avoid storing lots of data in the history table. If you suspect that the
history table uses a significant amount of memory, clear the history table
or reset the engine. For information about the history table, see History
Mechanism.

Avoid running large background processes, including additional MuPAD
sessions, at the same time as you execute code in MuPAD.
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Display Memory Usage

In this section...

“Use the Status Bar” on page 4-48
“Generate Memory Usage Reports Periodically” on page 4-49
“Generate Memory Usage Reports for Procedure Calls” on page 4-50

Use the Status Bar

The amount of memory available on your computer can greatly affect your
symbolic computations. First, some computations cannot run without enough
memory. In this case, you get the “out of memory” error. Second, if the
MuPAD engine uses virtual memory by swapping data on and off the storage
device, computations can run much slower than they run if the system does
not use virtual memory. Observing memory usage when executing your code
can help you understand whether your code uses available memory efficiently.

The simplest tool for observing the memory usage is the status bar. You can
find the status bar at the bottom of a MuPAD notebook. If you do not see

the status bar, select View > Status Bar. The far left end of the status bar
displays the current engine state, including memory and time used during the
most recent computations. While a computation is still running, the status
bar information keeps changing.

[ Mem8MB,Tils | cmd |2 I /ﬁl

If the engine is not connected to your notebook, the status bar displays Not
Connected. For more information about the status bar, see Viewing Status
Information.

Note Note When you perform computations in several MuPAD notebooks,
each notebook starts its own engine. In this case, watch for the total amount
of memory used by all MuPAD engines (the mupkern.exe processes).
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Generate Memory Usage Reports Periodically

When a computation takes a long time to run, it can be helpful to display
progress information. In this case, MuPAD can issue periodic messages
showing active memory usage, reserved memory, and evaluation time. You
can control the frequency with which MuPAD prints such messages.

To set the frequency of these periodic messages, use the Pref::report function.
By default, the value of Pref::report is 0; MuPAD does not print periodic status
messages. If you increase the value to 1, MuPAD prints status messages
approximately every hour. (The exact frequency depends on your machine.)
The maximum value accepted by Pref::report is 9.

Suppose you want to generate and sort the list of 10,000,000 random integer
numbers. These operations take a long time because of the huge number of
elements. If you set the value of Pref::report to 4, MuPAD displays a few
status messages while executing these operations:
Pref::report(4):sort([random() $ i = 1..1077]): [used=167852k,
reserved=168579k, seconds=30] [used=294614Kk, reserved=295370k,
seconds=60] [used=421376k, reserved=422161k, seconds=90] If you increase
the value of Pref::report to 6, MuPAD prints the status messages more
frequently:

Pref::report(6):sort([random() $ 1 = 1..1077]): [used=84035k, reserved=84661Kk,
seconds=10] [used=126987k, reserved=127664k, seconds=21] [used=169940k,
reserved=170600k, seconds=32] [used=212892k, reserved=213537k,
seconds=43] [used=255844k, reserved=256540k, seconds=54] [used=298797k,
reserved=299476k, seconds=65] [used=341749Kk, reserved=342413k,
seconds=76] [used=384701k, reserved=385416k, seconds=87] [used=427654k,
reserved=428352k, seconds=98] [used=470606k, reserved=471355k,
seconds=109] Every time you execute this example, MuPAD adds a new list of
107 random numbers and stores that list in the history table. By default, the
history table contains up to 20 elements. While this list remains in the history
table, MuPAD cannot release the memory needed to store 107 integers. To
release this memory, use one of these alternatives:

¢ Continue computations waiting until MuPAD writes 20 new elements to

the history table. Performing computations with a reduced amount of
available memory can be very slow.
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* Terminate the MuPAD engine connected to the notebook by selecting
Notebook > Disconnect. The new engine starts when you evaluate any
command in the notebook.

® (Clear the history table by setting the value of variable HISTORY to 0. This
variable specifies the maximum number of elements in the history table.
To restore the default value of HISTORY, enter delete HISTORY:

HISTORY := 0: delete HISTORY: HISTORY20

20

For more information about the history mechanism in MuPAD, see History
Mechanism.

For further computations, also restore the default value of Pref::report:
Pref::report(NIL):

Generate Memory Usage Reports for Procedure Calls

MuPAD can print memory usage information when you execute a procedure
in the tracing mode. In this case, the system reports memory usage on each
step of a procedure call.

For example, create the recursive procedure juggler that computes the
Juggler number sequence for any initial positive integer n:

juggler := proc(n:Type::PosInt) begin J := append(J, n); if n = 1 then
return(J) end_if: if testtype(n, Type::Even) then juggler(floor(n”(1/2))) else
juggler(floor(n”(3/2))) end_if end_proc:Suppose you want to see the memory
usage report for every call to this procedure. First call the prog::trace function
with the Mem option. Then switch execution of the juggler procedure to the
tracing mode:

prog::trace(Mem): prog::trace(juggler)Now when you call the juggler
procedure, the tracing report shows the memory usage for each call to
juggler:

J = []: juggler(7)enter juggler(7) [mem: 5338408] enter juggler(18) [mem:
5373600] enter juggler(4) [mem: 5374080] enter juggler(2) [mem: 5374584]
enter juggler(l) [mem: 5375064] computed [7, 18, 4, 2, 1] [mem: 5375032]
computed [7, 18, 4, 2, 1] [mem: 5374648] computed [7, 18, 4, 2, 1] [mem:
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5374264] computed [7, 18, 4, 2, 1] [mem: 5373880] computed [7, 18, 4, 2, 1]
[mem: 5373524] [7, 18, 4, 2, 1]

(7,18, 4, 2, 1]

The Mem option is independent of the traced procedure. Now if you use
prog::trace to trace any other procedure, prog::trace displays memory usage
in every step of that procedure. Remove this global option for further
computations:

prog::trace(Mem = FALSE)To stop tracing the juggler procedure, use the
prog::untrace function:

prog::untrace(juggler):
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Remember Mechanism

In this section...

“Why Use the Remember Mechanism” on page 4-52
“Remember Results Without Context” on page 4-53
“Remember Results and Context” on page 4-54

“Clear Remember Tables” on page 4-55

“Potential Problems Related to the Remember Mechanism” on page 4-57

Why Use the Remember Mechanism

If your code calls a procedure with the same arguments more than once,
avoid unnecessary reevaluations, and thus, improve performance. Instead of
multiple evaluations of a procedure call with the same arguments, MuPAD
can store the results of the first procedure call in a special table. This table is
called the remember table. The system stores the arguments of a procedure
call as indices of the remember table entries, and the corresponding results as
values of these entries. When you call a procedure using the same arguments
as in previous calls, MuPAD accesses the remember table of that procedure. If
the remember table contains the entry with the required arguments, MuPAD
returns the value of that entry. Otherwise, MuPAD evaluates the procedure
call, and writes the arguments and corresponding results to the remember
table of the procedure.

Using the remember mechanism in MuPAD can significantly accelerate
your computations, especially when you use recursive procedure calls. For
example, create the procedure that computes the Lucas numbers. The Lucas
numbers are a sequence of integers. The recursion formula that defines the
nth Lucas number is similar to the definition of the Fibonacci numbers:
L[0]=1, L[1]=3, _outputSequence(L[(n+2)]=L[n]+L[(n+1)], ‘.9

n+2 Lﬂ +L'.l'1+1‘

The following recursive procedure returns any Lucas number:
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lucas:= proc(n:Type::PosInt) begin if n = 1 then 1 elif n = 2 then 3 else
lucas(n - 1) + lucas(n - 2) end_if end_proc:However, if the value n is large,
computing the nth Lucas number can be very slow. The number of required
procedure calls is exponential. Often, the procedure calls itself with the same
arguments, and it reevaluates the result in every call:
time(lucas(35))66156.25

66156.25

Using the remember mechanism eliminates these reevaluations. To enable
the remember mechanism for a particular procedure, use the prog::remember
function. This function returns a modified copy of a procedure that stores
results of previous calls in the remember table:

lucas := prog::remember(lucas):When you call this procedure, MuPAD
accesses the remember table. If the system finds the required entry in the
remember table, it returns remembered results immediately. Now, MuPAD
computes the 35th and even the 100th Lucas number almost instantly:
time(lucas(35)), time(lucas(100))0.0, 0.0

Alternatively, you can enable the remember mechanism for a particular
procedure by using the option remember for that procedure. For example, use
the option remember to enable the remember mechanism for the procedure
lucas:

lucas:= proc(n:Type::PosInt) option remember; begin if n = 1 then 1 elif

n = 2 then 3 else lucas(n - 1) + lucas(n - 2) end_if end_proc:For further
computations, delete the procedure lucas:

delete lucas:

Remember Results Without Context

By default, the remember mechanism does not consider context information
of a procedure call. Thus, the remember mechanism disregards any changes
in assumptions set on the arguments of a procedure call and the number of
digits used for floating-point arithmetic. By default, remember tables contain
only arguments and results of procedure calls. They do not store context
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information. For example, create the function f that computes the reciprocal
of a number. Use prog::remember to enable the remember mechanism for
this function:

f:= (x)-> 1.0/x: f := prog::remember(f):The default number of significant digits
for floating-point numbers is 10. Use the function f to compute the reciprocal
of 3. The system displays the result with the 10-digits accuracy:
f(3)0.3333333333

0.3333333333

Now increase the number of digits to 50. Then call the function f with the
argument 3 again. By default, MuPAD does not realize that you increased
the required accuracy. The system accesses the remember table, finds the
entry that corresponds to the argument 3, and returns the result previously
computed for that argument. Since MuPAD must display the output with 50
digits, the last digits in the displayed result are incorrect:

DIGITS := 50:
£(3)0.33333333333333333304421275400386548426467925310135

0.333335333333333333304421275400386548426467525310135

For further computations, restore the default value of DIGITS and delete f:
delete DIGITS, f

Remember Results and Context

Although by default the remember mechanism in MuPAD disregards all
context information, you can extend the prog::remember function call and
take into account the properties of arguments and current accuracy of
floating-point arithmetic. For example, create the function f that computes
the reciprocal of a number. Use prog::remember to enable the remember
mechanism for this function. In the prog::remember function call, specify the
dependency function. The dependency function is the function that computes
the current properties of the input arguments and the values of DIGITS and
ORDER. Then prog::remember compares this context information with the
context information used to compute the remembered values. If the context
information is the same, prog::remember returns the remembered result.
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Otherwise MuPAD evaluates the current procedure call, and adds the new
result to the remember table.

Note The option remember does not let you specify the dependency function.
If results of a procedure depend on the context information, use the
prog::remember function for that procedure.

In this example, the dependency function is a list that checks both the
properties of input arguments and the value of DIGITS:

f:= (x)-> 1.0/x: f := prog::remember(f, () -> [property::depends(args()),
DIGITS]):The default number of significant digits for floating-point numbers
1s 10. Use the function f to compute the reciprocal of 3. The system displays
the result with the 10-digits accuracy:

f(3)0.3333333333

0.3333333333

If you set the number of digits to 50, and then call the function f with the
same argument 3, prog::remember realizes that the number of digits has
changed. Instead of returning the previous result stored in the remember
table, the system reevaluates the result and updates the remember table:
DIGITS = 50:
f(3)0.33333333333333333333333333333333333333333333333333

0.3333353333333333333333333333333333333353333333333333

For further computations, restore the default value of DIGITS and delete f:
delete DIGITS, f

Clear Remember Tables

In some cases, the remember mechanism can lead to incorrect results. For
example, if a nested procedure uses the remember mechanism, and you
redefine the inner procedure, MuPAD does not recognize the changes and
does not reevaluate the procedure call.
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Create the following procedure f as a wrapper for the MuPAD heaviside
function. Use prog::remember to enable the remember mechanism for the
procedure f:

:= proc(x) begin heaviside(x) end: f := prog::remember(f):Now compute the
Heaviside function for the values -10, 0, and 10. MuPAD uses the value
heaviside(0)=1/2:

f(-10), £(0), £f(10)0, 1/2, 1

o, L1

ok
You can define a different value for heaviside(0). First, use the unprotect
function to be able to overwrite the value of heaviside. Then, assign the new
value to heaviside(0):

unprotect(heaviside): heaviside(0):= 0:Despite the new value heaviside (0) =
0, the wrapper procedure f returns the old value 1/2:

f(0)1/2

o] ey

The result of the procedure call f(0) does not change because the system
does not reevaluate this result. It finds the result in the remember table

of the procedure f and returns that result. To display the content of the
remember table, call the wrapper procedure f with the Remember option as a
first argument and the Print option as a second argument. The value 10° in
the second column is the value of MAXEFFORT used during computations.
f(Remember, Print)table([f(10), 0] = [1, 1000000.0], [f(-10), 0] = [0, 1000000.0],
[f(0), 0] = [1/2, 1000000.0])

[£(0), 0]|[4, 1000000.0]

[F(-10), 0]|[0, 1000000.0]

[£(10), 0]|[1, 1000000.0]
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o

To force reevaluation of the procedure calls of f, clear the remember table of
that procedure. To clear the remember table, call f with the Remember option
as a first argument and the Clear option as a second argument:
f(Remember, Clear):Now f returns the correct result:

£(0)0

If you use the option remember, you also can clear the remember table and
force reevaluation. For example, rewrite the procedure f as follows:
f := proc(x) option remember; begin heaviside(x) end: f(0)0

Now restore the heaviside function to its default definition:

heaviside(0):= 1/2:To clear a remember table created by the option remember,
use the forget function:

forget(f): £f(0)1/2

Use the protect function with the ProtectLevelError option to prevent
further changes to heaviside. Also, delete the procedure f:
protect(heaviside, ProtectLevelError): delete f

Potential Problems Related to the Remember
Mechanism

The remember mechanism is a powerful tool for improving performance of
MuPAD procedures. Nevertheless, you can encounter some problems when
using this mechanism:

® Remember tables are efficient only if the access time of the remember
table is significantly less than the time needed to evaluate the result. If a
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remember table is very large, evaluation can be computationally cheaper
than accessing the result stored in the remember table.

Storing large remember tables requires a large amount of memory.
Especially, remember tables created with the option remember can grow
very large, and significantly reduce available memory. The number of
entries in remember tables created by prog::remember is limited. When the
number of entries in a remember table created by prog::remember reaches
the maximum number, the system removes a group of older entries.

Using prog::remember or the option remember for nonrecurring procedure
calls can significantly decrease code performance. Avoid using the
remember mechanism for nonrecurring procedure calls, especially if the
arguments are numerical.

If you change the properties of input arguments or modify the variables
DIGITS or ORDER, the remember mechanism ignores these changes by
default. See Remembering Results Without Context.

In some cases you must clear the remember table of a procedure to
enforce reevaluation and avoid incorrect results. For example, clearing
the remember table can be necessary when a procedure changes global
variables or if global variables affect the results of a procedure. See
Clearing Remember Tables.

Many predefined MuPAD functions have special values stored in their
remember tables. Therefore, clearing the remember tables of predefined
MuPAD functions is not recommended. Note that the forget function does
not error when you call it for a predefined MuPAD function.
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History Mechanism

In this section...

“Access the History Table” on page 4-59
“Specify Maximum Number of Entries” on page 4-62
“Clear the History Table” on page 4-63

Access the History Table

MuPAD implements the internal history mechanism. The history mechanism
lets you access a limited number of previously computed results, with or
without the commands that generated the results. The history mechanism
also helps you reduce the number of additional identifiers commonly used for
storing the results of intermediate computations. Instead of assigning results
of such computations to auxiliary identifiers, you can access the entries of the
history table and get the previously computed result.

To access the entries of the history table, use the last and history functions.
The last function returns previously computed results without the command
that generated the results. The history function returns the previously
computed results along with the commands that generated those results.

For the last function, MuPAD also provides the shortcut %. The function call
last(n) (or % n) returns the nth entry of the history table. The last function
counts the entries of the history table from the end of the table. Thus, when
you use the last function, the most recent result is the first entry of the
history table.

For example, compute the factorials of the numbers 10, 20, and 30:
10!; 20!; 30!;3628800

3628800
2432902008176640000

2432502008176640000
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265252859812191058636308480000000

265252850812151068636308480000000

To access the computed factorial of 30, use the function call last(3) or the
shorter call %3:
last(3)3628800

3628800

Note Note When you call the last or history function, MuPAD adds the
result of that call to the history table.

Calling the last function or its shortcut % inserts a new entry in the history
table. Thus, the history table now contains the results of the following
evaluations: 10!, 20!, 30!, and %3 (which in this example is equal to 10!). If
you call the last function with the argument 3 again, the system displays
the result of evaluation of 20!:

last(3)2432902008176640000

2432802008172640000

To access the most recent entry of the history table, you can use the shortcut
% without parameters. For example, solve the following equation, and then
simplify the result. Note that using % lets you avoid assigning the result

of a solution to an identifier:

solve(log(2, x) + log(2, 5) = x + 5, x);{-lambertW(0, -2~(5 - log(2,
5))*In(2))/In(2)}simplify(%){-lambertW (0, -(32*In(2))/2"1og(2, 5))/In(2)}

v.vir f_ 32 ].11'2]\
[ D( ﬂngZIE:I

P\
K

L_ xln[2]
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The last function does not evaluate results. The last function also returns the
results for which you used colons to suppress the outputs:
hold(2 + 2): %2 + 2

2+2

The history function displays both the result and the command that produced
that result. This function counts the entries of the history table from the
first result obtained in the current MuPAD session. Thus, when you use

the history function, the most recent result is the last entry of the history
table. In this section, the first entry of the history table is the computation
of the factorial of 10:

history(1) [10!, 3628800]

[101, 3628800]

To find the current number of entries in the history table, call the history
function without an argument:
history()10

10

You can use the history function to access the most recent computation and
its result:
a := 2: history(history()[(a := 2), 2]

[a:=2, 2]

For the following statements, the history mechanism depends on whether you
call the statement interactively or within a procedure:

e for, repeat, and while loops
e if and case conditional statements

¢ procedure definitions
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These statements are called compound statements. At the interactive level,
MuPAD stores compound statements as one unit. In procedures, MuPAD
stores the statements found within a compound statement in a separate
history table of the procedure. In this case, the system does not store the
compound statement itself.

Specify Maximum Number of Entries

By default, the history table for interactive computations can contain up to
20 entries. When the number of entries reaches 20, the system removes the
oldest entry from the history table every time it needs to add a new entry. For
interactive computations, the environment variable HISTORY determines the
maximum number of entries in the history table:

HISTORY20

20

To change the maximum number of entries in the history table for the current
MuPAD session, assign the new value to HISTORY:

HISTORY := 2:Now MuPAD stores only the two most recent commands and
their results in the history table:

a:=1:b:=2:c:=3: %1, %2; %33, 2

3, 2

Error: The argument is invalid. [last]

Note Note Within a procedure, the maximum number of entries in the

local history table of the procedure is always 3, independent of the value
of HISTORY.

For further computations, restore the default maximum number entries in
the history table:
delete HISTORY: HISTORY20
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20

Clear the History Table

Although MuPAD restricts the number of entries in the history table, it does
not restrict its size. If a command returns a large result, the system stores
that result in the history table. While this result remains in the history
table, MuPAD cannot release the memory needed to store that result. One

or more large entries in the history table can significantly reduce available
memory and slow down further computations. If you know that a particular
command returns memory-consuming results, avoid writing that command
and its results to the history table. To avoid writing a command and its result
to the history table, set the value of HISTORY to 0. The disadvantage of this
approach is that you delete all previous results from the history table.

For example, set the value of HISTORY to 0 before creating a sequence of
1,000,000 random numbers:

HISTORY := 0: random() $ 1 = 1..10"6:For further computations, restore the
default maximum number entries in the history table:

delete HISTORY: HISTORY20

20

If the history table already contains a memory-consuming result, to release
the memory you also can clear the history table by setting the value of
HISTORY to 0. Alternatively, you can wait until the MuPAD fills the history
table with new entries. Also, you can select Notebook > Disconnect to
restart the MuPAD engine.
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Why Test Your Code

After you debug and optimize your code, you might still need to test it.
Debugging lets you catch run-time errors that appear in your code. Testing
lets you catch bugs that appear when users provide unexpected combinations
of input arguments, or when they run your code on different platforms or
MuPAD versions. It also helps to catch bugs that can appear when you or
someone else edits your code later or when you need to integrate parts of
the program written by different developers. MuPAD provides tools for unit
testing your code. These tools let you write and execute your own test scripts
for a particular part of your code, for example, for a function or a procedure.

Suppose you create the procedure that accepts two numeric arguments, a and
b, compares them, and returns the larger number:

f := proc(a:Type::Numeric, b:Type::Numeric) begin if a = b or a > b then
return(a) else return(b) end_if end_proc:The type Type::Numeric includes
integers, rationals, floating-point numbers, and also complex numbers.
Therefore, any complex numbers are valid arguments of the procedure f. The
procedure f has a flaw in its design because you cannot compare two complex
numbers. If you call this procedure for two different complex numbers, the
procedure call results in an error. Nevertheless, the procedure works if you
call it for equal complex numbers:

fd, DI

Suppose you decide to keep the procedure f as it is. It works for equal complex
arguments. The error only occurs when the complex arguments are not equal.
Later, you or somebody else forgets about the issue with complex numbers,
but sees that the procedure can be improved as follows:

f := proc(a:Type::Numeric, b:Type::Numeric) begin if a >= b then return(a) else
return(b) end_if end_proc:This code looks shorter, and takes advantage of the
>= operator. However, if some users relied on the procedure f to recognize
equal complex numbers, their code breaks when they use the updated version:
f(I, I) Error: Cannot evaluate to Boolean. [_leequal] Evaluating: f If you do
not create and use a test script for the procedure f, you might never realize
that the procedure stopped working for the particular choices of arguments.
Even if you tested this choice of arguments before, you might forget to test
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it for the updated version. Writing a test script and running it every time
when you (or somebody else) update your code helps to avoid unexpected
loss in functionality.
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Write Single Tests

The prog::test function is the basic testing tool in MuPAD. This function
compares the actual result of computations with the expected result that you
specify. For example, create the procedure f:

f := proc(a:Type::Numeric, b:Type::Numeric) begin if a = b or a > b then
return(a) else return(b) end_if end_proc:To test the procedure, use the
prog::test function. If the test does not reveal any problems, prog::test returns
the void object null() and does not print anything:

prog::test(f(I, I), If the procedure call tested by prog::test errors or if actual
results differ from expected results, prog::test prints information about the
test execution. For example, if your test compares two different complex
numbers, prog::test returns the following message:

prog::test(f(2¥1, I), I)Error in test interactive 2Input: f(2*I, I)Expected: 1Got:
TrapError = [1003, "Error: Cannot evaluate to Boolean. [_less]\ Evaluating:
f']If the error is expected, you can rewrite the test using the TrapError option:
prog::test(f(2*I, I), TrapError = 1003)When you call prog::test, MuPAD
evaluates actual and expected results before comparing them:

prog::test(f(x"2 | x =2, 5), 2*2)Error in test interactive 4Input: f(x"2 | x =

2, 5)Expected: 4Got: 5Evaluation of actual and expected results can take a
long time. To avoid long evaluations, the prog::test function lets you specify
the time limit for evaluation of the test. To limit the evaluation time for a
particular test, use the Timeout option of the prog::test function. For example,
set the time limit to 2 seconds:

prog::test(f([i! $ 1= 1..1000000], [i! $1i=1..1000000]), [i! $i= 1..1000000],
Timeout = 2)Error in test interactive 5Input: f([i! $1=1..100000], [1! $1=
1..100001])Expected: FAILGot: TrapError = [1320, "Error: Execution time
exceeded"]Timeout: 2.0 (5.106*prog::ntime())In this example, the time limit
measurement depends on your hardware configuration. The test report also
shows the hardware-independent time in terms of the prog::ntime function.

By default, prog::test tests the strict equality between actual and expected
results. Testing equality of floating-point values can be confusing when the
display precision differs from the internal precision. In this case, different
floating-point numbers can look identical. Thus, with the default values of
DIGITS and Pref::outputDigits, the floating-point approximation of 1/3 and
the number 0.3333333333 look identical:

prog::test(float(1/3), 0.3333333333)Error in test interactive 5Input:
float(1/3)Expected: 0.3333333333Got: 0.3333333333Internally, MuPAD uses
more than 10 digits to approximate 1/3 with the floating-point number.
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The system adds guard digits for increased precision. To see how many
guard digits the system uses, increase the number of output digits using the
Pref::outputDigits function. Then, test the equality of the numbers again:
Pref::outputDigits(20): prog::test(float(1/3), 0.3333333333)Error

in test interactive 6Input: float(1/3)Expected: 0.3333333333Got:
0.33333333333333333304When you test equality of floating-point numbers, it
can be helpful to test the approximate equality. The approximate equality
operator in MuPAD is ~=. The corresponding function is _approx. The
prog::test function lets you choose the method for comparing actual and
expected results. For example, 1/3 is approximately equal to 0.3333333333
within the default 10-digits precision:

prog::test(float(1/3), 0.3333333333, Method= ‘~=)Also, using the Method
option lets you specify more than one acceptable solution. For example, if you
randomly pick one solution of the following equation, you can get any of its
four valid solutions:

1 := random(1..4): prog::test(solve(x*4 - 16 = 0, x)[1(], {-2, 2, -2*I, 2*I},
Method= _in)For further computations, restore the default output precision:
Pref::outputDigits(UseDigits):
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Write Test Scripts

If you write your code in collaboration with other developers or intend to
extend or update it later, you need to test your code more than once. Testing
a part of code every time when you or somebody else change it helps you
ensure that this part works properly. When you plan to test some part of code
repeatedly, it is helpful to write a test script and execute it every time when
you need to test the code. For example, create the following procedure f. This
procedure accepts two numeric arguments, a and b, compares them, and
returns the larger number:

:= proc(a:Type::Numeric, b:Type::Numeric) begin if a = b or a > b then
return(a) else return(b) end_if end_proc:Suppose you will likely update this
procedure in the future. To ensure that the procedure works as expected after
all possible updates, write the test script and execute it after any update. The
test script in MuPAD includes a set of single tests created by the prog::test
function. See Writing Single Tests for more information.

Each test script starts with the prog::testinit function and ends with the
prog::testexit function. To specify the name of the tested procedure, use
print(Unquoted, "testname") after prog::testinit. This name does not
affect the tested procedure itself. It only appears in the test reports generated
by your test script.

To test the procedure f for different choices of parameters, write the following
test script and save it to the test-f.tst file. The test does not find any
unexpected results or errors. After MuPAD executes the test script, it
generates the test report. The test script does not require any particular

file extension. You can use any file extension that you like. The test report
shows the number of executes tests, the number of errors encountered while
executing the test script, and the time and memory used to execute the test
script:

/Itest-f.tst prog::testinit("f"); print(Unquoted, "function f that compares two
numbers") prog::test(f(1, 1), 1): prog::test(f(1, 2), 2): prog::test(f(2, 1), 2):
prog::test(f(100, 0.01), 100): prog::test(f(0.01, 100), 100): prog::test(f(-10, 10),
10): prog::test(f(2*I, 2*I), 2*I): prog::test(f(2 + I, 2 + I), 2 + I): prog::test(error(f(2
+ 1, 3 + 1)), TrapError=1003): prog::test(error(f(x, y)), TrapError=1202):
prog::test(error(f(x, x)), TrapError=1202): prog::testexit(f)Info: 11 tests, 0
errors, runtime factor 0.0 (nothing expected)Info: CPU time: 12.7 sInfo:
Memory allocation 20452460 bytes [prog::testexit]If you change the original
procedure f, run the test script to catch any unexpected results:
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:= proc(a:Type::Numeric, b:Type::Numeric) begin if a >= b then return(a)
else return(b) end_if end_proc:You do not need to copy the test script to the
notebook. Instead, you can execute the test script that you saved to a file
without opening the file. To execute a test script:

1 Select Notebook > Read Commands to open the Read Commands dialog
box.

2 Change the file filter to show MuPAD test files or all files.

[MUPAD Program File (*.rmu] v]

MuPAD Program File (*.mu)
MuPAD Test File (*.tst)

All Files (%)

3 Navigate to the test file that contains the script and click OK.

Alternatively, use the READPATH variable to specify the path to the folder
that contains the file. Then use the read function to find and execute the
test file. For example, if you saved the test file test-f.tst in the folder
C:/MuPADfiles/TestScripts, use the following commands:

READPATH :="C:/MuPADfiles/TestScripts": read("test-f.tst")Error in test
function f that compares two numbers 7Input: f(2*I, 2*I)Expected: 2*1Got:
TrapError = [1003, "Error: Can’t evaluate to boolean [_leequal];\r\n
Evaluating: f"]Near line: 9Error in test function f that compares two numbers
8Input: f(2 + I, 2 + I)Expected: 2 + IGot: TrapError = [1003, "Error: Can’t
evaluate to boolean [_leequal];\r\n Evaluating: f"]Near line: 10Info: 11 tests,
2 errors, runtime factor 0.0 (nothing expected)Info: CPU time: 12.7 sInfo:
Memory allocation 20452460 bytes [prog::testexit]Although the change seems
reasonable and safe, the test report shows that the procedure does not work
for equal complex numbers anymore. Instead, the procedure throws an error.
If you do not test the code, you can miss this change in procedure behavior.
If this behavior is expected, correct the test script. Otherwise, correct the
procedure.
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Code Verification

Even if your code executes without errors, and all your tests run without
failures, the code can still have some flaws. For example, it can:

® Modify global variables, protected identifiers, environment variables, and
formal parameters.

® Declare local variables or formal parameters and not use them afterwards.

e (Contain undefined entries of domains or domain interfaces.

To ensure that your code does not introduce such flaws, use the prog::check
function to verify it. Use this function to check your procedures, domains, and
function environments. Suppose you wrote the following procedure:

f .= proc(x, n) local a, b, ¢; begin a := m; b := a; if x > 0 then x := level(b, 2) else
x := -level(b, 2) end_if; end:When you call this procedure, it does not error:
£(42, 24)m

11

To check f for common programming flaws, use prog::check. When calling
prog::check, you can specify how detailed the report must be. This setting is
called the information level of the report. The second argument controls the
information level of the report generated by prog::check. Use options to see
specific flaws or call prog::check without options to see all common flaws that
MuPAD finds in the procedure. For the procedure f, prog::check with the
information level 3 reports these flaws:

prog::check(f, 3)Critical usage of 'level’ on local variable ’ Critical usage of
‘level’ on local variable ’ Global idents: {m} in [f] Unused local variables: {c} in
[f] Function "level’ applied to variables: {b} in [f] Warnings: 3 [f] For the list of
all available options, see the prog::check help page.
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Protect Function and Option Names

The names of the built-in MuPAD functions and options are protected. If you
try to assign a value to a MuPAD function or option, the system throws an
error. This approach ensures that you will not overwrite a built-in function
or option accidentally.

If you create a new MuPAD procedure, it is recommended to protect the
procedure and all its options, especially if you often use that procedure. For
example, MuPAD does not provide a function for computing Lucas numbers.
You can write your own procedure for computing Lucas numbers, and then
protect the procedure name.

The Lucas numbers are a sequence of integers. The recursion formula that
defines the nth Lucas number is similar to the definition of the Fibonacci
numbers:

L[0]=1, L[1]=3, _outputSequence(L[(n+2)]=L[n]+L[(n+1)], ‘.9

Lo=1,L1=3,L_,,=Lp+L

n+l

Create the following procedure that computes the nth Lucas number:
lucas:= proc(n:Type::PosInt) option remember; begin if n = 1 then 1 elif n = 2
then 3 else lucas(n - 1) + lucas(n - 2) end_if end_proc: lucas(i) $1=1..51, 3,
4,7, 11

1,3, 4,7, 11

Now protect the procedure name, lucas, using protect with the
ProtectLevelError option:

protect(lucas, ProtectLevelError):ProtectLevelError lets you set full
protection for the identifier. Now, trying to assign any value to lucas results
in error:

lucas := 0 Error: The identifier 'lucas’ is protected. [_assign] Alternatively,
you can use the ProtectLevelWarning option. In this case, you can still
assign a value to the protected identifier, but a warning appears, for example:
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protect(lucas, ProtectLevelWarning):You can assign any value to lucas now,
but such assignment triggers a warning:
lucas := 0 Warning: The protected variable 'lucas’ is overwritten. [_assign] 0

For further computations, remove protection from the identifier lucas:
unprotect(lucas):
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Create and Extend Libraries

In this section...

“Create New Libraries” on page 4-73

“Add New Functions to Libraries” on page 4-77

Create New Llibraries

The MuPAD functions intended for solving each type of mathematical
problems are collected in libraries. For example, the numlib library contains
the functions that implement algorithms for solving number theory problems,
and the numeric library contains functions that implement numerical
algorithms. If you write your own functions for a particular task, you can
also collect them in a library.

Suppose you implemented functions for operating on integers. For example,
you wrote a factorial function and a new function for computing powers of
integers. Now you can organize these elementary number theoretic functions
in a library. Although a library name can contain uppercase letters, numbers,
and special symbols, most MuPAD library names consist of lowercase letters
only. The recommended practice is to use library names that your users would
remember easily. For example, call the new library domain for elementary
number theoretic functions numfuns.

If you have Symbolic Math Toolbox software, you can find three new number
theoretic functions in the MATLAB installation folder:

/MATLAB/R20xxx/toolbox/symbolic/mupad/packages/demoPack1

On Windows platforms, replace slashes with backslashes. These functions are
created as an example. By default, MuPAD does not provide these functions.
This folder has the following structure:

demoPack1/lib/init.mu
demoPack1/1ib/LIBFILES/numfuns.mu
demoPack1/1ib/NUMFUNS/factorial.mu
demoPack1/1ib/NUMFUNS/gcd.mu
demoPack1/1ib/NUMFUNS/russian.mu
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If you do not have the 1ib folder, decompress the 1ib.tar file first. You can
find this file in the demoPack1 folder.

The initialization file, init.mu, is implemented as follows:

// init-file for demoPackil containing the library numfuns
numfuns := loadproc(numfuns, pathname("LIBFILES"), "numfuns"):

// It's a good idea to protect your lib against accidental deletion
protect (numfuns, ProtectLevelError):

// return value of package call
null():

The pathname function creates the path name in a form suitable for your
operating system. The loadproc call refers to the actual definition of the new
library domain in LIBFILES/numfuns.mu which is implemented as follows:

// numfuns -- the library of elementary number theory
numfuns := newDomain("NumFuns"):
numfuns: :Name := "numfuns":
numfuns::info := "Library 'numfuns': the library of elementary number theor
numfuns::interface := {hold(factorial),
hold(gcd),
hold(russianMult),
hold(russianPower)
}:

// defining the methods
// suggested name conventions for files: directories in CAPITALS,

/] file names match the names of functions (including case) defined in then
// When following these conventions, you can use the simple autoload
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// command. E.g., numfuns::factorial is defined in NUMFUNS/factorial.mu:
autoload(numfuns::factorial):
autoload(numfuns::gcd):

// when your code is organised differently, you need to go more low-level:
alias(path = pathname("NUMFUNS")):

numfuns::odd :=

loadproc (numfuns::odd, path, "russian"):
numfuns: :russianMultNNI :=

loadproc (numfuns::russianMultNNI, path, "russian"):
numfuns: :russianMult :=

loadproc (numfuns::russianMult, path, "russian"):
numfuns: :russianPower :=

loadproc (numfuns::russianPower, path, "russian"):

// not really required, but eases editing in more complex cases:
unalias(path):

// return value of reading this file, should always be null():
null():
/] - end of file numfuns.mu ---------

numfuns.mu creates the new library domain using newDomain. Any MuPAD
library domain must have the Name and info slots. You also can define an
interface slot. This slot contains all functions that you want to expose to
your users. For example, the interface slot of the numfuns domain does not
include numfuns: :odd and numfuns: :russianMultNNI. These functions are
utility functions, and therefore, they must not be exposed to users.

numfuns.mu also contains references for loading the functions

numfuns: :factorial, numfuns::gcd, numfuns: :odd,

numfuns: :russianMultNNI, numfuns::russianMult, and

numfuns: :russianPower. You can find these functions in the following files
in the demoPack1/1ib/NUMFUNS folder:

e factorial.mu contains numfuns::factorial.

® gcd.mu contains numfuns: :gcd.
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® russian.mu contains four functions: numfuns::odd,
numfuns: :russianMultNNI, numfuns::russianMult, and
numfuns: :russianPower.

When you have a folder that contains your functions, the initialization file,

and the file that creates a new library domains and its slots, you can load the
library. To load a library, specify the path to the library package, and then use
package. For example, load demoPack1 from the MATLAB installation folder:

/MATLAB/R20xxx/toolbox/symbolic/mupad/packages

(Replace this path with the actual path to demoPack1 on your system.) If the
variable PACKAGEPATH already contains the path to the library folder, you
can call package without specifying the path to the folder.

When package successfully loads a new library, it does not produce any output:
PACKAGEPATH := "'MATLAB/R20xxx/toolbox/symbolic/mupad/packages",
PACKAGEPATH: package("demoPack1")Use info to see information about

the new library:

info(numfuns) Library 'numfuns’: the library of elementary number theory

-- Interface: numfuns::factorial, numfuns::gcd, numfuns::russianMult,
numfuns::russianPower, After you load the library, it becomes fully integrated
into the system. You can call its functions as you would call any built-in

MuPAD function:
numfuns::factorial(41)33452526613163807108170062053440751665152000000000

numfuns::russianPower(123, 12)11991163848716906297072721

115811638487168806257072721

By default, you cannot reload the same library package:
package("demoPack1") Warning: Package already defined. For redefinition
use option Forced [package] To overwrite the existing library numfuns, call
package with the Forced option:

package("demoPack1", Forced) Warning: Package redefined [package]

4-76



Create and Extend Libraries

Add New Functions to Libraries

Instead of creating a new library domain, you can add new functions
to the existing library. For example, if you wrote the new functions
numlib::factorial, numlib: :greatestCommonDivisor, and
numlib::russianPower, you can add them to the numlib library.

If you have Symbolic Math Toolbox software, you can find these three new
number theoretic functions in the MATLAB installation folder:

/MATLAB/R20xxx/toolbox/symbolic/mupad/packages/demoPack?2

On Windows platforms, replace slashes with backslashes.

Before adding new functions to the library, make sure that they

do not overwrite any existing MuPAD functions. For example, call
numlib::factorial to test whether MuPAD already provides a function
with this name:

numlib::factorial FAIL

FAIL

demoPack?2 has the following structure:

demoPack2/1lib/init.mu
demoPack2/1ib/NUMLIB/factorial.mu
demoPack2/1ib/NUMLIB/gcd.mu
demoPack2/1ib/NUMLIB/russian.mu

If you do not have the 1ib folder, decompress the 1ib.tar file first. You can
find this file in the demoPack2 folder.

demoPack?2 does not include 1ib/LIBFILES/numlib.mu that you use when
creating a new library. (See Creating New Libraries for details.) Trying to
use this file leads to a conflict with the corresponding file that defines the
standard MuPAD numlib library domain. Instead, declare the new functions
directly in the initialization file init.mu:
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// init-file for demoPack2 containing additional
// methods for the library numlib

numlib::interface := numlib::interface union
{hold(factorial),
hold(greatestCommonDivisor),
hold(russianMult),
hold(russianPower)

}:

P

alias(path = pathname ("NUMLIB")):

numlib::factorial := loadproc(numlib::factorial, path, "factorial"):

numlib::greatestCommonDivisor := loadproc(numlib::greatestCommonDivisor,
path, "gcd"):

numlib::odd := loadproc(numlib::odd, path, "russian"):

numlib: :russianMultNNI := loadproc(numlib::russianMultNNI, path, "russian")

numlib::russianMult := loadproc(numlib::russianMult, path, "russian"):

numlib: :russianPower := loadproc(numlib::russianPower, path, "russian"):

unalias(path):

// return value of package method
null():

Any MuPAD library domain must have the Name and info slots. It

also can have an interface slot that contains all functions exposed to
users. The numlib library already has these slots. The initialization file
init.mu adds the following new functions to the interface slot of the
numlib domain: numlib::factorial, numlib::greatestCommonDivisor,
numlib::russianMult, and numlib::russianPower. It does not add
numlib::odd and numlib::russianMultNNI. These functions are utility
functions, and therefore, they must not be exposed to users.

init.mu also contains references for loading the functions numlib: : factorial
numlib::greatestCommonDivisor, numlib: :odd, numlib: :russianMultNNI,
numlib::russianMult, and numlib::russianPower. You can find these
functions in the following files in the demoPack2/1ib/NUMLIB folder:
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e factorial.mu contains numlib::factorial.
® gcd.mu contains numlib::greatestCommonDivisor.

® russian.mu contains four functions: numlib::odd,
numlib::russianMultNNI, numlib::russianMult, and
numlib: :russianPower.

When you have a folder that contains your functions and the initialization
file, you can add your functions to the existing library. To add new functions,
specify the path to the library package, and then use package. For example,
you can find demoPack2 in the MATLAB installation folder:

/MATLAB/R20xxx/toolbox/symbolic/mupad/packages

(Replace this path with the actual path to demoPack2 on your system.) If the
variable PACKAGEPATH already contains the path to the library folder, you
can call package without specifying the path to the folder.

When package successfully loads a new library, it does not produce any output:
PACKAGEPATH := "'MATLAB/R20xxx/toolbox/symbolic/mupad/packages",
PACKAGEPATH: package("demoPack2")To check that MuPAD added the
new functions to the numlib library, use info:

info(numlib)Library 'numlib’: the package for elementary

number theory -- Interface: numlib::Lambda, numlib::Omega,
numlib::checkPrimalityCertificate, numlib::contfrac, numlib::contfracPeriodic,
numlib::cornacchia, numlib::decimal, numlib::divisors, numlib::ecm,
numlib::factorGaussInt, numlib::factorial, numlib::fibonacci,
numlib::fromAscii, numlib::g_adic, numlib::greatestCommonDivisor,
numlib::ichrem, numlib::igedmult, numlib::invphi, numlib::ispower,
numlib::isquadres, numlib::issqr, numlib::jacobi, numlib::lambda,
numlib::legendre, numlib::lincongruence, numlib::mersenne, numlib::moebius,
numlib::mpqs, numlib::mroots, numlib::msqrts, numlib::numdivisors,
numlib::numprimedivisors, numlib::omega, numlib::order, numlib::phi,
numlib::pi, numlib::pollard, numlib::primedivisors, numlib::primroot,
numlib::proveprime, numlib::reconstructRational, numlib::russianMult,
numlib::russianPower, numlib::sigma, numlib::sqrt2cfrac, numlib::sqrtmodp,
numlib::sumOfDigits, numlib::sumdivisors, numlib::tau, numlib::toAscii,
After you load the new functions, they become fully integrated into the system.
You can call these functions as you would call any built-in MuPAD function:
numlib::factorial(41)33452526613163807108170062053440751665152000000000
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334525266131638071081700620534407516651 52000000000
numlib::russianPower(123, 12)11991163848716906297072721

115811638487168806257072721

By default, you cannot reload the same package:

package("demoPack2") Warning: Package already defined. For redefinition
use option Forced [package] To overwrite an already loaded package, call
package with the Forced option:

package("demoPack2", Forced) Warning: Package redefined [package]
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Data Collection

In this section...

“Parallel Collection” on page 4-81
“Fixed-Length Collection” on page 4-83
“Known-Maximum-Length Collection” on page 4-83

“Unknown-Maximum-Length Collection” on page 4-84

Parallel Collection

Suppose the data that you want to collect is generated element-by-element
and you know in advance how many elements will be generated. The intuitive
approach for collecting such data is to create an empty list and append each
new element to the end of the list. For example, this procedure uses this
approach to collect random integers generated by random:

col := proc(n) local L, 1; begin L := []; for 1 from 1 to n do L := L.[random()];
end_for; end:The procedure generates random integers and collects them
in a list:

col(5)[427419669081, 321110693270, 343633073697, 474256143563,
558458718976]

(427419662081, 3211106853270, 343633073657, 474256143563, bhE4

To estimate the performance of this approach, use the procedure col to
generate a list of 50,000 random numbers:
time(col(50000))9828.063

8828.063

The time function returns results measured in milliseconds.
Now, check how much time the procedure actually spends generating random

numbers:
time(random() $ 1 = 1..50000)312.02
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312.02

Thus, the procedure spends most of the time appending the newly generated
numbers to a list. In MuPAD, appending a new entry to a list of n entries
takes time proportional to n. Therefore, run time of col(n) is proportional
to n?. You can visualize this dependency by plotting the times that col(n)
spends when creating lists of 1 to 50,000 entries:

plotfunc2d(n -> time(col(n)), n = 1..50000, Mesh = 20, AdaptiveMesh = 0)
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When appending a new entry to a list, MuPAD allocates space for the new,
longer list. Then it copies all entries of the old list plus a new entry to this new
list. The faster approach is to create the entire list at once, without adding
each new entry separately. This approach is called parallel collection because
you create and collect data simultaneously. Use the sequence operator $

to implement this approach:

col := proc(n) local 1; begin [random() $ 1 = 1..n]; end:This procedure spends
most of its time generating random numbers:

time(col(50000))312.03
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Fixed-Length Collection

Suppose you know how many elements you will generate, but you cannot
generate them all at once. In this case, the best strategy is to create a list of
the required length filling it with some constant, such as 0 or NIL. Then
you can replace any entry of this list with the generated value. In this case,
you do not need to generate elements in the order in which you want them
to appear in the list.

For example, use this procedure to generate the list of the first n Lucas
numbers. The procedure creates a list of n entries, where each entry is 0.
Then it assigns the values to the first two entries. To replace all other entries
of the list with the Lucas numbers, the procedure uses the for loop:

lucas := proc(n) local L, 1; begin L := [0 $ n]; L[1] := 1; L[2] := 3; for 1 from 3 ton
do L[i] := L[i-1] + L[i-2]; end_for; L. end:Measure the time needed to create a
list of 10,000 Lucas numbers:

time(lucas(10000))62.4004

62.4004

If you use the procedure that creates an empty list and appends each
generated Lucas number to this list, then creating a list of 10,000 Lucas

numbers takes much longer:
lucas := proc(n) local L, i; begin L := []; L :=L.[1]; L := L.[3]; for 1 from 3 to n do
L := L.[L[i-1] + L[i-2]]; end_for; L. end:time(lucas(10000))421.2027

421.2027

Known-Maximum-Length Collection

If you cannot predict the number of elements that you will generate, but have
a reasonable upper limit on this number, use this strategy:
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1 Create a list with the number of entries equal to or greater than the upper
limit.

2 Generate the data and populate the list.
3 Discard the unused part of the list.

For example, use the following procedure to create a list. The entries of this
list are modular squares of a number a (a> mod n). You cannot predict the
number of entries in the resulting list because it depends on the parameters
a and n. Nevertheless, you can see that in this case the number of entries

in the list cannot exceed n:

modPowers := proc(a, n) local L, 1; begin L := [0 $ n]; L[1] := a; L[2] := a”2 mod
n; i:=2; while L[i] <> a do L[i + 1] := a*L[i] mod n; i :=1+ 1; end_while; L

:= L[1..1 - 1]; end:When you call modPowers for a = 3 and a = 2, it creates

two lists of different lengths:
modPowers(3, 14); modPowers(2, 14)[3, 9, 13, 11, 5, 1]

[3,9, 13, 11, 5, 1]
[2, 4, 8]

(2, 4, 8]

Unknown-Maximum-Length Collection

Often, you cannot predict the number of elements and cannot estimate the
upper limit on this number before you start generating actual data. One
way of dealing with this problem is to choose some upper limit, and use
the strategy described in Known Maximum Length Collection. If that limit

is reached, then:

1 Choose a larger limit.
2 Create a new list with the number of elements corresponding to the new
limit.

3 Copy existing collected data to the new list.
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Typically, increasing the list length by a constant factor results in better
performance than increasing it by a constant number of entries:

rndUntil42 := proc() local L, 1; begin 1 := 1; LL := [random()]; while L[i] mod

42 <> 0 do if 1 = nops(L) then L := L.L; end_if; 1 := 1+1; L[i] := random();
end_while; L[1..i]; end:SEED := 123456789: rndUntil42()[900763287358,
105114186275, 873298641118, 648455050747, 234588728784, 92685732612,
986862526343, 604554099645, 670181021599, 362027535788, 418959155834,
993175789760, 149559951993, 321479945512, 428426485680, 895682234176,
447822957763, 41591770379, 80666499751, 874251833750, 992824008008,
119331599241, 55782166770, 716820986241, 814491390573, 864609020354,
219333389722, 422468038876, 665245836081, 381920617859, 300482942701,
159259847066, 589167468787, 999975884731, 405723681406, 785149905992,
770372676363, 739767410836, 909396123045, 713889761414, 242358421991,
526049482068, 209286390536, 38034535073, 730171970247, 627506313885,
915109441004, 131065916285, 948970540311, 807086241612]

SEED :=123456789: time(rndUntil42() $ i = 1..500)220.013

rmmmmommg7368, 105114186275, 873298641118, 648455050747, 23465

220.013 32512 986862526343, 604554099645, 6?D181021599,35202

% 89591 34 993 7578 50 14955?951 %3 %214? 512.428-
as

AR ﬁég e 06498751, 87425
ﬁ%@ﬁﬁaﬂ;@@&@% IbPEALPEaAAL= P STNET L0arkbhgR 86241, 8144
BRARRCR26 T 124 3 300 T o 4B AGRATRALE SR 445836081, 381,
SASEFTE:4 2 23456 189 SR e IUNGR 26 8S £A7 8001160109997 5884731, 405
785149905992, 770372676363, 739767410836, 909396123045, 713
242358421991, 526049482068, 209286390536, 38034535073, 7301
627506313885, 915109441004, 131065916285, 948970540311, 807
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216.014

For this example, using the table is slightly faster. If you change the value
42 to another value, using the list might be faster. In general, tables are
preferable when you collect large amounts of data. Choose the approach that
works best for solving your problem.
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Visualize Expression Trees

A useful model for visualizing a MuPAD expression is the expression tree. It
reflects the internal representation of an expression. The operators or their
corresponding functions are the vertices, and the arguments are sub-trees.
The lowest precedence operator is always at the root of an expression tree.

For example, you can represent the expressiona + b * ¢ + d * e
*sin(f)~g using this expression tree.

The following expression tree represents the expression int(exp(x~4),
X = 0..1).

s
R
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MuPAD internally represents the difference a - basa + b*(-1). Therefore,
MuPAD represents the difference using this expression tree.

To display expression trees in a MuPAD notebook, use the prog::exprtree
function. It replaces operators with the names of the corresponding system
functions:

prog::exprtree(a+b *c+d * e *sin(f)*g): _plus | +--a | +-- _mult | | | +--Db |
| | -c|“-_mult | +-d | +-e]| - _power | +--sin | | | “--f | --g
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Modify Subexpressions

In this section...

“Find and Replace Subexpressions” on page 4-89

“Recursive Substitution” on page 4-92

Find and Replace Subexpressions

Operations on symbolic expressions often involve finding subexpressions and
replacing them with values or with other subexpressions. MuPAD provides
the following functions for this task:

evalAt and its shortcut |

® subs

® subsex

® subsop

® prog:find

evalAt replaces specified objects in the expression tree with the specified
values or subexpressions, and then evaluates the expression. This function
replaces only entire branches of expression trees. It cannot replace a part of
the branch, for example, two terms in the sum of three terms:

a*(bb+c) | b=d,a*(b+c) | b+c=d,a*(b+c+1) | b+c=da*(c+d), a*d,
a*b+c+1)

glc+d),ad alb+c+1)

evalAt replaces only free identifiers:
int(f(x), x = 0..1) + f(x) | x = 100£f(100) + int(f(x), x = 0..1)

1
FI100y «+ ]f[:{] d x
[
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subs replaces specified objects in the expression tree with the specified values
or subexpressions. This function cannot replace a part of the branch in the
expression tree:

subs(a*(b +¢), b+ c=d), subs(a*(b+c+1),b+c=d)a*d, a*(b +c+ 1)

gad, alb+ec+l)

After substitution, subs does not evaluate the resulting expression (although
it can simplify the expression). You can enforce evaluation of the modified
subexpressions by using the EvalChanges option:

subs(In(x), x = E), subs(In(x), x = E, EvalChanges)In(exp(1)), 1

Inie), 1

subs replaces both free and dependent identifiers. In some cases, replacing
dependent identifiers can cause invalid results:
subs(int(f(x), x = 0..1) + f(x), x = 100)f(100) + int(f(100), 100 = 0..1)

1
1oy + ]f[lDD] d100
subsex amalyzes associative system operators and can replace part of the

branch in the expression tree:
subsex(a*(b +¢), b + ¢ = d), subsex(a*(b + ¢+ 1), b + ¢ = d)a*d, a*(d + 1)

ad,alid+1)

subsex does not evaluate the resulting expression:
subsex(In(x + a + 1), x + a = E - 1)In(exp(1))

Inie)
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Use eval to evaluate results returned by subsex:
eval(%)1

subsop replaces only entire branches in the expression tree of an expression,
the same way as subs. When using subsop, you must know the position
(index) of the branch inside the expression in internal order that might differ
from the output order used to represent the expression on screen. To find the
internal index of a particular subexpression, use the op function:

ex := sin(a*x + b) + cos(a*x + b): op(ex);cos(b + a*x), sin(b + a*x)

cos(b + a x), sin(b + a x|
op(ex, 2);sin(b + a*x)

sin(b +a x)
op(ex, [2, 1]);b + a*x

b+ax
op(ex, [2, 1, 2]);a*x

ax
op(ex, [2, 1, 2, 1])a

Now you can use subsop to replace the parameter a with some value. For
example, replace it with the value 3:
subsop(ex, [2, 1, 2, 1] = 3)sin(b + 3*x) + cos(b + a*x)

sinfb +3 x) +cos(b +a x)
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prog::find helps you find all occurrences of a specific value in the expression.
For example, find all sums in this expression:

ex = (x + 1)/(x"2 + 2*x - 2) - 1/x + 1/(x + 1): pos := [prog::find(ex, hold(_plus))];
map(pi)]s, p -> op(ex, p)); map(pos, p -> op(ex, p[1..-2]))[[0], [1, 1, 0], [2, 1, O], [2,
2,1,0

O], [1,1,0][2, 1,00 [2, 2,1, 0]]
[Lplus, _plus, _plus, _plus]

[_[[:)lua. lus, plus, plus

_ . . ]
1/x+T)+ X+ 1)/EN2F2%x-2)-1/x,x+1,x+1,x"2 + 2%x - 2]

1, ¥l —1__.z'+1_.x+1_.:5'2+2}"—2

Xx+1 2{2+2X—2. X.
Recursive Substitution

You also can find all subexpressions of a particular type (for example, all
Bessel functions or all branches not containing x), execute some code for these
subexressions and replace them with the return value of that code. For this
task, use the misc::maprec function.

Suppose you want to rewrite all terms that contain the sine and tangent
functions in terms of cosine functions. (In this example, do not use sin(x)? =

1 - cos(x)? and similar identities.) First, create the functions sin2cos and
tan2cos that rewrite expressions in terms of the cosine function. These
functions access the operands of the sine and tangent functions using op (ex):
sin2cos := ex -> cos(op(ex) - PI/2): tan2cos := ex -> cos(op(ex) -
P1/2)/cos(op(ex)):Now you can use these functions when replacing all
occurrences of sine and tangent functions in an expression. To replace
subexpressions of the original expression, use misc::maprec. The misc::maprec
function uses the syntax misc: :maprec(expression, selector =
replacement), where:
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® expression is the original expression (subexpressions of which you want
to replace).

® selector is the selection criterion (for example, a set of types of
subexpressions that you want to replace).

® replacement is the procedure that you want to use to replace
subexpressions of the original expression.

MuPAD applies misc::maprec recursively to all subexpressions of the original
expression. For example, in this call misc::maprec replaces all occurrences of
sin and tan, including the sine function in tan(sin(x)):

misc::maprec(sin(x) + tan(x”2) - tan(sin(x)), {"sin"} = sin2cos, {"tan"} =
tan2cos)cos(x - PI/2) + cos(x"2 - P1/2)/cos(x”2) - cos(cos(x - PI/2) - PI/2)/cos(cos(x
- P1/2))

.f_2

- ;\] cos(cos(x-2)-1)
a4 & F

c-:uf*|}: F\'|

'.'\ '.'\
Bes1des data typé:sQﬂ‘[‘%fpes of expressmt%lcs:I Sach ﬁs |"sin" or "tan", you

can use procedures to represent selection criteria in misc::maprec. In this
example, the selection criterion of misc::maprec is the procedure ex ->
bool(freeIndets(ex) = {}) that excludes free identifiers and selects

all constants of an expression. Using the procedure f as a replacement,
misc::maprec replaces all nonrational constants of an expression with new
identifiers:

f := proc(x) option remember; begin if testtype(x, Type::Rational) then x else
genident(); end_if; end: misc::maprec(a = 5*b + PI*sqrt(2)*c + PI, (ex ->
bool(freeIndets(ex) = {})) = fl)a = X6 + 5*b + X6*XT*c

a=¥K8+5b+¥68K]

option remember in f ensures that constants appearing multiple times
always get the same identifier. Moreover, you can access the remember table
of the procedure f and select which substitutions you want to make:
select([op(op(f,5))], _not@bool)[PI = X6, sqrt(2) = X7]
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Variables Inside Procedures

In this section...

“Closures” on page 4-95

“Static Variables” on page 4-97

Closures

When you call a procedure, MuPAD allocates memory for the local variables,
marks them as uninitialized, and evaluates the body of the procedure. At the
end of a procedure call, MuPAD destroys local variables freeing the allocated
memory. Now suppose that the result of a procedure call refers to local
variables of that procedure. For example, the returned value of this procedure
refers to its local variable z:

f := proc(x, y) local z; begin z := x + y; return(z); end:In this case, the variable
z is replaced by its value at the end of the procedure call. Therefore, the
returned value of the procedure is the value of the variable z, not the variable
z itself:

f(1, 2)3

Use hold to suppress evaluation of the variable z. Now the procedure returns
an object of type DOM_VAR:

f := proc(x, y) local z; begin z := x + y; return(hold(z)); end: f(1, 2) DOM_VAR(O,
2)

DOM_VAR(0, 2)

Objects of type DOM_VAR represent local variables and can only be used
inside procedures. An object of type DOM_VAR returned as a result of a
procedure call is useless because it does not have any connection to the
procedure.

You can access local variables of a procedure if you either declare them in that
procedure or declare them in a lexically enclosing procedure. For example,
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in the following code the procedure g can access and modify the variable x
of the enclosing procedure f:
f := proc(x) local g; begin g := proc() begin x := x+1; end: g(); end: f(2)3

Instead of returning the result of the procedure call g(), you can return g
itself. In this case, the returned value retains a link to the variable x of the
procedure call. For reasons of memory management, f must declare that it
will return something holding a reference to a local variable. To declare it,
use option escape:

f := proc(x) local g; option escape; begin g := proc() begin x := x+1; end: g; end:
h :=1(2): 1:=£(17): h(; h(; i(); h(3

5

This programming construct is called a closure. It is supported in many
programming languages.
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Static Variables

Alternative to Static Variables in MuPAD

Many programming languages support the concept of static variables. Static
variables are local variables the values of which are not reset in each call to a
procedure. The value of a static variable is initialized during the first call to
a procedure. In each subsequent call, a procedure remembers the value of a
static variable from the previous call.

Although MuPAD does not let you declare a variable inside a procedure
as a static variable, you can still use the concept of static variables while
programming in MuPAD.

When defining a procedure with proc, you often assign the procedure to an
identifier. However, MuPAD lets you use anonymous procedures. Also, you
can define one procedure inside another procedure. Thus, you can implement
the alternative to a static variable in MuPAD as a nested procedure where:

1 The outer procedure has a local variable. The outer procedure can be
anonymous.

2 The inner procedure uses the local variable of the outer procedure. For the
inner procedure that variable is not local, and therefore it does not reset
its value in each call.

For example, this code implements cnt as a static variable in MuPAD:

proc() local cnt; option escape; begin cnt := 0; f := proc() begin cnt := cnt + 1;
end: end(): f0; fO; fO1
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Shared Static Variables

The technique of creating static variables in MuPAD lets you create shared
static variables by creating several inner procedures. The inner procedures
use the same local variable of the outer procedure. For inner procedures that
variable is not local, and therefore it does not reset its value:

proc() local x, y; option escape; beginx :=0;y:=0;f:=() ->x:=x+y; [x,y]); g
=n ->(y =y +n; [x, y]); end_proc(): f0; g(2); f0; f0[0, 0]
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Utility Functions

In this section...

“Utility Functions Inside Procedures” on page 4-99
“Utility Functions Outside Procedures” on page 4-99
“Utility Functions in Closures” on page 4-100

Utility Functions Inside Procedures

You can define utility functions inside a procedure. For example, define the
utility function, helper, inside the procedure f:

f := proc(arguments) local helper, ...; begin helper := proc(...) begin ... end: ...
code using helper(...) ... end:The helper function is not visible or accessible
outside f. Your users cannot see the helper function, and therefore, they do
not rely on a particular implementation of this procedure. You can change its
implementation without breaking their code. At the same time, helper can
access and modify arguments of f.

The major disadvantage of this approach is that your test files cannot access
helper directly. Since it is typically recommended to start testing at the
smallest possible building blocks, this is a real disadvantage. Nevertheless,
for many tasks the benefits of this approach prevail over this disadvantage,
especially if the utility function must be able to modify the arguments of
the calling function.

Utility Functions Outside Procedures

You can define utility functions outside a procedure. For example, define the
utility function, helper, in the function environment f:

f := funcenv( proc(arguments) local ...; begin ... code using f::helper(...) ... end):
f::helper := proc(...) begin ... end:This approach does not require you to define
the utility function in the function environment of the procedure that uses it.
Defining a utility function in the function environment only helps you clarify
to people reading your code that you intend to call f::helper primarily or
solely within f. If you later decide to use f: :helper in another procedure,
you can move the utility function to a more generic utility library. Again, this
recommendation only helps you improve readability of your code.
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Defining utility functions outside the procedure that uses them does not hide
utility functions. Therefore, this approach lets you:

e Test utility functions directly.
® Define a utility function and a function that uses it in different source files.

e Use the same utility function for different procedures.

Defining utility functions outside the procedure that uses them has the
following disadvantages:

® Your users can access utility functions. If they rely on a particular
implementation of the utility function, changing that implementation
might affect their code.

¢ The utility function cannot access local variables of the procedure that uses
that utility function. The workaround is to pass these local variables as
arguments to the utility function.

® The utility function does not have privileged access to the arguments of the
procedure that uses that utility function.

® Defining the utility function far from the code line where you call it reduces
readability of the code.

Be careful when defining utility functions in slots of a function environment
because MuPAD uses these slots for overloading. Do not define utility
functions with such names as f::print, f::diff, f::evaluate, or
f::simplify unless you want to use these utility functions for overloading.

Utility Functions in Closures

You can define a utility function and all procedures that use it inside one
procedure. In this case, you must also define the utility function as a local
variable of that outer procedure. The outer procedure can be anonymous. For
example, create the anonymous procedure that has a local variable helper
and includes the utility function helper and two other procedures, f and g,
that use the utility function:

proc() local helper; option escape; begin helper := proc(...) ... end: f :=
proc(arguments) local ...; begin ... code using helper(...) ... end: g :=
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proc(arguments) local ...; begin ... code using helper(...) ... end: end():For
details about such structures, see Closures and Static Variables.

If you define a utility function in a closure, that function is inaccessible to
any external code. Your users cannot see and, therefore, rely on a particular
implementation of that utility function. Changing it will not break their code.
At the same time, this approach lets you create more than one procedure that
can access the utility function. In the example, both f and g can access helper.

The disadvantage of this approach is that the helper function cannot access
the local variables of the procedures that use it. To overcome this limitation,
you can use the context function or shared static variables.

Note Note Using context or shared static variables to make local variables
of the calling procedure accessible for the utility function is not recommended.

Using context to overcome this limitation typically leads to unreadable and
difficult to maintain code. The problems with shared static variables resemble
the problems with global variables, especially for recursive calls. The helper
procedure can access and modify such variables, but all other procedures
inside the same outer procedure can access and modify them too.
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Private Methods

Although MuPAD does not let you declare a method as private, you can create
private methods by using closures.

MuPAD uses a fundamentally simple object and name lookup model. Objects
are data that belong to a particular domain type, and domains have named
entries (called slots). If the value of a slot is a function, this entry is called

a method. Therefore, MuPAD lets you use the same techniques for hiding
method calls as you use for hiding utility functions. For details, see Utility
Functions in Closures.

This example creates the private method f of the domain d. This method is
not accessible from methods in inherited domains and from category methods:
domain d local f; inherits Dom::BaseDomain; g := proc() begin print("g"); f();
end; begin f := proc() begin print("f"); end; end:d::fFAIL

FAIL
d::g()"g"
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Calls by Reference and Calls by Value

In this section...
“Calls by Value” on page 4-103

“Calls by Reference” on page 4-104

Calls by Value

When calling a procedure with some arguments, you expect the procedure to
assign these values for its local variables and perform some computations
with those variables. For example, this procedure divides any number that
you pass to it by 10:

f:=x -> (x := x/10):In this example, x is a local variable of f. When you call
f with any value, the procedure assigns that value to the local variable x,
uses it to compute the result, and then destroys the local variable x freeing
allocated memory:

x := 10: f(x), x1, 10

1,10

Although the value of the local variable x changes to 1 inside the procedure
and then gets destroyed, the value of the global variable x remains the same.
Therefore, you can conclude that the procedure does not access the actual
memory block that contains the value of x.

When you call this procedure, MuPAD allocates a new memory block and
copies the value of x to that block. While the procedure executes, the system
associates the local variable x with this new memory block. At the end of the
procedure call, it frees this memory block. The memory block that contains
the value of the global variable x does not change.

The strategy of copying values of procedure arguments to new memory blocks
and referring to these blocks during the procedure calls is known as calling by

value. Most MuPAD functions use this strategy.

Since calling by value creates extra copies of data, it can be inefficient in terms
of memory management. Creating extra copies of large data sets, especially
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when your procedure calls are recursive or nested can significantly reduce free
memory on your computer. In many programming languages, calling by value
always means copying data, even when a procedure does not change that data.

MuPAD uses lazy copying to avoid creating unnecessary copies of data. When
you call a procedure, MuPAD does not allocate new memory blocks right
away. Instead, it links local variables to memory blocks where the arguments
of the procedure are stored. The system always counts how many objects are
linked to the same memory block. When a procedure modifies the value of a
local variable, MuPAD checks if there are other objects linked to the same
memory block, and creates a copy only if necessary.

For example, when you call f(x), MuPAD points both global variable x
(DOM_IDENT) and local (DOM_VAR) variable x to the same memory block.
Only when the local variable x changes its value, MuPAD allocates a new
memory block for it.

Calls by Reference

Typically, when you call a MuPAD procedure with some arguments, the
system uses the calling-by-value approach and creates copies of the values of
these arguments. This approach prevents procedures from modifying objects
passed to a procedure as arguments. For some functions, such as assignment,
MuPAD uses the calling-by-reference approach. In a call by reference, the
system does not copy the values of arguments to new memory blocks. Instead,
it copies references (pointers) to these arguments.

Some programming languages let you specify which approach to use for each
particular function. MuPAD does not offer specific language constructs for
calling by reference. Nevertheless, you can still call by reference in MuPAD.

Note For experienced MuPAD users, objects with reference semantics can
behave unexpectedly. Be careful when exposing reference semantics to your
users because it can be confusing.

Suppose your task requires a function call to be able to change the values of its
arguments. The simple strategy is to return a modified copy of the arguments
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and overwrite the original object by using assignment. For example, replace
matrix A with its upper row echelon form:
A :=linalg::hilbert(3)matrix([[1, 1/2, 1/3], [1/2, 1/3, 1/4], [1/3, 1/4, 1/5]])

lg::gaussElim(A)matrix([[1, 1/2, 1/3], [0, 1/12, 1/12], [0, 0, 1/180]])

(ST b;[T_\

| b{u_—\ 3|
o

o= ..ba—\ |

F1001 0 1y
/1 T 5 |
o1 1

Hﬁ -

12, . .
When worki g with large data sets and deep nested calls, this strategy
\ dan Ehu%%—é:n__,émory problems. Check the profiling report to see if your
‘implemeéntation has such problems. For details, see Profiling Your Code.

You also can achieve the calling-by-reference effect in MuP